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Abstract

Positivity preservation of key physical quantities in the context of fluid flows, such
as density and internal energy, is an essential property of a numerical scheme as
otherwise the solution lacks physical relevance and has a not well-defined equation
of state. One time integration technique that is capable of preserving the positivity
of quantities for every time step size is the Patankar-trick and its variants. However,
in the context of the Euler equations of gas dynamics, we wonder whether the
Patankar-trick should be applied to the density and total energy equations or
only to one of them. In this work, we discuss one drawback of the schemes when
blindly applied to every positive conserved variable and additionally point out
how to overcome the issue by balancing the involved numerical fluxes correctly. To
illustrate our findings, we investigate modified Patankar-Runge-Kutta (MPRK)
schemes in the context of the compressible Euler equations with and without stiff
source terms. We discover that it is beneficial to only apply the Patankar-trick in
the density equation and to balance the remaining numerical fluxes consistently
rather than applying the trick also to the energy equation. This leads also to
the preservation of contact discontinuities. We perform numerical experiments to
demonstrate that the accuracy of the methods is maintained while the performance
of our approach is superior to the traditional application of MPRK schemes.
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1 Introduction

For many natural phenomena, including the flow of fluids such as gases and water,
analytic solutions are rarely derivable, and hence, numerical methods are essential
for approximating solutions. However, these methods must preserve critical physical
properties — positivity (e. g., of density and pressure), conservation, and entropy stability
— to ensure both physical relevance and numerical robustness. In particular, failing to
maintain positivity (e.g., negative mass or pressure) yields nonphysical solutions, as
well as meaningless equations of state, rendering the simulation invalid [1, 2]. Moreover,
neglecting conservation properties also result in physically incorrect behavior of the
numerical approximation [3|. Often, this requires to evolve conserved quantities, leaving
other variables, like pressure in the compressible Euler equations, to be derived using
an equation of state (EoS). This makes their control especially challenging during the
numerical approximation. There are existing and ongoing works concerning numerical
positivity, e. g., based on Rusanov-like fluxes for the Euler equations [4, 5], by using
subcell limiters [6, 7|, bound preserving filters [8, 9], geometric projection [10], or
modified time stepping schemes [11, 12]. However, none of these approaches yields an
unconditionally positive method, meaning that there are potentially severe restrictions
on the time step size to ensure positivity. To guarantee positivity unconditionally
while achieving high accuracy, numerical schemes must be nonlinear [13], i.e. the
iterates are described by a nonlinear function even if the PDE is linear. Overall, several
strategies have been developed to address the challenges related to unconditional
positivity-preservation:

1. Clipping techniques, which forcibly set negative values to zero, either result in a
mass-shifting optimization problem or otherwise compromise conservation, and,
up-to-date, lack a proof of stability [14].

2. Fully implicit, nonlinear methods [15, 16| can enforce positivity but require costly
iterative solvers, which may fail to converge (to a positive solution), and thus, still
produce nonphysical results.

3. Patankar-type methods represent a family of explicit or linearly implicit yet nonlinear
schemes, which are unconditionally positive [17-21].

The main idea behind Patankar-type schemes is to modify an existing time-stepping
method by introducing nonlinear weights in such a way that the resulting numerical
scheme becomes unconditionally positive. The primary challenge lies in designing these
weights so that the modified scheme preserves the accuracy of the original (baseline)
method. This nonlinear modification is achieved using the so-called Patankar-trick [17],
which gives this family of methods its name. A notable example is the incorporation of
modified Patankar (MP) weights into classical Runge-Kutta (RK) schemes, leading to



the development of modified Patankar—-Runge-Kutta (MPRK) methods [18, 22|, which
in addition to being unconditionally positive, are also conservative. Motivated by their
strong numerical performance, the Patankar-trick has since been successfully extended
to a variety of time integration frameworks, including strong-stability-preserving
Runge-Kutta (SSPRK) methods [2, 23], arbitrary high-order Deferred Correction
(DeC) schemes [24], and linear multistep methods [25]. The resulting modified schemes
all belong to the broader Patankar-type family, which themselves can be recast as
non-standard additive Runge-Kutta (NSARK) methods, see [26, 27]. Despite their
advantages, analytical results for Patankar-type schemes have been difficult to derive
due to their nonlinear structure. It is only recently, in the PhD thesis [27], that
rigorous results on Lyapunov stability [28] and high-order accuracy conditions [26]
were developed. It is worth mentioning that this Lyapunov stability investigation is
the first natural step when searching for reasonable well-balanced [29] schemes as it
ensures that initial errors around a constant steady state do not accumulate during the
course of the simulation. Indeed, it is the only nonlinear stability analysis currently
available for these nonlinear schemes.

Despite progress, controlling the positivity of quantities defined via the EoS (like
pressure or internal energy) remains a challenging task. Existing workarounds (e.g.,
taking absolute values or modifying parameters post hoc) lack reliability and physical
grounding [2]. Using algebraic manipulations [30] of the fluxes is a viable solution, but
it requires an intrusive modification of existing codes. Further approaches consider
giving up strict conservation of certain quantities (e. g., momentum or total energy) in
favor of evolving directly primitive variables such as pressure and may lead to easier
control on such variables, making use of some correction terms where conservation is
needed (31, 32].

In this work, we aim at making progress towards the design of unconditionally
positive schemes for balance laws when conservative variables are evolved. In particular,
we propose to apply the MP trick only to the density equation and to balance the
remaining numerical fluxes consistently. This has the first effect of preserving contact
discontinuities with constant pressure and velocity, which is a desirable property for the
Euler equations. Moreover, we notice that during the simulations, it allows to maintain
positivity of the pressure for larger values of the CFL with respect to classical MP
methods, outperforming explicit methods and the traditional application of MPRK
schemes.

The paper is organized as follows. We recall the compressible Euler equations with
a single as well as with three reacting species in Section 2 and present the classical
MPRK schemes in Section 3. Then, we discuss how to apply the MPRK schemes in
the presence of stiff source terms in Section 4, proposing a novel flux-balanced version
of the momentum and total energy fluxes to guarantee the preservation of contact
discontinuities and to improve the performance of the method with respect to classical
MPRK schemes. Finally, we perform numerical experiments in Section 5 and summarize
our work in Section 6.



2 Governing Equations

In this work, we consider the compressible Euler equations of gas dynamics to describe
the physical quantities of a single fluid, or of multi-species gas with chemical reactions.
The Euler equations describe the evolution of density p (or densities p;), the momentum
pu and the total energy pFE of a gas. It is of paramount importance to preserve some
physical properties of the gas dynamics such as positivity of the density and internal
energy, and preservation of equilibrium states with constant velocity and pressure.
2.1 Euler equations

The Euler equations and their reactive versions in one dimension can be written as
hyperbolic balance laws of the type

OU(,t) + 0, F(U(,1)) = S(U(a,t), w€QCR, t R, (1)
where U : R x RT — R? is the vector of the evolved quantities (when S = 0 these
are conserved quantities), F : R? — R? is the flux and S : R? — R? the source term.
The compressible Euler equations for a one species gas in a one dimensional domain is
defined by

U = (p, pu, pE)T, F(U) = (pu, pu® + p,u(pE + p))T and S(U) = (0,0,0)T (2)
together with the equation of state (EoS) for ideal gas, i.e.

p=(y—1)(pE — Lpv*),

where we use v = 1.4 for air.

2.2 Multi-Species Reactive Euler equations

The three species reactive Euler equations, where two monoatomic gasses react with
each other and there is a third diatomic gas, are defined [2, 33] by (1) with

U = (p1, p2, p3, pu, pE)", F(U) = (p1u, pau, p3u, pu® + p, (pE + p)u)”, (3

3
S(U) = 6(2M1W(U)a _M2W(U)a 0, O?O)Ta with p= Zpia (4)
i=1
where
p 7\ <=
_ Pz 1 s
wW)(WﬂM “”Km))EM;
p C E
_ T) = — _=
R 0 = oo 7).



ks (T) 10*
kp(T) = _ 10
o(T) exp(by + ba In(2) + bgz + byz2 + b523)’ * T

Here, we have defined the inverse of the reaction characteristic time 6 and we will
make it vary during the simulations to test very severe stiffness in the source for large
0. The involved constants are

M; = 0.016, M, = 0.032, M; = 0.028 R = 287,
C=29-10", E =59750, by = 2.85, by = 0.988,
by = —6.181, by = —0.023, by =—0.001, AKY=1558-10".

The equation of state (EoS) reads

w

O (pE ity mQ) )
I 5 3 —p1h] — —
51‘% + 51\% + 51\’?[733 2p
and the speed of sound, ¢, is given by
3 RTps
’yp P 2 M., S 1,2,
c(U) =,/—, Y=14 -, es(T) = 2,
p TZS:I pgelg(T) % M557 s =

It is trivial to see that the total mass is conserved also by the source term as S;(U) =
52M1(U(U) = —SQ(U) = 6M2w(U)

2.3 Properties of Euler equations

In both systems, the preservation of the positivity of the densities is fundamental
not only to guarantee the physical relevance of the solution but also to ensure the
well-posedness of the problem. In particular, the positivity of the density is required
to guarantee that the speed of sound is real-valued and that the system is hyperbolic.
Moreover, it is also crucial to preserve the positivity of the pressure in order to compute
the speed of sound and ensure that the EoS is well-defined.

Additionally, in absence of reactions, both systems admit a family of solutions
with constant velocity and pressure, which are important to preserve in order to avoid
spurious oscillations around these equilibria. Indeed, when u(x,t) = @ and p(z,t) = p
for some constants @,p > 0, the fluxes in (2) and (3) are constant for the variables
pu and pE, while the densities are described by transport equations with constant
velocity «. This is the case with a contact discontinuity solution, described by

pL, T <ut, _ _
plt, ) = { _u(tx) =u, p(t,z) =p, (6)
PR, T > ut,

which naturally appears even in simple Riemann problems. Given that most of the
numerical methods for the Euler equations are based on the solution of Riemann



problems, it is crucial to preserve such equilibria to avoid spurious oscillations around
them.

In what follows, we will try to preserve such properties. The use of MPRK schemes
will guarantee the positivity of the densities, while the preservation of the equilibria
with constant velocity and pressure will be achieved by balancing the involved numerical
fluxes correctly. The positivity of the pressure is less straightforward to guarantee,
but we will show that the new flux-balanced version of MPRK schemes, introduced in
Section 4, will require a less restrictive time step size to maintain the positivity of the
pressure compared to the traditional application of MPRK schemes.

3 Modified Patankar—-Runge—Kutta schemes

We will now recall the definition of MPRK schemes and their main properties. We
will then discuss how to apply them to the compressible Euler equations in the
presence of non-periodic boundary conditions and source terms in Section 4. Following
[27, 29, 34, 35], MPRK schemes have been developed to solve the so-called production-
destruction-rest systems (PDRS),

N
ui(t) = ri(u(t),t) + ) (pij(u(t),t) — dij(u(®),t)), u(0)=u’ Ry,  (7)

Jj=1

where p;;(u(t),t),d;;(u(t),t) > 0 for all u(t) >0,¢t>0for¢,5 =1,...,N. Here and
in the following, vector inequalities should be understood in a pointwise way. The
expressions p;; and d;; represent production and destruction terms, respectively, while
r; refer to rest terms. In this notation, we require that the PDS part satisfies p;; = d;;
as well as p;; = d;; =0 for 4,5 =1,..., N. For later use and in contrast to [34], the
rest terms are also split for ¢ = 1,..., N according to

ri(u(t),t) = (u(t),t) — ri(u(t),?) (®)

with r? 74 > 0 for t > 0 and u(t) > 0. Note that 77 and r¢ can always be constructed,
see [35] or (19) for an illustrative example.

The PDRS (7) is said to be positive if any solution u: I — RY with I C R>q and
u(0) > 0 satisfies u(¢) > 0 for all ¢ € I, and conservative if r; =0 for alli=1,..., N.
In this context, MPRK schemes are defined as follows.

Definition 1. Given an explicit s-stage RK method described by a mon-negative

Butcher array, i.e. A, b,c > 0, we define the corresponding MPRK scheme applied to



the PDRS (7), (8) by

k—1 (k)
u(k) =u +At2aky ( l( u®) R TAY) +szj t JFCuAt) (k)

i
v=1 j=1 ]

N (k)
— (rf(u(”),tn + e, At) + Zdij(u(”),tn + cl,At)> %) , k=1,...,s,
j=1 m

%

S n+1
U
P =ul ALY D (u® ¢, At) E: )t At
u; u; + 2 k (r + ¢k +] 1pU + cp At) P

3

N n+1
— (rf(u(k),tn +ckAt)+ZdiJ( *) ¢, +ckAt)> Yi >
o
j=1

9)
for i = 1,...,N, where Ek) o; are the so-called Patankar-weight denominators
(PWDs), which are required to be positive for any At > 0. Additionally, (k) =

gk)(u a o u* ) s independent of u'®), and o; = o;(u®,uM, (S)) 18

independent of ut1.

As described in [20, 27], MPRK schemes can be written in matrix notation that,
for the PDRS presented above, read as follows.
Remark 1. In matriz notation, (9) can be rewritten as

k—1
MF) k) =y + At Z akyrp(u(u)a tn + CuAt)a k=1,...,s,
V:l (10)
Mu"t! = u® + At Z brr? (U ¢, + cpAt),
k=1
where vP = (v}, ..., rR)T, MK = (mz(‘f))lﬁi,jSNf and M = (mij)1<ij<n with
N 1
(k) =1+ Atzaku ( r; @) yIn + CUAt) Zdij(u(y)’tn + CVAt)) _(k)’
= T
) 1 L
) = o )i
as well as
N 1
mi; = 1+ Athk <r u( ) b, + e At) + Zdij(u(k)atn + CkAt)> —
k=1 =1 Z (12)

1
:—Athkpu Dot +epAt)—, i# .

J



The unconditional positivity of these schemes is then proved by showing that M®*)
and M in (11) and (12) are M-matrices, i.e. have non-negative inverses [20]. Since
Definition 1 does not determines the PWDs, these can be chosen to ensure the order
of accuracy of the method.

Below, we give the specific choices used in this work, however, we note that there
is a comprehensive theory for the order conditions [20, 24, 26, 27, 36].

First-Order MPRK Scheme (MPE)

Note that u™ = u”, so w» does not have to be defined. The first-order scheme is
based on forward Euler, which means that only o needs to be defined. To obtain first
order of accuracy, we use o = u”, resulting in the MPE scheme from [18].

Second-Order MPRK Scheme (MPHeun)

Although there is a one-parameter family of second-order MPRK schemes [20], we
follow the suggestions from [34] and we will use the scheme based on Heun’s method,
given by 7 = u” and o = u®.

4 Modified Patankar Finite Volume Schemes

We start explaining the application of MPRK methods in the simple case of the one
species Euler equations (1)-(2) and then we will generalize for the multispecies Euler
equations (1)-(3). Afterwards, we will highlight an issue of the method when applied
to the one species Euler equations (1)-(2) with a contact discontinuity (37), and how
to overcome this problem.

Given Q = [a,b] and equispaced points Tip1=a+ jAz with Az = b*T“, j =
0,...,N, we consider the cells Q; = [xifé,xﬂr%] with i =1,..., N. Along this work,
we will use classical Finite Volume methods [37] describing the solution by its cell
averages U; ~ <= fQ U(z)dz. The evolution of these values will depend on interface
fluxes that are defined starting from the neighboring values. In this work, we use the
local Lax—Friedrichs (LLF) numerical flux, which, using the notation

{{g(U)}}H% = 2(U:) +2g(Ui+1)7 [[g(U)]]iJr% = g(Uit1) — g(Uy) (13)

can be written as

Fipp = (PO — —2 2 ULy,

(14)
a1 = max{fui| +c(Us), [uipr| + c(Uira), [{ulhiy 1| + (U 1))-
This allows to write the semi-discrete form of (1) as
au, 1 /. .
T " Az ( i-t Fi+%> +S(U,), (15)



where U; = (U; 1,U;2,U; 3)T = ((p)i, (pu)i, (pE);)T represent the cell averages of the
physical quantities for each cell £2;, and we applied the midpoint rule to the source
term. In the following, we describe how to apply the MPE scheme to the semi-discrete
form of Euler equations in order to guarantee positivity of the density and total energy.
The generalization to higher-order schemes is then straightforward.

To illustrate the main idea, and for the sake of simplicity, let us first focus on the
density components of (15) for the Euler system (1)-(2), but the same technique will
be applied to other positive variables. In the simulations, we will test also the version
where both density and total energy are treated with the MP trick. Those version will
be denoted with a -pE, e.g. MPE-pE. The density equation reads

dpl‘ 1 ~ ~ .
- :E(Fi,%,l—ﬂ%l), i=1,...,N, (16)
as S1(U;) = 0. First, note that due to the boundary conditions, the sum

Zi]\il (FF%J - Fz‘+%,1> = 13’%’1 —FN+%’1 does not vanish in general, so that (16) must

be viewed as a PDRS in order to apply the MPE scheme. Hence, we rewrite (16) as a
PDRS

N
dp; 1 .
(th ~ Az (’"?1 — i+ ; (i1 — dz‘@l)) , i=1,...,N, (17)

P d - .
where Ti1s 751 Pij1s dij1 >0, and p; ;1 = d;;1. In particular, we have

Dit1,i,1 = diit+1,1 = Max {07Fi+%,1} y DPii+1,1 = dit1,4,1 = —min {0’ Fi+%,1} (18)
fori=1,...,N—1,and p; j1 =dj;1 =0, if | — j| # 1. Furthermore, the terms rf}
and r¢ are given by

rf :maX{O,F1 1}e1 —|—max{0, —FN+%’1}eN,

2

] . (19)
rf = — (min {O,F%’l} e + min{O7 —FN+%)1} eN>

with the unit vectors e;,ey € RY. Now, the MPE scheme for the density reads

N n+1 N 1
At At P s
+1 n 7 d,n
i = pi+ Az Iri,l + Az (E p?,j,l o - (Tm + ;:1 d?,j,l) : ) (20)

= i P?
fori=1,..., N and only differs from the forward Euler (FE) by the fractional weights.
We note that the MPE scheme is also first-order accurate when applied to a PDRS,
see [26, 35| for more details. Moreover, the solution uf™* = (p7™, ..., p%t 1T of (20)
can be obtained by solving the linear system Mlu?Jrl =ul + %r’f’", where the
matrix M; € RV*V is an M-matrix and therefore possesses a non-negative inverse.

Furthermore, due to p};; = d7, ; = 0 for |i — j| # 1, the matrix M, is tridiagonal



and sparse for large N. In particular, writing M; = (m; j1)1<ij<n as a special case
of (12), we observe

d,n N n n
At Ty A7, At P

Az i1 Az Uy

mi;1 =1

and m; ;1 = 0 otherwise.

Similarly, this approach could also be used to guarantee the positivity of the total
energy by solving the corresponding linear system Mku;c”rl =up + %rﬁ’" for k=3
resulting in a total of two decoupled linear systems of size N x N that must be solved
in each step, while the computation of the velocity remains unchanged, since there are
no positivity constraints on the velocity.

MPE for Multi-species FEuler

In the case of multi-species Euler (1)-(3), one has to perform the same MPE method
on each density equation and on the total energy, solving MkuZJrl =up + %r%” for
k=1,2,3,5, while using the forward Euler scheme for the velocity equation. One can
define the vectors u = (ul,ul, ul ul)? and r? = ((r})7, (5)T, ()T, (x)T)T as well
as the block diagonal matrix M = diag(M1, My, M3, M5), so that Mu"+! = u"+ %rl’
represents the four decoupled linear systems that have to be solved. However, since
source terms are present for the densities p; and ps, we have to adjust our scheme as
follows.

Consider the corresponding vectors up = (Urg,. .-, UN,k)T = (P1ks---1PNE)
with k& € {1,2}. The semi-discrete form (15) of the reactive Euler equations for these
two quantities reads

T

N .

G = §Uin =17 =y + 3250 i — dija) +51(Us), i=1,...,N,
N .

P2 = §Uia =100 =1l + 350 (ijo — dij2) +52(Us), i=1,...,N

Next, we split each source term Sy (U;) = S£(U;) — SZ(U;) into a production and a
destruction part. In particular,

SP(U,) = 62M:k4(T)

3
Ui = Ui
2 = > P >
i S§:1 1p 20 for Ui 20

is the source production term and

S

S4(U;) = 02M 1 ky(T) Vi 223:%>0 for U; s >0
1 i) — 1hb M. = or U; s =2

s=1

is the source destruction term of S;. According to (4) and 2M; = M, we observe
SH(U;) = S¢(U;) and S4(U;) = SY(U;). As a consequence, the MPE scheme for the

10



first two densities reads for i =1,..., N

At N U'(Lil-l J N Ufnii-l
9 b k] 27
Pt =0T =0+ | ZPZj,lijn — |+ Zde,l D
Ax ; U ; urn
j=1 I j=1 2
U?Hrl Un1+1
+ At | SP(UM) 2 - sd(Ur) -
( Uz"?’Q ’ Uﬁl
”Jrl N n+1
n+1l __ Un+1 n + p,n +Z _ d,n+zdn Uz,2
Pi2 2 = Y2 P2 Un Ti2 w2 ) g
j=1 g
71+1 n+1
+ At sp(Up)—E — sg(up) i
( Yo U,

and hence, the full scheme for computing the densities and energy can be written as

(M + S)u"+1 =u"+ %;rp’” (21)
Sa1 8,200

with M as defined above and S = At Sg’l 88’2 g g , where S, =
0O 0 0O

diag (S’%(E}L) e S’?};}:&’)) and S, , = —Sg . Note that the linear system (21) is only

coupled through the sparse matrix S.

Lemma 1. The Matriz B := M + S from (21) is an M-matriz.

Proof. 1t is enough to restrict to the upper left 2N x 2N block as the other
blocks on the diagonal are M-matrices [27]. Hence, fix k € {1,2} and observe that
17S, . = ||17D, k||1. Hence, since the diagonal of B is positive and M} is diagonally
dominant, we deduce that B” is also diagonally dominant along the same lines as in
[20, Lemma 2.8]. Together with b;; < 0 for i # j, we conclude that BT is an M-matrix,
which means that the same holds for B. O

4.1 Contact Discontinuities Preservation

In a contact discontinuity, i.e., when u(z) = @ and p(z) = p are constant values,
whatever form takes the density, the density equation becomes a transport equation
with velocity @, while the momentum and energy conservation laws guarantee that
velocity and pressure remain constant.

Proposition 2 (Contact discontinuity preservation of explicit Euler LLF). Consider
the Euler equations (1)-(2) with homogeneous Neumann or periodic boundary conditions,
and apply the LLF scheme (explicit Euler method in time) together with the FoS
p = (v —1)e, where e .= pE — 0.5pu? is the internal energy. If the initial conditions

11



contain only contact discontinuities, i.e., u = u and p = p, then velocity and pressure
stay constant for all time steps of the method.

Proof. Since v = u and p = p are constant at the beginning, we observe that the LLF
(14) for the momentum equation becomes

a2 (22)

This leads to the following update equation for the momentum

(Pu)’“rlAt (pu)i" _ - (F?+2,2 B, 2) = i (F" 1 ]?‘21%’1), (23)

which is clearly verified by u?“ = @ and by the LLF update of the density

n+1 n
A (F” ~F ). 24
At Az 1 =3l (24)
Note that it follows from (22)-(24) that « will stay constant after one step of the LLF

scheme. Furthermore, since p = p we deduce from the EoS for ideal gases that the
internal energy e is also constant since e = pFE — 0.5pu? = %. Hence, writing

F3(U) = u(pE + p) = u(e + 0.5pu® + p),

we obtain . .
Fii13=050"F 1, +u(e+p). (25)
From (25), we conclude that
ntl _ At - ; n 20 ntl _ n
(pE);™ = (pE); — E(FH;S - Fz?%,S) = (pE)} +0.5u(p;"" — p;').

Thus,

eith = (pE); = 0.5p7 0 = (pE)} — 0.5p]u = ¢,
which means that also pressure is constant in time. If the boundary conditions verify
the same constraints u = 4 and p = p, then the same arguments can be applied to

boundary cells. O

4.1.1 Modified Patankar Euler LLF for Euler Equations

However, the situation is different when MPRK schemes are applied, as the MP trick is
never applied to the momentum equation. Hence, since p is computed with an MPRK
scheme, the pu must be computed in a consistent manner to keep u constant. Indeed,
the main idea of the proof of Proposition 2 is that we can substitute the equation for
the computation of p into the equations for momentum and total energy. Hence, if we
only modify the density fluxes F: +1,1 using Patankar weights, all we have to do is to
appropriately weigh the other numerlcal fluxes with the same Patankar-weights as for

12



the density equation. To that end, we note that (22) and (25) can be split into a part
that contains the numerical flux of the density, which should be weighted exactly as in
the density equation, while the other terms should be kept as in the explicit update of
the original fluxes.

This strategy is in conflict with the weighting of the energy equation with an MP
trick, so we could not guarantee the positivity of the total energy. Nevertheless, the
pressure is the quantity whose positivity has to be guaranteed, and from the numerical
experiments it seemed that the novel weighting due to the density MP trick facilitates
the positivity of the pressure much more than using the MP trick on the energy
equation. Hence, we will stick to this strategy and we will consider in future works
the combination of MP trick on the energy equation and the preservation of contact
discontinuities. From here on, we focus on the ansatz of applying the MP trick to the
density equation and weigh the other fluxes consistently.

Overall, we will split the numerical fluxes into a part that should be weighted and
another one that should be left untouched. The first will have a superscript index w
and the latter will be indexed by u, i.e. we split FH%’k = F'ili%’k + ﬁ‘ﬁ%’k. According

to (22), we define for the momentum equation

~w Qg1 o
FZ‘JF%}Q = {{pu2}}z+% - 9 > [[Puﬂi+%7 Fi+%’2 = {{p}}z+%

using the jump [-];;1 and mean {{-};, 1 operators from (13). From (25), the energy
fluxes can be written in the form
®ig1

[w [ Yit g
Fi+%73 = {{0'5pu3}}i+% Y [[O'Bpu2]]i+%ﬂ Fi+%73 = {{u(e+p)}}z+% T : [[e]]iJr%'

In what follows, we deduce the variant of the MPE scheme. The generalization to

higher order is straightforward. Now, recall that the production and destruction terms

for the density are chosen analogously to (18). Hence, the weighting of F;j’r 1, with
3

k € {2,3} for momentum and energy will depend on the sign of Fi—k%,l' In particular,

if Fi+%,1 < 0 then this corresponds to a non-zero p; ;41,1 term with a weight of

+1._ P
n . it+1
wi 26
1+1 p?+l ’ ( )

and, if FH%J > 0, the term corresponds to a destruction term d;;41,1, which is

weighted with w?“. The rest terms can be treated analogously. We define for k = 2,3
and i =1,..., N — 1 the auxiliary production and destruction terms by
_ n w n A n w n 3
Piitp = Fiie Firgn <0  isir = Fiiw Fiegn 20 @
Y 0, otherwise Y 0, otherwise
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and set p; jr =0,k forall¢,j=1,...,N,

d . Fiuk? Fia<0, 4 4 — 0.4 — Fﬁﬂ,k’ Fnyia 20,
Y= o Y= =ty = Uty = .
0, otherwise, 0, otherwise,
. (28)
as well as tﬁ g = Tik T tf, et (F 1k Fli k) Then, we can prove the following result.

Theorem 3. The scheme

At
n+1 __ n ,n n+l n+l
Uix™ =Ui Aa:rp’ Az (prl < +Zd7ﬂ 1> )
Ut = z"k+7tf,’z?+g (pr pwi - ( +Za”k> "“) k=23,

(29)
with w; = ”H JUM i 18 first-order accurate and unconditionally preserves the positivity
of the denszty, Addztwnally, if u and p are initially constant, they remain constant at
all times.

Proof. The positivity of the density is already known. Additionally, we chose the
auxiliary production, destruction and rest terms in such a way that we can mimic the
proof of Proposition 2 since we have

Diji+1,1 = ¥Fi1 1= Piit1,k = jFFi i

and similar relations hold for the 9 and t? terms. Finally, the consistent weighting
allows us to substitute the weighted numerical density-fluxes into the other equations
as we did in Proposition 2. Finally, since the MPE scheme for the density equation is
first-order accurate, we know from [26] that w; = 1 + O(At). Substituting this relation
into the momentum and total energy equation, we end up with the original LLF scheme
plus an additional O(At?) error. O

We want to remark that the weights added to the momentum and total energy
equations are explicitly computed from the density update, which is the only equation
where the MP trick is applied. Hence, this flux-balancing does not need further linear
solves in contrast to classical MPRK schemes.

In the numerical results, we will see that this splitting and weighting of the fluxes
of momentum and energy will also help to keep the pressure positive. It will not lead
to a provably positivity preserving scheme for the pressure, but the simulations run
with this split outperform by huge factors the scheme where the MP is applied to the
density and total energy and explicit Euler is used for the momentum equation.

4.1.2 Application to Multi-Species Euler

Now, we can extend this result to multi-species Euler equations (1), where the contact
discontinuity preservation property is directly relevant only in the case without source
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terms. Nevertheless, we hope that the increased stability of the scheme, in particular
in the positivity of the pressure, will also be transferred to the reactive case.

The methodology is very similar to the previous section: the densities equations are
each of them treated with MP Euler, then we use the sum of the weights to weigh the
part of the numerical fluxes of momentum and energy that should resemble a density

numerical flux. For k = 1,...,3, we have that the three densities evolve as
—+1 n N
pnk ~ Pik 1 i
#:Fx PP (ot = R w ) (30)
j=1

with w”Jrl = ple /pi1,- Then, we take the sum of these equations over k, to obtain

P 2 2 Y 1 1
P S Y et - G+ durt) ) 61
= j=1
The update of p is the quantity that should be factored out in the momentum and
energy equations. So, let us define for the momentum for k =1,...,3
k
EY = oy - T[[pw]]% iv1a = {pHisss

and for the energy, we define for £k =1,...,3 fluxes

P,k 1 . ai+l
Fi+%,5 = {{0~5PkU3}}i+§ 9 : [[0'5/716“2]]1'4-%’ FH%;, = {{U(GJFP)}}H%* 5 : [[e]]i+%'

We define for / =4,5, k=1,...,3and¢=1,..., N — 1 the auxiliary production
and destruction terms by

w,k - w,k r-
k — _Fi+%,é’ Fipsr <0, k — Fi+%,e’ Fiys 6 20, 39
Piit1e = . iit1,0 = ) ) (32)
0, otherwise 0, otherwise
andsetpf)j_l “Zforallzj—l N,
AN Y| ek R >0
dk ._ 1o 3.k » o dk d.k dk ._ N+i.00 N+ik =Y
Yo = . ot ==yl = 0ty .
’ 0, otherwise ~ 0, otherwise
R (33)
as well as tf , = r; o + tfy ot (F F“ e) Then, we can prove the following result.
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Theorem 4. The scheme

Uﬁrl: iT,Lk+ ( +Zp”kwn+1 ( Zdwl> n+1> k=1,....3,
Un+1 U (t,’erq'Z(Zp”e y21_<dkn+za’ﬂ> n+1>>7£:4’5,

(34)
with w; j, = Uf,jl/U{}k, discretizing the multi-species Euler without reaction source
terms, uncondi%ionally preserves the positivity of the densities. Additionally, if v and
p are initially constant, they remain constant at all times. Moreover, the scheme is
first-order accurate.

Proof. The proof is similar to the previous one, given the linearity of the weighted
numerical fluxes on the densities. Concerning the accuracy, we know from [26] that
wﬁgl =1+ O(At), and hence, the method has the same accuracy as the underlying

explicit scheme. O

Remark 2. In the second order case, we know that w”‘,i'l =1+ O(At?). However,

U®
there will be also weights for the second stage of the RK scheme, 1. e. w§2,2 = {;j =

14 O(At) for the densities [26, Theorem 18]. Furthermore, the same theorem in [26]
then guarantees that the second-order in time will be maintained for the other quantities,
and any high-order space discretization can be applied to obtain an overall second-order
of accuracy. In what follows, we use linear reconstruction with a minmod limiter to
obtain second order away from extrema and non-smooth regions.

5 Numerical Results

In this section, we will validate the presented numerical method with balanced fluxes
comparing it with the corresponding explicit schemes as well as with MP schemes
applied to densities and with MP schemes applied to density and total energy equations.
In particular, we will use the forward Euler (FE) method and Heun’s method as explicit
methods of first and second order, respectively. The corresponding MP schemes will be
denoted by MPE and MPHeun, where we apply the MP trick to the densities equations
only, MPE-pE and MPHeun-pF for the versions where both density and total energy
are treated with the MP trick, and MPE-s and MPHeun-s for the versions where the
MP trick is applied to the density and the fluxes of momentum and energy are weighted
consistently with the density MP trick as described in the previous section.

5.1 Choice of the CFL

Most of the numerical experiments we will perform, undergo severe discontinuities and
stiff source terms, which makes the choice of the time step crucial for the stability of
the method. Except for the first smooth test case, we will set the CFL number on a
reference solution using the largest timestep we can use without obtaining negative

16



densities or pressure. This will not guarantee that the simulation gives qualitatively
good results, hence, we will introduce a safety factor that will premultiply the CFL,
in order to obtain reliable simulations. The comparison between the methods will be
then mainly on their computational costs at, more or less, the same level of accuracy
and reliability.

5.2 Convergence Test

We start demonstrating that the claimed convergence can be observed in smooth
regions. For this test case, we consider the Euler equations (1)-(2) on [0, 1], with the
initial conditions

(p,u, p)(0,2) = (1,1,1 + cos(0.5mx)*) (35)
and final time topq = 0.03. We compute the error on the density and the experimental
order of convergence (EOC) for various number of cells for the first and second-order
schemes using the L; and Ly norms and a CFL number of 0.5 for all schemes. To that
end, we define a reference solution using the same method with double the amount of
cells, respectively. As can be seen in Table 1, the claimed accuracy is achieved. We note
that the experimental order of convergence is reduced using the Lo norm, see Table 2
as we use a minmod limiter that locally reduces the order to one at extrema. This is
enough to impact the EOC when computed with the Lo norm, but not the L; norm.

Table 1: EOC for Euler equations (1)-(2) with IC (35) using L; norm on p

First order Second order
N FE MPE-pE  MPE MPE-s | Heun MPHeun-pE  MPHeun MPHeun-s
160 0.996 0.984 0.983 0.982 1.908 1.905 1.907 1.901
320 0.996  0.998 0.998  0.997 1.948  1.950 1.950 1.944
640 1.000 1.000 1.000 0.999 1.957 1.957 1.960 1.955
1280 1.000 1.001 1.001  1.000 1.966  1.966 1.968 1.965
2560 1.000 1.000 1.000 1.000 1971  1.972 1.971 1.969

Table 2: EOC for Euler equations (1)-(2) with IC (35) using Ly norm on p

First order Second order
N FE MPE-p£ MPE MPE-s | Heun MPHeun-pE MPHeun MPHeun-s
160 0.989 0.974 0.973 0.970 1.715 1.708 1.709 1.709
320 0.988 0.990 0.989 0.987 1.716 1.721 1.722 1.710
640 0.992 0.994 0.994 0.992 1.704 1.714 1.713 1.700
1280 0.995 0.996 0.996 0.995 1.690 1.697 1.694 1.686
2560 0.997 0.997 0.997 0.996 1.678 1.683 1.680 1.675
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Table 3: Comparison of numerical schemes applied to multi-species Euler equations
(1)-(3) with source (4) with § = 10* with NV = 4000 cells: stable CFL and runtime in
seconds

First order Second order
Method CFL  safety factor ~Runtime | Method CFL safety factor ~ Runtime
FE 0.008 1 1494.76 Heun 0.008 1 5185.29
MPE-pE  0.21 0.4 325.18 MPHeun-pE  0.11 0.4 1960.50
MPE 0.18 0.4 371.04 MPHeun 0.12 0.4 1671.91
MPE-s 0.19 0.4 470.39 MPHeun-s 0.86 1 121.29

5.3 Reactive Euler Equations

For the reactive Euler equations as a special case of the multi-species Euler equations,
we consider the Riemann problem

Ui ) < 07
Ui(0,2) =4 PPt (36)
Ui,Rv x> 07
defined by [2, 33]
P1,L 5.251896311257205 - 10~° P1,R 8.341661837019181 - 10~8
P2,L 3.748071704863518 - 10~° P2,R 9.45418692098664 - 10~ 11
pa.r | = | 2.962489471973072 - 10~ | , | ps.r | = | 2.748909430004963 - 10~
vL 0 VR 0
DL 103 DR 1

together with homogeneous Neumann boundary conditions, and final time tenq = 1074,
We will use 6 = 10* as the reaction rate, which makes the problem very stiff.

We use N = 4000 cells on the interval [a,b] = [-1,1], i.e. Az = ;2. The first-
order schemes and second-order schemes produce similar approximations, respectively.
However, due to the stiffness of the problem, the time step restrictions to have stability
for the explicit schemes are very severe, see Table 3. On the other hand, the classical
MPRK schemes have weaker constraints on the time-step (around CFL ~ 0.15), while
the flux-balanced version of Heun’s method can run with incredibly high CFL ~ 0.86,
leading to by far the best performance among the schemes.

As shown in Table 3, the source terms are not directly included in the computation
of the time step At. Instead, we select the maximal At based only on the fluxes and the
CFL number. We choose a CFL that ensures the positivity of p;, p, and pE. The CFL
values in Table 3 are "maximal" in the sense that increasing the last significant digit
results in negative densities, pressure, or total energy. We then run the simulations
with that CFL number multiplied with a safety factor specified in Table 3 to suppress
spurious oscillations. We note that for the explicit schemes as well as for the second-
order flux-balanced scheme we used a safety factor of 1, whereas the other schemes have
a safety factor of 0.4 to mitigate the development of oscillations near the rarefaction
wave.
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Fig. 1: Plots of the numerical solution of multi-species Euler equations (1)-(3) with
source (4) using 6 = 10*, N = 4000 cells as well as a CFL and safety factor as given in
Table 3. First-order methods are at the left, second-order methods are at the right.
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Table 4: Comparison of numerical schemes applied to one species Euler equations
(1)-(2) with IC (37) (Contact Discontinuity) and N = 1000: stable CFL and runtime
in seconds

First order Second order
Method CFL  safety factor ~Runtime | Method CFL  safety factor =~ Runtime
FE 1 0.7 5.12 Heun 1 0.7 8.88
MPE-pE  0.28 0.7 15.79 MPHeun-pE  0.39 0.7 29.82
MPE 0.38 0.7 10.70 MPHeun 0.42 0.7 10.70
MPE-s 1 0.7 6.95 MPHeun-s 1 0.7 17.60

Looking at the runtime in Table 3, even if the MPRK schemes have to solve many
linear systems, they are favorable over the explicit schemes as they are faster. However,
the second-order flux-balanced version with a runtime of around 2 minutes is the best
performing scheme while the other second-order schemes range from 25 minutes to
almost 90 minutes.

Despite these differences in computational speed, the numerical approximations
are nearly indistinguishable in the visualizations (see Figure 1) for the same order of
accuracy. We notice better approximations of the contact discontinuity for all second
order methods.

5.4 Contact Discontinuity

The contact discontinuity test case, we will consider, is a variation of the 1-2-3 Problem
[38, 39], where the density jump and the velocity are much larger. It is a Riemann
problem for the Euler equations with

1 10—6
Ur=1[(20], Uz=1{ 20 (37)
3 3

as initial condition for the primitive variables (p, u, p).

The advantage of the flux-balanced version over the classical MPRK schemes
becomes evident when comparing the schemes to the test case with the contact
discontinuity, i.e. (1)-(2), with (37). Here, the classical MPRK schemes failed at
maintaining constant velocity and pressure, see Figure 2. In contrast, the flux-balanced
version was able to preserve the constant states. Comparing the first-order schemes,
we note that the LLF scheme is positivity-preserving for CFL=0.5, which means that
the Patankar-trick is not needed for this test case.

5.5 Vacuum

Finally, we challenge the flux-balanced version with a test leading to a vacuum. It is
another Riemann problem with a double rarefaction wave forming from the center.
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Fig. 2: Plots of the numerical solution of Euler equations (1)-(2) with contact dis-
continuity IC (37) with N = 1000 using a CFL and safety factor given in Table 4.
First-order methods are left, second-order methods are on the right.

The Riemann problem is defined as

1 1
U,=|-20|, Uzr=120 (38)
0.4 0.4

in primitive variables. The final time is teng = 0.03. To obtain the exact solution, we

use the exact Riemann solver for the Euler equations [39] available at [40]. In Table 5,
we see that the flux-balanced version is comparable to the explicit variants in terms
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Table 5: Comparison of numerical schemes applied to Euler equations (1)-(2) with
IC (38) (Vacuum) and N = 1000: stable CFL and runtime in seconds

First order Second order
Method CFL  safety factor ~Runtime | Method CFL  safety factor =~ Runtime
FE 1 0.7 2.08 Heun 1 0.7 2.51
MPE-pE  0.01 0.7 141.69 MPHeun-pE  0.10 0.7 32.14
MPE 0.01 0.7 131.54 MPHeun 0.13 0.7 24.83
MPE-s 1 0.7 2.18 MPHeun-s 1 0.7 5.24
12 ’ 12r r
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Fig. 3: Plots of the numerical solution of Euler equations (1)-(2) with vacuum IC (38)
with N = 1000, and with CFL and safety factor given in Table 5. First-order methods
are left, second-order methods are on the right.

of runtime, but it is much faster than the MPRK schemes. Additionally, they show
similar numerical results, see Figure 3, while the MPRK schemes show nonphysical
oscillations, which resulted in negative approximations for the pressure with a CFL
number greater or equal to 0.02.

Remark 3. Using a CFL number of 0.5 and setting pr = 1072, we observe that the
flux-balanced MPE scheme yields a negative pressure after one time step. Hence, more
research is needed in this field to provably control the pressure.
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6 Summary and Outlook

In this work, we showed how to embed an MPRK scheme into a Finite Volume
framework for Euler equations of gas dynamics, also taking stiff source terms into
consideration. Furthermore, we showed that the MP-trick should not be applied blindly
to all components of the balance law that should stay positive, but that it is instead of
interest to use MP only for the densities and to explicitly weigh in a consistent manner
also the other numerical fluxes to be consistent with the contact discontinuities. We
performed numerical experiments confirming the expected order of accuracy and the
performance of the different numerical schemes when applied to various test cases. The
results show that the flux-balanced version of the MPRK is much more stable than
the classical MPRK schemes for large CFLs.

Future works include the investigation of a hybrid variant of the explicit and flux-
balanced schemes including further Patankar-type schemes, and the application of
the flux-balanced schemes to further hyperbolic systems such as the shallow water
equations. We will also consider in future works the combination of the MP trick on the
energy equation and the simultaneous preservation of contact discontinuities. Finally,
our future work will also involve studying algorithms that are capable of preserving
entropy properties and positivity simultaneously. We will investigate the algorithm’s
capability of controlling the positivity of internal energy or pressure via the EoS, and
additionally, we will pursue the approach of solving the Euler system in primitive
variables to evolve the internal energy or pressure directly while keeping conservation.
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