
STABILITY ANALYSIS OF ARBITRARY-LAGRANGIAN-EULERIAN
ADER-DG METHODS ON CLASSICAL AND DEGENERATE

SPACETIME GEOMETRIES∗

MAURO BONAFINI† , DAVIDE TORLO‡ , AND ELENA GABURRO§

Abstract. In this paper, we present a thorough von Neumann stability analysis of explicit
and implicit Arbitrary-Lagrangian-Eulerian (ALE) ADER discontinuous Galerkin (DG) methods on
classical and degenerate spacetime geometries for hyperbolic equations.

First, we rigorously study the CFL stability conditions for the explicit ADER-DG method,
confirming results widely used in the literature while specifying their limitations. Moreover, we
highlight under which conditions on the mesh velocity the ALE methods, constrained to a given
CFL, are actually stable.

Next, we extend the stability study to ADER-DG in the presence of degenerate spacetime ele-
ments, with zero size at the beginning and the end of the time step, but with a non zero spacetime
volume. This kind of elements has been introduced in a series of articles on direct ALE methods by
Gaburro et al. to connect via spacetime control volumes regenerated Voronoi tessellations after a
topology change. Here, we imitate this behavior in 1d by fictitiously inserting degenerate elements
in between two cells. Then, we show that over this degenerate spacetime geometry, both for the
explicit and implicit ADER-DG, the CFL stability constraints remain the same as those for classical
geometries, laying the theoretical foundations for their use in the context of ALE methods.
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1. Introduction. The spacetime predictor-corrector ADER approach, intro-
duced in its original formulation in [53, 71], extended to nonlinear systems in [72, 70]
and to unstructured domains in [40, 39, 19, 10], and finally presented with a modern
and effective approach in [16], is nowadays widely used to reach high order of accuracy
also in time when solving hyperbolic partial differential equations (PDEs). It con-
sists of an element-local iterative method to construct a piece-wise polynomial, called
predictor, that represents an approximation of high order of accuracy both in space
and time of the PDE solution. Then, in the corrector phase, the predictor is directly
inserted into a one-step update formula to evolve the solution from one time step to
the next one. The method has been shown to be very reliable and effective since it
introduces minimal dissipation and can be parallelized with minimal communication
overhead [25, 18].

In particular, ADER approaches can be used within the framework of discontin-
uous Galerkin (DG) finite element methods, as originally proposed in [62, 20, 45, 34].
Later, the ADER-DG methods have been applied to many different hyperbolic sys-
tems, starting from the classical Euler and shallow water equations [63, 26, 66, 14],
multiphase models [66, 41], magnetohydrodynamics [2, 24], dispersive, turbulent and
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reactive flows [9, 76, 8, 58], up to the study of much more complex systems, as uni-
fied models for continuum mechanics [21, 22, 69, 7, 13, 42] and various first order
reformulations of the Einstein field equations for general relativity [23, 77, 54].

Over the years, many authors have worked with ADER-DG schemes proposing
performance improvements [35, 50, 73, 59, 47], implicit [17] and semi-implicit [56,
6, 61] formulations, and in particular their use in the context of direct Arbitrary-
Lagrangian-Eulerian (ALE) methods [5]. In this latter framework, the mesh moves
following as close as possible the local fluid flow and, in order to evolve the PDE from
one mesh to the next one, an effective approach consists in connecting them via space-
time control volumes, eventually degenerate [30, 31, 29], over which integrating the
PDE. Here, ADER-DG methods offer the ideal tools to build a one-step solver that is
automatically able to integrate the PDE in space and time and to perform directly the
time update (without any need for projection and reconstruction procedures, typical
of indirect approaches [46, 3]).

Given the widespread adoption of ADER and ADER-DG methods, a rigorous
theoretical investigation of their fundamental properties becomes necessary. While
the convergence of the local spacetime predictor has been established for linear prob-
lems in [38] and extended to nonlinear systems in [7], stability studies still require
further investigation. Regarding stability, some authors have addressed ADER-type
schemes in the simplified framework of ordinary differential equations [36, 61, 60], but
a comprehensive analysis in the PDE setting is still missing. The seminal work [16]
provides stability considerations only for low polynomial degrees, while for higher or-
ders the admissible CFL numbers are typically determined empirically. Moreover, to
the best of our knowledge, no dedicated analysis has been carried out for the newly
introduced ALE ADER-DG methods on possibly degenerate spacetime geometries.

For the above reasons, it is of general interest to establish a rigorous stability
analysis of ADER-DG methods. There are several strategies to study the stability
of numerical methods, some of which apply only to linear problems, while others are
also able to treat nonlinear problems. For linear problems, one can look at the Lax–
Richtmyer stability [43], which, however, turns out to be difficult to prove in many
situations. In the context of periodic domains, the von Neumann stability analysis
guarantees Lax–Richtmyer stability and can be easily performed using Fourier modes
instead of fully discretized problems, strongly reducing the complexity of the stability
analysis. Indeed, there are many works that have studied the von Neumann stability
to deduce CFL conditions or other parameter conditions, e.g. for residual distribution
in 1d and 2d [51, 52] and for DG in 1d [68].

The extension of linear analyses to nonlinear problems is not straightforward, but
the results obtained in the linear setting are often a good indicator of the CFL that
should be used in the presence of non linearities. A direct study of the L2 stability
can be done also in the non linear case, but it would still require an analysis of all the
degrees of freedom and it is typically easy to apply only to simple time discretization
(explicit/implicit Euler, SSPRK) [15, 44]. Another way to tackle the stability would
be to mimic the integration by parts at the discrete level to guarantee energy or
entropy stability in the spatial discretization [27, 55], and also to apply relaxation in
time to preserve or dissipate a global entropy [64, 1, 33].

1.1. Aim and structure of this paper. The scope of this paper is to fill the
theoretical gap in ADER-DG methods by providing a thorough von Neumann stability
analysis, accounting for both the explicit and implicit formulations on fixed or moving
meshes. In Section 2, to fix the notation and to make the paper self-consistent, we
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Fig. 1: Prototype configuration of a classical space-time domain discretization.

present the ADER-DG scheme written in the so-called direct Arbitrary-Lagrangian-
Eulerian framework. We apply it to scalar nonlinear hyperbolic PDEs on a classical
1d+time geometry. Next, in Section 3, we perform the von Neumann stability analysis
of the method and show numerical results for its consistency order. Then, in Section 4,
we introduce into our computational domain fictitious spacetime degenerate elements
that mimic the behavior of the hole-like sliver elements used in [30, 28, 31, 29] to
connect meshes with topology changes, and we study the stability and consistency of
the method in their presence. Finally, in Section 5, we draw our conclusions and we
provide an outlook on future developments.

2. Explicit and implicit formulation of ALE ADER-DG methods. Let
us consider a first order nonlinear scalar hyperbolic PDE

(2.1) ∂tQ(x, t) + ∂xf(Q(x, t)) = 0,

where Q denotes the conserved scalar variable and f denotes the flux function.

Geometry description. Given an initial domain Ω0 = [xL, xR], with xL, xR ∈ R, we
consider Ne + 1 points xL = x01/2 < x03/2 < · · · < x0Ne+1/2 = xR and define Ne spatial

elements Ω0
i := [x0i−1/2, x

0
i+1/2], i = 1, . . . , Ne. Given an initial time t0 ∈ R, we dis-

cretize time by means of intervals [tn, tn+1] with n ∈ N of step size ∆tn = tn−tn−1 > 0
for n > 0. When not ambiguous, we will simply use the notation ∆t for ∆tn. In a La-
grangian perspective, we also assume the spatial computational domain to depend on
t: at each time tn our computational domain is then denoted as Ωn = [xnL, x

n
R], and we

consider again Ne+1 points xnL = xn1/2 < xn3/2 < · · · < xnNe+1/2 = xnR and define Ne el-

ements Ωn
i := [xni−1/2, x

n
i+1/2], i = 1, . . . , Ne. We denote the length of each element by

∆xni := |Ωn
i | = (xi+1/2 − xi−1/2) and define its barycentre bni := (xi+1/2 + xi−1/2)/2.

For each i = 1, . . . , Ne, we also define Σi±1/2 as the segment connecting (xni±1/2, t
n)

to (xn+1
i±1/2, t

n+1) and introduce the spacetime control volume Cn
i as the polygonal

set with vertices (xni−1/2, t
n), (xni+1/2, t

n), (xn+1
i+1/2, t

n+1), (xn+1
i−1/2, t

n+1). In particular,

∂Cn
i = Σn

i−1/2 ∪ (Ωn
i × {tn}) ∪ Σn

i+1/2 ∪ (Ωn+1
i × {tn+1}). We refer to Figure 1 for a

visual depiction of the setting.
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Families of basis functions. We fix a polynomial degree N > 0. For each n > 0 and
i ∈ {1, . . . , Ne}, we introduce three different sets of basis functions. First, we define
over each domain Ωn

i the set of spatial basis functions {ϕni,ℓ}ℓ, which are defined as

(2.2) ϕni,ℓ : Ω
n
i → R, x 7→

(
x− bni
∆xni

)ℓ

for ℓ = 0, . . . , N.

Next, we define over each spacetime control volume two different sets of basis func-
tions: the set of spacetime basis functions {θni,ℓ}ℓ, defined as

(2.3)

θni,ℓ : C
n
i → R, (x, t) 7→

(
x− bni
∆xni

)ℓ1 ( t− tn

∆t

)ℓ2

for ℓ = ℓ1 + (ℓ1 + ℓ2)(ℓ1 + ℓ2 + 1)/2, 0 ≤ ℓ1 + ℓ2 ≤ N,

so that ℓ = 0, . . . , Nst − 1, with Nst := (N + 1)(N + 2)/2,

and the set of moving basis functions {ψn
i,ℓ}ℓ, defined as

(2.4)

ψn
i,ℓ : C

n
i → R, (x, t) 7→

(
x− b̃ni (t)

∆xni

)ℓ

for ℓ = 0, . . . , N,

with b̃ni (t) =

(
1− t− tn

∆t

)
bni +

t− tn

∆t
bn+1
i .

Representation of the approximate solution. The conserved variable Q is rep-
resented over each grid element Ωn

i via a piecewise polynomial function uni in the
form

(2.5) uni (x) =

N∑
ℓ=0

ϕni,ℓ(x) û
n
i,ℓ for x ∈ Ωn

i , i ∈ {1, . . . , Ne}, n > 0,

where {ûni,ℓ}n,i,ℓ ⊂ R are the degrees of freedom. We also write ûni ∈ RN+1 to
identify the corresponding vector of coefficients. The family {uni }i defines a global
(discontinuous) approximant un over Ωn, which is well-defined everywhere except at
the interfaces between elements. Approximations defined on each control volume Cn

i

will usually take the form of a spacetime polynomial function qni written as

(2.6) qni (x, t) =

Nst−1∑
ℓ=0

θni,ℓ(x, t)q̂
n
i,ℓ, for (x, t) ∈ Cn

i , i ∈ {1, . . . , Ne}, n > 0,

where {q̂ni,ℓ}n,i,ℓ ⊂ R are the degrees of freedom. Again, we write q̂ni ∈ RNst to identify
the corresponding vector of coefficients.

2.1. Explicit ALE ADER-DG method. Given an approximate solution un

in the form (2.5), the explicit ALE ADER-DG method is a two steps method aiming to
compute the next approximant un+1. These steps are termed predictor and corrector
step.
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2.1.1. Predictor step. The aim of this step is to build a local approximation of
the governing PDE (2.1) over each spacetime control volume Cn

i , using u
n
i as initial

condition at time tn. We seek over each spacetime control volume Cn
i , i = 1, . . . , Ne,

a spacetime polynomial function qni of the form (2.6) whose coefficients q̂ni are to be
determined so that qni solves the element-local Cauchy problem{

∂tq
n
i (x, t) + ∂xf(q

n
i (x, t)) = 0 over Cn

i ,

qni (x, t
n) = uni (x) on Ωn

i .

We fix now any spacetime test function θni,k, k = 0, . . . , Nst − 1, multiply the above
PDE by θni,k and integrate over the given control volume Cn

i to get

(2.7)

∫
Cn

i

θni,k(x, t) [∂tq
n
i (x, t) + ∂xf(q

n
i (x, t))] dxdt = 0 for k = 0, . . . , Nst − 1.

Then, we rewrite the first term in (2.7) by taking into account a potential jump of
qni at the boundary Ωn

i of Cn
i via a simplified path-conservative approach [57, 12, 11],

obtaining

(2.8)

∫
Cn

i

θni,k(x, t)∂tq
n
i (x, t) dxdt+

∫
Ωn

i

θni,k(x, t
n) (qni (x, t

n)− uni (x)) dx

+

∫
Cn

i

θni,k(x, t)∂xf(q
n
i (x, t)) dxdt = 0 for k = 0, . . . , Nst − 1.

For a given qni , we now define the vector f̂ni = (f̂ni,0, . . . , f̂
n
i,Nst−1) so that

(2.9) fni (x, t) =

Nst−1∑
ℓ=0

θni,ℓ(x, t)f̂
n
i,ℓ

is the L2-projection of f(qni ) over the finite

dimensional space span{θni,0, . . . , θni,Nst−1}.

Finally, by replacing in (2.8) the term f(qni ) with f
n
i , we get

(2.10)

∫
Cn

i

θni,k(x, t)∂tq
n
i (x, t) dxdt+

∫
Ωn

i

θni,k(x, t
n)qni (x, t

n) dx

=

∫
Ωn

i

θni,k(x, t
n)uni (x) dx−

∫
Cn

i

θni,k(x, t)∂xf
n
i (x, t) dxdt

for k = 0, . . . , Nst − 1.

By expanding qni and uni in (2.10), see (2.6) and (2.5), we obtain an implicit system

of equations for the unknown coefficient vector q̂ni . Here, the coefficient vector f̂ni is
indeed a (generally nonlinear) function of q̂ni , and so to approximate q̂ni we employ
a fixed point Picard iteration, as detailed in [16, 37, 7]. We can consider the vector

q̂
n,(0)
i := (ûni,0, . . . , û

n
i,N , 0, . . . , 0) as starting point for the iteration and remark that

such fixed point procedure has already been proved to be convergent and to yield the
desired order of accuracy, see [38, 7, 36] for more details.

Upon convergence, the predictor step provides us with a set of locally defined high-
order polynomials qni over each control volume Cn

i . These polynomials will serve as
approximant of the solution in the interior of Cn

i and will be used in the computation
of the numerical fluxes at the interfaces.
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2.1.2. Corrector step. For each i ∈ {1, . . . , Ne}, we multiply the governing
equation (2.1) by a moving basis function ψn

i,k, k = 0, . . . , N , and integrate over the
control volume Cn

i to obtain∫
Cn

i

ψn
i,k(x, t) [∂tQ(x, t) + ∂xf(Q(x, t))] dxdt = 0 for k = 0, . . . , N.

Next, by integration by parts, we get∫
∂Cn

i

ψn
i,k(Q n̂

n
i,t+f(Q) n̂ni,x) ds−

∫
Cn

i

∂tψ
n
i,kQ+∂xψ

n
i,kf(Q) dxdt = 0 for k = 0, . . . , N,

where n̂n
i = (n̂ni,x, n̂

n
i,t) denotes the outward pointing unit normal vector on the space-

time faces composing the boundary ∂Cn
i . We now decompose ∂Cn

i into Ωn
i , Ω

n+1
i and

the two lateral faces Σn
i±1/2, we recall that uni (resp. un+1

i ) approximates Q on Ωn
i

(resp. Ωn+1
i ) and that the predictor qni approximates Q inside the control volume Cn

i .
Upon introducing a suitable numerical flux function F : R× R× S1 → R, we obtain

(2.11)

∫
Ωn+1

i

ψn
i,k(x, t

n+1)un+1
i (x) dx =

∫
Ωn

i

ψn
i,k(x, t

n)uni (x) dx

−
∫
Σn

i− 1
2

ψn
i,kF(qni , q

n
i−1, n̂

n
i ) ds−

∫
Σn

i+1
2

ψn
i,kF(qni , q

n
i+1, n̂

n
i ) ds

+

∫
Cn

i

∂tψ
n
i,k(x, t)q

n
i (x, t) + ∂xψ

n
i,k(x, t)f(q

n
i (x, t)) dxdt for k = 0, . . . , N,

where the coefficient vector ûn+1
i can be computed explicitly upon knowing ûni and

by integrating the remaining terms that depend only on the already computed pre-
dictors qni . The above formula is termed the corrector step of the ADER-DG scheme.

The numerical flux function F is computed via an ALE Riemann solver applied to
the inner and outer boundary-extrapolated data q− and q+ at each boundary. Here,
the simplest choice consists in adopting a Rusanov-type [67] ALE flux: for q−, q+ ∈ R
and n̂ = (n̂x, n̂t) ∈ S1, we set

(2.12) F(q−, q+, n̂) =
1

2

(
f(q+) + f(q−)

)
n̂x +

1

2

(
q+ + q−

)
n̂t −

1

2
smax

(
q+ − q−

)
,

where, in full generality, smax is the maximum of the spectral radii of the ALE Jaco-
bian matrix w.r.t. the normal direction in space evaluated at q− and q+, which here
simplifies to

smax = max{|f ′(q−)− v|, |f ′(q+)− v|} · |n̂x|,

where v = −n̂t/|n̂x| is the local grid velocity. For the general expression for systems
and in higher dimension we refer to [4].

2.2. Implicit ALE ADER-DG method. Opposite to the explicit method, the
implicit ALE ADER-DG method directly seeks a global approximant qn by means of
simultaneously computing all approximants qni over each control volume Cn

i . For
each i ∈ {1, . . . , Ne}, we multiply the governing equation (2.1) by a spacetime basis
function θni,k, k = 0, . . . , Nst − 1, and integrate over the control volume Cn

i to obtain∫
Cn

i

θni,k(x, t) [∂tQ(x, t) + ∂xf(Q(x, t))] dxdt = 0 for k = 0, . . . , Nst − 1.
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Next, by integration by parts, we get∫
∂Cn

i

θni,k(f(Q), Q) · n̂n
i ds−

∫
Cn

i

∂tθ
n
i,kQ+∂xθ

n
i,kf(Q) dxdt = 0 for k = 0, . . . , Nst−1,

where n̂n
i = (n̂ni,x, n̂

n
i,t) denotes the outward pointing spacetime unit normal. Now, on

each control volume Cn
i we substitute Q by an approximant qni in the form (2.6), we

decompose the boundary integral into four integrals (one over each of the four faces),
we introduce a suitable numerical flux F and require qni (x, t

n) = uni (x) for x ∈ Ωn
i ,

to get

(2.13)

∫
Ωn+1

i

θni,k(x, t
n+1)qni (x, t

n+1) dx−
∫
Cn

i

∂tθ
n
i,k(x, t)q

n
i (x, t) dxdt

−
∫
Cn

i

∂xθ
n
i,k(x, t)f

n
i (x, t) dxdt+

∫
Σn

i− 1
2

θni,kF(qni , q
n
i−1, n̂

n
i ) ds

+

∫
Σn

i+1
2

θni,kF(qni , q
n
i+1, n̂

n
i ) ds =

∫
Ωn

i

θni,k(x, t
n)uni (x) dx

for i = 1, . . . , Ne and k = 0, . . . , Nst − 1,

where fni is defined as in (2.9). The set of equations (2.13) implicitly defines a generally
nonlinear system for the coefficients {q̂ni,ℓ}i,ℓ, which we solve by means of a Newton
iteration coupled with a GMRES algorithm. Once each qni has been computed, the
next approximant un+1

i can be recovered through an L2 projection of qni (·, tn+1) with
respect to the basis {ϕn+1

i,ℓ }ℓ.

3. Stability of ALE ADER-DG methods on classical geometries. We
move now to the focus of this paper. We are interested in studying the stability of
the explicit ADER-DG method introduced in Section 2 by means of the well known
von Neumann stability analysis technique [43, Chapters 9.6 and 10.5]. Hence, we
consider the linear advection equation (LAE) for a constant advection velocity a > 0,
so that f(Q) = aQ. We restrict ourselves to the domain Ω = [0, 2π] and consider
a uniform grid of Ne elements of size ∆x > 0 and a positive ∆t. For a given wave
number κ ∈ N, we consider the periodic initial condition u0(x) = eiκx and close
the system with periodic boundary conditions. Since the initial condition satisfies
u0(x−∆x) = e−iκ∆xu0(x) for every x ∈ R, it can be easily proved that the coefficients
generated by an ADER-DG method on a fixed grid satisfy ûni−1 = e−iκ∆xûni for any
i, n (with the appropriate modifications at the boundaries).

3.1. Stability of the explicit method. To describe the explicit ADER-DG
as applied to this setting, we first observe that we can drop the dependency of basis
functions from the individual elements, since each Ωn

i can be obtained (up to trans-
lation) from the interval [0, 1] rescaled by ∆x and each control volume Cn

i from the
cube [0, 1]× [0, 1] rescaled by ∆x in space and by ∆t in time. We conveniently define
the reference basis functions

ϕℓ : [0, 1] → R, ξ 7→ (ξ − 1/2)ℓ for ℓ = 0, . . . , N,

ψℓ : [0, 1]× [0, 1] → R, (ξ, τ) 7→ ϕℓ(ξ) for ℓ = 0, . . . , N,

and
θℓ : [0, 1]× [0, 1] → R, (ξ, τ) 7→ (ξ − 1/2)

ℓ1 τ ℓ2

for ℓ = ℓ1 + (ℓ1 + ℓ2)(ℓ1 + ℓ2 + 1)/2, 0 ≤ ℓ1 + ℓ2 ≤ N.
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Since f(Q) = aQ, each predictor step in (2.10) simplifies to

(3.1) q̂ni =

(
Kst

τ +Kst
0 +

a∆t

∆x
Kst

ξ

)−1

M0û
n
i ,

where the three Nst ×Nst matrices Kst
τ ,K

st
0 ,K

st
ξ and the Nst × (N + 1) matrix M0

are defined as

(3.2)

[Kst
τ ]k,ℓ =

∫ 1

0

∫ 1

0

θk∂tθℓ dxdt, [Kst
ξ ]k,ℓ =

∫ 1

0

∫ 1

0

θk∂xθℓ dxdt,

[Kst
0 ]k,ℓ =

∫ 1

0

∫ 1

0

θkθℓ dxdt, [M0]k,ℓ =

∫ 1

0

θk(x, 0)ϕℓ(x) dx.

By taking now into account that the Rusanov-type flux (2.12) for the LAE is a
simple upwind scheme and recalling a > 0, the subsequent corrector step in (2.11)
simplifies to

(3.3) ûn+1
i = ûni +

a∆t

∆x
M−1(Kξ q̂

n
i − F r

- q̂
n
i + F l

- q̂
n
i−1),

where the three (N + 1) ×Nst matrices Kξ, F
r
- , F

l
- and the (N + 1) × (N + 1) mass

matrix M are defined as

(3.4)

[M ]k,ℓ =

∫ 1

0

ϕkϕℓ dx, [Kξ]k,ℓ =

∫ 1

0

∂xψkθℓ dxdt,

[F r
- ]k,ℓ =

∫ 1

0

ψk(x, 1)θℓ(x, 1) dx, [F l
- ]k,ℓ =

∫ 1

0

ψk(x, 0)θℓ(x, 1) dx.

Since ûni−1 = e−iκ∆xûni , we have from (3.1) that q̂ni−1 = e−iκ∆xq̂ni . Hence, the update
in (3.3) reduces to

ûn+1
i = ûni +

a∆t

∆x
M−1(Kξ − F r

- + e−iκ∆xF l
- )q̂

n
i

= ûni +
a∆t

∆x
M−1(Kξ − F r

- + e−iκ∆xF l
- )

(
Kst

τ +Kst
0 +

a∆t

∆x
Kst

ξ

)−1

M0û
n
i

= A(CFL, θ) · ûni ,

with an amplification matrix A(CFL, θ) ∈ R(N+1)×(N+1) dependent only on θ = κ∆x
and CFL = a∆t/∆x. For a matrix A, let us denote by ρ(A) its spectral radius. Then,
for a given CFL number, the update formula for ûni is stable, regardless of the value
of ∆x, if and only if

(3.5) max
θ∈[0,2π]

ρ(A(CFL, θ)) ≤ 1.

Study of the stability condition. For each N = 1, . . . , 9, we compute analytically
the matrices in (3.2), (3.4), and we build the matrix A(CFL, θ). First, we observe that
the method always preserves constant states: indeed, for θ = 0 and ûni = (1, 0, . . . , 0),
we have A(CFL, 0) · ûni = ûni , independently on CFL. Hence, we know that the maxi-
mum in (3.5) is always at least 1. Now we numerically study the stability condition in
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Fig. 2: Semi-logarithmic plot of the function CFL 7→ maxθ ρ(A(CFL, θ)) − 1, which
guarantees stability of explicit ADER-DG whenever it vanishes, see (3.5).

(3.5) by taking the maximum over the set of 1001 equispaced θ ∈ [0, 2π]. By looking
at Figure 2, we identify the following relevant values for the CFL:

(3.6)
N 1 2 3 4 5 6 7 8 9

CFL 0.333 0.170 0.104 0.069 0.050 0.037 0.029 0.023 0.018
.

For N ≤ 3, the method is stable for CFL numbers lower than those reported in
Table (3.6), in accordance with the analysis in [16]. On the other hand, for 4 ≤ N ≤ 9,
the method turns out to be unstable for the reported CFL values. These numbers just
correspond to the rightmost jump in each plot, where the stability condition, even if
only slightly, is violated. Stability can be recovered for much smaller values of the
CFL number, as shown in Figure 3.

We remark that the CFL values reported in Table (3.6), even if they do not corre-
spond to true stability limits, are consistent with those widely used in the community
(see, e.g., [32, 13, 65]), which have generally been determined empirically. By a mat-
ter of facts, in complex test cases, the small amplification factor due to instability
is mitigated when combined with other discretization techniques such as numerical
viscosity, Riemann solvers, damping factors, and limiters. As a result, authors usually
adopt these values as their reference maximum CFL number when running numerical
experiments.
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Fig. 3: Logarithmic plot of the function CFL 7→ maxθ ρ(A(CFL, θ))− 1.

Remark 3.1. The analysis extends to the case of a mesh moving with uniform
velocity v ∈ R. In this context, the stability condition turns into

|a− v|∆t
∆x

≤ CFLmax.

Assuming a > 0, by using a value c̃ ≤ CFLmax and selecting ∆t = c̃∆x/a, the
condition above rewrites as

a

(
1− CFLmax

c̃

)
≤ v ≤ a

(
1 +

CFLmax

c̃

)
,

which provides a bound on the admissible velocities of the grid. For example, if
c̃ = CFLmax one obtains 0 ≤ v ≤ 2a, while if c̃ = 0.5 ·CFLmax the condition becomes
−a ≤ v ≤ 3a, allowing more freedom in the mesh velocities.

3.2. Numerical consistency order of the explicit method. The explicit
ADER-DG method is expected to have order of consistency N +1 for a given polyno-
mial degree N . We verify this property by evolving a linear advection equation with
unit velocity on the domain [−6, 6], with periodic boundary conditions and start-

ing from Q(x, 0) = e−x2

. We vary the number of elements Ne and we consider
∆t = 0.9 ·CFLmax ·∆x, where ∆x = 12/Ne and CFLmax is taken from Table (3.6). In
the top pictures of Figure 4, we report, in logarithmic scale, the L2 norm of the error
with respect to the exact solution at time T = 1. Each consistency order is correctly
achieved.

3.3. Stability of the implicit method. The stability analysis for the implicit
ADER-DG method can be developed following the same steps used for the explicit
counterpart. Again, we have to study the spectral radius of a suitable amplification
matrix A(CFL, θ), which can be computed exactly. Condition (3.5) is numerically sat-
isfied, up to machine precision, for a fine sample of CFL numbers within the interval
[0, 10] and for every N = 1, . . . , 9, thereby confirming that the scheme is uncondition-
ally stable (as proved in [17]).
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Fig. 4: Consistency order of explicit (top) and implicit (bottom) ADER-DG: left odd
orders for N = 0, 2, 4, 6, 8, right even orders for N = 1, 3, 5, 7, 9.

3.4. Numerical consistency order on classical geometries. The implicit
ADER-DGmethod, as its explicit counterpart, is expected to have order of consistency
N +1 for a given polynomial degree N . We verify this property by means of the same
LAE evolution test case described in Section 3.2, where now we consider a global
CFLmax = 0.2, independently of the degree N . Again, by looking at the bottom
pictures of Figure 4, each consistency order is correctly achieved.

4. ALE ADER-DG methods on degenerate spacetime geometries. In
this section, we consider a modification of the ALE ADER-DG scheme on degenerate
spacetime geometries, which are obtained by introducing in our computational domain
fictitious spacetime degenerate elements, which will be termed sliver elements.

Geometry description. To construct a degenerate spacetime geometry we start
from the classical geometry described in Figure 1. As in Figure 6, we assume now
that some of the interfaces Σn

i−1/2 are expanded into a sliver element Sn
i−1/2, which

represents our fictitious spacetime degenerate element. To construct a sliver element
Sn
i−1/2, we first fix its maximal width ∆xni−1/2 > 0 and then consider the quadrilateral

whose vertices, in counter-clockwise order, are defined as

(xni−1/2, t
n), ((xni−1/2 + xn+1

i−1/2 +∆xni−1/2)/2, t
n +∆t/2),

(xn+1
i−1/2, t

n+1), ((xni−1/2 + xn+1
i−1/2 −∆xni−1/2)/2, t

n +∆t/2).

Each neighbouring control volume is redefined accordingly. The boundary ∂Sn
i−1/2 of
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Fig. 5: Spacetime connectivity with topology changes in 2d (left), induced hole-like
sliver element (right) and neighbouring classical control volumes (middle).
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i− 1
2

Σn,−
i− 1

2

Σn,+

i− 3
2

Σn,−
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∆xn
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tn
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Fig. 6: Prototype configuration of a space-time domain discretization with a degen-
erate (or sliver) element.

each sliver element can be viewed as the union of Σn,−
i−1/2 (the interface between Sn

i−1/2

and Cn
i−1) and Σn,+

i−1/2 (the interface between Sn
i−1/2 and Cn

i ). In case an interface

Σn
i−1/2 is not replaced by a sliver element, then we set Σn,±

i−1/2 := Σn
i−1/2.

Remark 4.1. These degenerate elements mimic in 1d the hole-like sliver elements
introduced in [30, 31, 28, 29] within the framework of 2d moving meshes with topology
changes, see Figure 5. Those works are all based on the use of a direct ALE approach
for the evolution of the PDE and therefore on the integration over control volumes
that connect in time two different meshes. When, in this context, the meshes do
not merely move but can also change topology, meaning that connectivity and list of
neighbours of each cell may change, the use of classical control volumes to connect
the meshes is no longer sufficient. To cover the entire spacetime domain in between,
it then becomes necessary to introduce additional volumes, such as those shown in
the right panel of Figure 5, which, similarly to the 1d degenerate elements of this
paper, have zero area at both times tn and tn+1, but a non zero spacetime volume.
At present, the 2d sliver elements have been used in a variety of applications, but a
theoretical analysis of their properties has not yet been carried out in detail.



STABILITY ANALYSIS OF ALE ADER-DG METHODS 13

Basis functions. For each n > 0 and i ∈ {1, . . . , Ne}, we consider the already
introduced families of basis functions {ϕni,ℓ}ℓ, {θni,ℓ}ℓ and {ψn

i,ℓ}ℓ, see (2.2), (2.3) and
(2.4). Furthermore, we also consider over each sliver element Sn

i−1/2 the family of

spacetime basis function {θni−1/2,ℓ}ℓ defined as

θni− 1
2 ,ℓ

: Sn
i− 1

2
→ R, (x, t) 7→

(
x− xn

i− 1
2

∆xn
i− 1

2

)ℓ1 (
t− tn

∆t

)ℓ2

for ℓ = ℓ1 + (ℓ1 + ℓ2)(ℓ1 + ℓ2 + 1)/2, 0 ≤ ℓ1 + ℓ2 ≤ N,

Alongside the general approximants uni and qni described in (2.5) and (2.6), we also
consider approximants defined on each sliver element Sn

i−1/2 to take the form of a
spacetime polynomial function qni−1/2 written as

(4.1) qni− 1
2
(x, t) =

Nst−1∑
ℓ=0

θni− 1
2 ,ℓ

(x, t)q̂ni− 1
2 ,ℓ
, for (x, t) ∈ Cn

i− 1
2
, i ∈ {2, . . . , Ne}, n > 0,

where {q̂ni−1/2,ℓ}n,i,ℓ ⊂ R are the degrees of freedom. Again, we write q̂ni−1/2 to identify
the corresponding vector of coefficients.

4.1. Explicit ALE ADER-DG on degenerate geometries. The explicit
ALE ADER-DG scheme on degenerate geometries can be describe as a three steps
scheme, where the third additional step is devoted to the treatment of the newly
introduced sliver elements.

Predictor step on control volumes. The predictor step of the explicit ALE
ADER-DG scheme on non-degenerate control volumes remains essentially the same as
the one described in Section 2.1.1. The only difference is the possible non-quadrilateral
concave structure of some control volumes Cn

i that should be accounted during the
numerical integration. Thus, we can easily apply (2.10) to obtain each predictor qni ,
i = 1, . . . , Ne.

Predictor step on sliver elements. Once predictors on non-degenerate control
volumes are computed, we consider the sliver elements. Let us fix a sliver element
Sn
i−1/2 for some i ∈ {2, . . . , Ne}. Since we have no inflow information to work with

at time tn (due to the sliver degeneracy) on such elements, we perform a complete
integration by parts that allows to introduce inflow boundary conditions through flux
exchanges at the interfaces Σn,±

i−1/2. Hence, we follow the same derivation that led to

(2.13) and we seek for an approximant qni−1/2 of the form (4.1) that solves

(4.2)

∫
Σn,−

i− 1
2

θni− 1
2 ,k

F(qni− 1
2
, qni−1, n̂

n
i− 1

2
) ds+

∫
Σn,+

i+1
2

θni− 1
2 ,k

F(qni− 1
2
, qni , n̂

n
i− 1

2
) ds

=

∫
Sn

i− 1
2

∂tθ
n
i− 1

2 ,k
(x, t)qni− 1

2
(x, t) + ∂xθ

n
i− 1

2 ,k
(x, t)fni− 1

2
(x, t) dxdt

for k = 0, . . . , Nst − 1,

where fni−1/2 is defined as in (2.9) (by replacing the indices accordingly) and n̂n
i−1/2

is the outward pointing normal to ∂Sn
i−1/2. By taking into account that predictors

on the neighbouring non-degenerate control volumes have already been computed, we
can approximate the only unknown q̂ni−1/2 in equation (4.2) by means of a Picard
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fixed point iteration initialized by a constant approximant defined by the average of
the neighbouring values.

Corrector step. On each element Ωn+1
i , i = 1, . . . , Ne, the new approximant un+1

i

is then computed by means of (2.11), with the needed substitutions of predictors
and interfaces whenever the control volume neighbours a sliver element. We remark
that no additional computations are required on sliver elements because they have zero
measure boundary at time tn+1. Moreover, the method is conservative by construction
also around sliver elements thanks to the exchange of fluxes already performed in the
computation of their predictors: indeed, the balance of the fluxes can be obtained by
taking θni−1/2,0 = 1 as test function in (4.2).

4.2. Implicit ALE ADER-DG on degenerate geometries. To recover the
implicit version of the ALE ADER-DG scheme on degenerate geometries, it is enough
to consider together (2.13) on non-degenerate elements and (4.2) on sliver elements,
by paying attention to use the correct neighbours and interfaces in (2.13). Again, each
new approximant un+1

i is then recovered by means of an L2 projection of qni (·, tn+1)
with respect to the basis {ϕn+1

i,ℓ }ℓ.

4.3. Von Neumann stability analysis with spacetime hole-like sliver
elements. The von Neumann stability analysis can be performed in the same fashion
as outlined in Section 3. Again, we consider an initial data of the form eiκx.

∆x ∆x

∆t
2δ∆x

We build our domain starting from a classical Eu-
lerian geometry and replace every other vertical in-
terface with a sliver like element, whose diameter
is controlled by a parameter δ ∈ [0, 0.5]. Now, we
identify two subsequent elements i − 1 and i sepa-
rated by a sliver to be our unitary periodic block.
The geometry is described in the sketch on the side.

Explicit method. We study the update of the couple v̂ni = (ûni−1, û
n
i ), which encodes

the coefficients of the approximated solution on the given block. While the derivation
is somehow cumbersome, we can easily prove that the vector v̂ni ∈ R2(N+1) follows an
update rule of the form

v̂n+1
i = A(CFL, δ, θ) · v̂ni ,

with an amplification matrix A(CFL, δ, θ) ∈ R2(N+1)×2(N+1) dependent only on θ =
κ∆x, the parameter δ controlling the width of the sliver and CFL = a∆t/∆x. Thus,
for a fixed couple (CFL, δ), the update formula for v̂ni is stable, regardless of the value
of ∆x, if and only if

(4.3) max
θ∈[0,2π]

ρ(A(CFL, δ, θ)) ≤ 1.

We perform a numerical study of condition (4.3) in Figure 7. We note that for δ
close to 0 the maximal allowed CFL reduces to the one studied in Section 3, as one
would expect. But even more interestingly, we remark that increasing δ does not lead
to a different behaviour, allowing us to conclude that the introduction of the sliver
elements does not change the stability properties of the original method.

Implicit method. The same von Neumann stability analysis can be developed for
the implicit ADER-DG method, by focusing again on the update formula for the
couple v̂ni = (ûni−1, û

n
i ). The method turns out to be numerically stable for all values

of N ∈ {1, . . . , 9}, CFL ∈ (0, 10) and δ ∈ (0, 0.5) that have been tested. Indeed,
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Fig. 7: Stability study of explicit ADER-DG method with slivers. The blue dotted
lines are set at the CFLmax values reported in Table (3.6). Then, in each plot, a point
(δ,CFL) is either green or red depending on whether maxθ ρ(A(CFL, δ, θ)) ≤ 1 + εN ,
where εN is the left value at the rightmost jump in the corresponding plot in Figure 2.
We deduce that classical CFL numbers can be used even in presence of sliver elements.

following the same idea outlined in the stability proofs in [17, 74, 75], we can actually
prove that the method is L2 stable in some configurations of interest.

Theorem 4.2 (Stability for implicit ADER-DG with slivers). On a linear advec-
tion equation ∂tu+∂xu = 0, the implicit ADER-DG method on a degenerate geometry
with δ ≤ 1

2 min
{

∆t
∆x , 1

}
is L2 stable.

Proof. We recall the construction in Figure 6.

∆x ∆x

∆t
2δ∆x

(
∆t
2

, δ∆x
)

(
∆t
2

,−δ∆x
)(

−∆t
2

,−δ∆x
)

(
−∆t

2
, δ∆x

)

Cn
i

Cn
i−1

We consider again a periodic degenerate
geometry where one every other interface
is replaced by a sliver element. We focus
on a triplet of elements (Cn

i−1, S
n
i−1/2, C

n
i ),

with δ ∈ (0, 0.5). Up to renormalization,
the normals to the four inner sides of the
sliver have the coordinates reported in the
picture on the side.

First, we observe that under the assumption f(q) = q, the Rusanov-type ALE flux
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(2.12) can be simplified into

F(q−, q+, n̂) =
1

2

[
(q+ + q−)(n̂x + n̂t)− (q+ − q−)|n̂x + n̂t|

]
,

meaning that either q+ or q− is selected depending on the sign of (n̂x + n̂t). In
particular, given that δ ≤ 1

2
∆t
∆x , in the subsequent steps the numerical flux will always

select qi−1 when evaluated along Σn,−
i−1/2 and qni−1/2 when evaluated along Σn,+

i−1/2,

resulting into a pure upwind scheme from the left to the right element.
For given continuous spacetime functions u, v and for all meaningful indices i, n,

we define for convenience the following pairings:

[w, v]ni :=

∫
Ωn

i

w(x, tn)v(x, tn) dx, {w, v}ni−1/2 :=

∫ tn+1

tn
w(xi−1/2, t)v(xi−1/2, t) dt,

⟨w, v⟩ni :=

∫
Cn

i

w(x, t)v(x, t) dxdt, ⟨w, v⟩ni−1/2 :=

∫
Sn
i−1/2

w(x, t)v(x, t) dxdt,

{w, v}n,±i−1/2 :=

∫
Σn,±

i−1/2

wv(nt + nx) ds where n is the outer normal to ∂Sn
i−1/2.

Consider now (2.13) on the element Cn
i : by recalling that we obtained each initial

status as uni (x) = qn−1
i (x, tn) for x ∈ Ωn

i , plugging in as test function qni itself into
(2.13), we obtain

[qni , q
n
i ]

n+1
i − [qni , q

n−1
i ]ni − ⟨∂tqni + ∂xq

n
i , q

n
i ⟩ni − {qni , qni−1/2}

n,+
i−1/2 + {qni , qni }ni+1/2 = 0.

By using that ∂t((q
n
i )

2) = 2qni ∂tq
n
i and ∂x((q

n
i )

2) = 2qni ∂xq
n
i , and applying the diver-

gence theorem, we get

[qni , q
n
i ]

n+1
i − [qni , q

n−1
i ]ni − 1

2
[qni , q

n
i ]

n+1
i +

1

2
[qni , q

n
i ]

n
i

+
1

2
{qni , qni }

n,+
i−1/2 −

1

2
{qni , qni }ni+1/2 − {qni , qni−1/2}

n,+
i−1/2 + {qni , qni }ni+1/2 = 0.

By multiplying by 2, adding and subtracting [qn−1
i , qn−1

i ]ni and {qni−1/2, q
n
i−1/2}

n,+
i−1/2,

and rearranging the terms, we obtain

[qni , q
n
i ]

n+1
i − [qn−1

i , qn−1
i ]ni + [qni − qn−1

i , qni − qn−1
i ]ni + {qni , qni }ni+1/2

+ {1, (qni − qni−1/2)
2}n,+i−1/2 − {qni−1/2, q

n
i−1/2}

n,+
i−1/2 = 0.

Given our choice of δ, we can easily see that {1, (qni − qni−1/2)
2}n,+i−1/2 ≥ 0, hence, from

the equality above, we get the inequality

(4.4) [qni , q
n
i ]

n+1
i − [qn−1

i , qn−1
i ]ni + {qni , qni }ni+1/2 − {qni−1/2, q

n
i−1/2}

n,+
i−1/2 ≤ 0.

Consider now the sliver element Sn
i−1/2 and the corresponding relation (4.2): by

using as test function qni−1/2 itself, we readily obtain

−⟨∂tqni−1/2 + ∂xq
n
i−1/2, q

n
i−1/2⟩

n
i−1/2 + {qni−1/2, q

n
i−1/2}

n,+
i−1/2 + {qni−1/2, q

n
i−1}

n,−
i−1/2 = 0.

By applying again the divergence theorem to the first term, multiplying by 2, adding
and subtracting {qni−1, q

n
i−1}

n,−
i−1/2 and rearranging the terms, we derive

{qni−1/2, q
n
i−1/2}

n,+
i−1/2 − {1, (qni−1/2 − qni−1)

2}n,−i−1/2 + {qni−1, q
n
i−1}

n,−
i−1/2 = 0.
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Fig. 8: Consistency order of explicit (top) and implicit (bottom) ADER-DG method
with slivers: left odd orders for N = 0, 2, 4, 6, 8, right even orders for N = 1, 3, 5, 7, 9.

By our choice of δ, we have {1, (qni−1/2 − qni−1)
2}n,−i−1/2 ≤ 0, leading to

(4.5) {qni−1/2, q
n
i−1/2}

n,+
i−1/2 + {qni−1, q

n
i−1}

n,−
i−1/2 ≤ 0.

On the left element Cn
i−1, the same derivation done on Cn

i applies, and we obtain

(4.6) [qni−1, q
n
i−1]

n+1
i−1 − [qn−1

i−1 , q
n−1
i−1 ]

n
i−1 − {qni−1, q

n
i−1}

n,−
i−1/2 − {qni−2, q

n
i−2}ni−3/2 ≤ 0.

By taking the sum of (4.4), (4.5) and (4.6), we get

[qni , q
n
i ]

n+1 − [qn−1
i , qn−1

i ]n + [qni−1, q
n
i−1]

n+1 − [qn−1
i−1 , q

n−1
i−1 ]

n

+ {qni , qni }ni+1/2 − {qni−2, q
n
i−2}ni−3/2 ≤ 0.

We sum now over all positive indices i and over time, by assuming zero inflow/outflow
conditions at the boundary, and obtain∫

Ω

(qn(x, tn+1))2 − (q0(x, 0))2 dx ≤ 0,

which concludes the proof.

4.4. Numerical consistency with spacetime hole-like sliver elements.
As both the explicit and the implicit ADER-DG method on degenerate geometries
are derived as generalizations of the ones on classical geometries, we expect them to
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also have order of consistency N + 1 for a given polynomial degree N . To verify
this property we repeat the same numerical analysis of Sections 3.2 and 3.4, over a
domain where we insert a sliver element at each interface (except at the boundary),
with δ = 0.2. In Figure 8, we report L2 errors with respect to the exact solution at
time T = 1 in logarithmic scale. Each consistency order is correctly achieved.

5. Conclusions and outlook to future works. In this paper, we studied the
von Neumann stability and the consistency of the family of ADER-DG methods for
N = 1, . . . , 9, considering both explicit and implicit formulations, all within the ALE
framework. In particular, we showed that the use of degenerate spacetime geometries
is subject to the same stability constraints of those governing stability in the case
of classical geometries. Therefore, elements with zero spatial size do not lead to
a reduction of the time step. This result is also important because it provides a
theoretical foundation for the use of degenerate elements to connect moving meshes
in multiple dimensions, and it represents a natural starting point for the construction
of new spacetime cut cell-based methods [48, 49].
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