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Abstract

In this work, we investigate implicit-explicit (IMEX) arbitrary high-order Deferred Correc-
tion (DeC) methods for the approximation of ordinary differential equations (ODEs). Such
schemes are characterized by an iterative procedure that increases the order of accuracy by
one at each iteration. More precisely, we study an efficient modification based on the introduc-
tion of interpolation processes between consecutive iterations, with the aim of systematically
matching the accuracy achieved at each iteration with the order of the discretization employed.
On the one hand, this modification leads to computational advantages, since the low-order
iterations are performed on cheaper lower-order discretization structures; on the other hand,
it endows the methods with a natural p-adaptive character, which is particularly appealing
in the context of practical applications. We investigate this modification for two families of
DeC schemes, providing numerical validation, efficiency assessments, and stability region plots.
The numerical validation includes several examples involving stiff ODEs and partial differential
equations (PDEs) with high-order spatial derivatives. The ability of the modified schemes to
provide high-fidelity results at reduced computational cost, as well as the effectiveness of the
adaptive strategy, is demonstrated through the numerical experiments.
Keywords: Deferred Correction methods; implicit-explicit methods; arbitrary high-order
schemes; adaptivity; stiff differential equations.

1 Introduction

Many natural and technological processes can be modeled through ordinary differential equa-
tions (ODEs) and partial differential equations (PDEs). Given the impossibility of determining
exact solutions in concrete applications, several strategies have been proposed to numerically
approximate them. In such a context, high-order schemes have been proven to be particu-
larly efficient, as they allow one to achieve smaller errors with lower computational resources.
This is the main reason for the increasing attention shown in recent years towards the De-
ferred Correction (DeC) framework, as it allows one to push the order of accuracy to arbi-
trarily high values through a systematic construction. In fact, after its original introduction
in 1949 [20], the DeC approach became popular in 2000 through the work of Dutt, Greengard
and Rokhlin [18], where it has been effectively employed for the construction of arbitrary high
order methods for ODEs. Since then, many follow-ups and developments have been proposed,
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see [30, 43, 26, 13, 14, 4, 35, 32] for explicit methods, and [38, 39, 29, 6, 7, 40, 44, 21, 2] for
implicit or implicit–explicit (IMEX) methods, as well as references therein for a non–exhaustive
literature.

A distinctive feature of DeC methods is the presence of an iterative procedure that gains one
order of accuracy at each iteration. More in detail, the DeC construction is based on fixing a
high order discretization of the problem under investigation and setting up an iteration process
converging to its solution. Here, in an IMEX setting, we investigate efficient modifications
based on introducing interpolation processes between the iterations to systematically match
the order of accuracy of the iteration structures with the one required by the specific iteration.
This brings two main advantages: the new schemes are characterized by higher efficiency,
as the cost of low-order iterations is effectively reduced thanks to the employment of lower-
order structures; moreover, they possess a natural adaptive character, for which the order of
accuracy does not need to be fixed a priori and the iterative procedure can be performed up to
a user-defined tolerance or up to the violation of user-defined criteria. We provide a systematic
assessment of their performance, stability plots, applications to time-dependent PDEs via the
method-of-lines and to adaptivity.

This work constitutes the extension of [34] to an IMEX setting. Similar investigations have
been performed for ADER schemes in [35, 22], which can in fact be interpreted as DeC meth-
ods, see [23, 41, 32]. Related efficiency mechanisms have been investigated in the Spectral
Deferred Correction (SDC) literature, in particular through ladder strategies for semi-implicit
and multi-implicit SDC methods, where reduced-order temporal or spatial discretizations are
employed during the first correction sweeps to exploit their lower formal accuracy [38, 27]. Fur-
ther related developments include multi-level SDC and Parallel Full Approximation Scheme in
Space and Time (PFASST) approaches, where coarse space-time representations, often coupled
through full approximation scheme (FAS) corrections, are used to reduce the cost of the itera-
tive process or to enable parallelism in time [44, 21, 40]. The present work revisits this efficiency
principle within the IMEX DeC framework. More precisely, we construct interpolation-based
efficient variants of two DeC families, including both solution-based and right-hand-side-based
interpolation strategies, and we systematically assess their efficiency and stability properties.
Furthermore, we exploit the structure of the novel schemes to design effective and robust adap-
tive strategies. The novel schemes are shown to be computationally more efficient than the
original versions without substantial losses in stability properties, and their adaptive versions
are effectively able to automatically select the order of accuracy to match a prescribed tolerance.

The structure of this work is the following. In Section 2, we introduce the original IMEX
DeC methods under investigation. We describe their efficient modifications, along with the
adaptive versions, in Section 3 and we investigate their stability properties in Section 4. In
Section 5, we assess the performance of the novel methods in relation to their original versions
through numerical simulations. Finally, Section 6 is left for conclusions and further perspec-
tives.

2 IMEX DeC schemes

We are interested in the numerical solution of the following Cauchy problem{
d
dt
u(t) = S(t,u(t)) +N(t,u(t)), t ∈ [0, Tf ],

u(0) = z,
(1)

where u(t) ∈ RQ is the unknown solution, z ∈ RQ is the initial condition, and S,N : R+
0 ×RQ →

RQ are two given functions defining a splitting of the right-hand side of the ODE, which
is assumed to satisfy the classical assumptions guaranteeing well-posedness of the problem.
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Furthermore, N and S are assumed to describe nonstiff and stiff dynamics, respectively, to be
handled differently at the numerical level. More specifically, N will be treated explicitly, while
S requires an implicit treatment.

In the following, we will present two DeC methods for the previous problem. They are one-
step methods, namely, given a generic time interval [tn, tn+1] with time-step ∆t := tn+1 − tn,
they consist of recipes to compute un+1 ≈ u(tn+1) starting from a known approximation
un ≈ u(tn). For what follows, it is convenient to define here some ingredients shared by both
methods. We introduce M + 1 subtimenodes tm ∈ [tn, tn+1] such that tn =: t0 < t1 < · · · <
tM := tn+1. Their number and distribution are directly related to the order of accuracy of the
resulting methods. In particular,M+1 equispaced subtimenodes guarantee (M+1)-th order of
accuracy, while M +1 Gauss–Lobatto subtimenodes guarantee (2M)-th order of accuracy [34].
Herein, we consider the latter more efficient option.

For each subtimenode tm, we introduce the approximation um ≈ u(tm), which is unknown
and to be determined except for the initial subtimenode t0 := tn, for which we set u0 := un.
Although we are interested only in the approximation at the last subtimenode tM := tn+1, the
methods also require approximations at the intermediate ones.

We will now present the two DeC methods.

2.1 sDeC

This method corresponds to the original DeC scheme proposed in [18], for more information
see [38, 28, 24, 44, 34]. Given the introduction of M +1 subtimenodes in [tn, tn+1], the scheme
relies on the following integral form of the ODE

u(tm) = u(tm−1) +

∫ tm

tm−1

[S(t,u(t)) +N(t,u(t))] dt, (2)

over the generic “small” time interval [tm−1, tm], hence the name sDeC. More specifically, the
previous analytical expression is discretized in a high-order fashion as follows

um = um−1 +∆t

M∑
ℓ=0

δmℓ

[
S(tℓ,uℓ) +N(tℓ,uℓ)

]
, (3)

where δmℓ := 1
∆t

∫ tm

tm−1 ψ
ℓ(t)dt are normalized coefficients, with

{
ψℓ

}
ℓ=0,...,M

being the La-

grange interpolation polynomials associated to the subtimenodes {tℓ}ℓ=0,...,M . Form = 1, . . . ,M ,
Equation (3) constitutes an algebraic system in the unknowns um for m = 1, . . . ,M , which
must be solved to get un+1 ≈ uM .

With the purpose of obtaining a scheme able to properly handle the stiffness of the problem,
we approximate the solution of (3) through the following IMEX iterative procedure, for the
iteration index p = 1, . . . , P ,

um,(p) = um−1,(p) +∆tγm
[
S(tm,um,(p))− S(tm,um,(p−1))

]
+∆tγm

[
N(tm−1,um−1,(p))−N(tm−1,um−1,(p−1))

]
+∆t

M∑
ℓ=0

δmℓ

[
S(tℓ,uℓ,(p−1)) +N(tℓ,uℓ,(p−1))

]
, for m = 1, . . . ,M,

(4)

with γm := tm−tm−1

∆t
. The vector um,(p) represents the approximation in them-th subtimenode

obtained at the iteration p, and we set um,(p) := un whenever m = 0 or p = 0.
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This DeC iterative procedure gains one order of accuracy towards the solution of the implicit
system at each iteration, see [18, 38, 34], thus, for a desired order P , we consider M =

⌈
P
2

⌉
,

perform P iterations and finally set un+1 := uM,(P ).

2.2 bDeC

This method can be recovered as a particular member of the DeC family discussed in [30],
which also includes the classical sDeC formulation. In the terminology of [26], it corresponds
to the discrete Picard iteration case, and it is referred to here as bDeC because it is based on
integral formulations over the “big” intervals [t0, tm].

Notable developments include the abstract DeC framework of [4], involving an explicit
continuous Galerkin formulation for hyperbolic PDEs avoiding the computational cost associ-
ated with large and sparse mass matrices; positivity-preserving schemes for ODEs and shallow
water models [42, 16, 15]; staggered conservative schemes in primitive variables [1]; adaptive
schemes [34]; and asymptotic-preserving schemes [2, 3, 10].

Furthermore, several investigations involving arbitrary high order frameworks [17, 33, 31,
37, 36] are based on this DeC formulation.

Also in this case, the definition of the method relies on an integral formulation of the ODE,
but this time on the intervals [t0, tm]:

u(tm) = u(tn) +

∫ tm

t0
[S(t,u(t)) +N(t,u(t))] dt. (5)

Analogously to what was previously done, we consider a high-order implicit discretization

um = un +∆t

M∑
ℓ=0

θmℓ

[
S(tℓ,uℓ) +N(tℓ,uℓ)

]
, (6)

with θmℓ := 1
∆t

∫ tm

t0
ψℓ(t)dt. The IMEX DeC iteration to solve such an algebraic system takes

the form, for p = 1, . . . , P ,

um,(p) = un +∆tβm
[
S(tm,um,(p))− S(tm,um,(p−1))

]
+∆t

M∑
ℓ=0

θmℓ

[
S(tℓ,uℓ,(p−1)) +N(tℓ,uℓ,(p−1))

]
, for m = 1, . . . ,M,

(7)

with βm := tm−t0

∆t
. Also here, we set um,(p) := un whenever m = 0 or p = 0. Concerning the

accuracy and the number of iterations, the same considerations as for sDeC apply. Note that
here the difference of the explicit terms approximated with the first order approximations is
not present, unlike in (4), as they are approximated at t0 and, since they coincide, they cancel
out.

3 Efficient IMEX DeC schemes

Here, we discuss efficient modifications of the previously presented IMEX DeC schemes. The
underlying idea is to select the discretization structures, i.e., the number of subtimenodes,
according to the specific accuracy achieved in the iteration. More specifically, while in the
original methods the number of subtimenodes is fixed and kept constant throughout the whole
iterative process, here we start with the minimal number of subtimenodes and we alternate
iterations and interpolation processes to reach the final accuracy. Related ideas were already
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sketched in [38] in the context of ladder methods, where the use of fewer subtimenodes in the
lower-order iterations was considered. They were later developed more systematically in [27].
In the DeC framework, interpolation-based efficient variants were investigated in the explicit
setting in [34]. Here, we extend this strategy to the IMEX setting and apply it to both sDeC
and bDeC formulations. As in [34], together with the standard approach in which the unknown
quantity is interpolated, we also investigate an alternative approach in which the interpolation
is applied to the ODE right-hand side. This choice decreases the number of required right-hand
side evaluations. We keep our notation consistent with [34] and denote the modified schemes
by direct reference to the interpolated quantities: “u” for interpolation of the solution; “du”
for interpolation of the right-hand side (i.e., the time derivative of the solution).

The modified schemes are constructed as follows. For order P , we fix the final number of
subtimenodes to be M =

⌈
P
2

⌉
. The subtimenodes are iteration-dependent, hence, we define

the vectors t(p) :=
(
t0,(p), . . . , tM

(p),(p)
)T

of the subtimenodes, in which we obtain the solution

approximations at the p-th iteration. In particular, we have

M (p) :=


1, if p = 0,

p, if p < M,

M, if M ≤ p ≤ P,

(8)

and the subtimenodes have the chosen distribution, i.e., Gauss-Lobatto. Therefore, for each p,

t0,(p) := tn and tM
(p),(p) := tn+1.

We start with U (0) := (un,un)
T corresponding to two subtimenodes t(0) :=

(
t0,(0), t1,(0)

)T

,

and we perform the first iteration to get U (1) =
(
un,u

1,(1)
)T

. We thus perform the second

iteration making use of interpolated quantities, either solution or right-hand side, in the new

subtimenodes t(2) :=
(
t0,(2), t1,(2), t2,(2)

)T

to get U (2) =
(
un,u

1,(2),u2,(2)
)T

. We keep per-

forming such interpolation-based iterations, for 2 ≤ p ≤ M and m = 1, . . . ,M (p), defined as
follows

• sDeCu

um,(p) = um−1,(p) +∆tγm,(p)
[
S(tm,(p),um,(p))− S(tm,(p),u∗m,(p−1))

]
+∆tγm,(p)

[
N(tm−1,(p),um−1,(p))−N(tm−1,(p),u∗m−1,(p−1))

]
+∆t

M(p)∑
ℓ=0

δ
m,(p)
ℓ

[
S(tℓ,(p),u∗ℓ,(p−1)) +N(tℓ,(p),u∗ℓ,(p−1))

]
,

(9)

• sDeCdu

um,(p) = um−1,(p) +∆tγm,(p)
[
S(tm,(p),um,(p))− S∗m,(p−1)

]
+∆tγm,(p)

[
N(tm−1,(p),um−1,(p))−N∗m−1,(p−1)

]
+∆t

M(p)∑
ℓ=0

δ
m,(p)
ℓ

[
S∗ℓ,(p−1) +N∗ℓ,(p−1)

]
,

(10)
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• bDeCu

um,(p) = un +∆tβm,(p)
[
S(tm,(p),um,(p))− S(tm,(p),u∗m,(p−1))

]
+∆t

M(p)∑
ℓ=0

θ
m,(p)
ℓ

[
S(tℓ,(p),u∗ℓ,(p−1)) +N(tℓ,(p),u∗ℓ,(p−1))

]
,

(11)

• bDeCdu

um,(p) = un +∆tβm,(p)
[
S(tm,(p),um,(p))− S∗m,(p−1)

]
+∆t

M(p)∑
ℓ=0

θ
m,(p)
ℓ

[
S∗ℓ,(p−1) +N∗ℓ,(p−1)

]
,

(12)

where the quantities labeled with ∗ are interpolated from the subtimenodes t(p−1) =
(
t0,(p−1),

. . . , tM
(p−1),(p−1)

)T

to the subtimenodes t(p) =
(
t0,(p), . . . , tM

(p),(p)
)T

. In particular, in the

du variants, the quantities S∗ℓ,(p−1) and N∗ℓ,(p−1) denote the interpolated values of S(t,u(t))
and N(t,u(t)) at the subtimenode tℓ,(p), reconstructed from their values on t(p−1). The vector

U (M) =
(
un,u

1,(M), . . . ,uM,(M)
)T

obtained at theM -th iteration is associated with theM+1

final subtimenodes, hence, for p =M +1, . . . , P , we continue the iterative process on the same
set of subtimenodes, without further interpolation. Indeed, the normalized coefficients γm,(p),
δ
m,(p)
ℓ , βm,(p) and θ

m,(p)
ℓ are associated with the subtimenodes t(p).

A useful sketch of the subtimenodes progression along the iterative procedure is reported
in Figure 1.

Remark 3.1. According to the described algorithm, the iterations p = 1 and p > M take place
without interpolation. Concerning p = 1, two subtimenodes guarantee an O(∆t2)-interpolation
error, which is consistent with the consistency error realized only after the first iteration. Con-
cerning p > M , these iterations are meant to reach the final accuracy without adding new
subtimenodes. Indeed, one could add new subtimenodes, but the resulting methods would be
suboptimal.

Remark 3.2. It is worth stressing that, in view of the previous remark, the modified schemes
would retain higher computational advantages with respect to the original versions when equis-
paced subtimenodes are considered, as shown in the explicit setting [34]. Here, instead, aiming
at future real-world applications, we focus on Gauss-Lobatto subtimenodes, which are charac-
terized by smaller computational costs.

Remark 3.3. The sDeCu version is closely related to the ladder strategies investigated in [38,
27], and we keep it as a reference.

3.1 Adaptive versions

It is possible to suitably employ the new methods to design efficient p-adaptive schemes. The
idea, introduced in [34], consists in not fixing the final number of subtimenodes (and hence
the order of accuracy) a priori. Rather, we keep adding subtimenodes throughout the iterative
process until a stopping criterion is satisfied. Here, we consider the following criterion∥∥∥uM(p),(p) − uM(p−1),(p−1)

∥∥∥
2∥∥uM(p),(p)

∥∥
2

≤ ε, (13)
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tn

tn +∆t

Consistency O(∆t) O(∆t2) O(∆t3) O(∆tM+1) O(∆tM+2) O(∆tP+1)

...
...

...
· · · · · ·...

...
...

(0) (1) (2) (M) (M + 1) (P )p

(a) Original IMEX DeC schemes.

tn

tn +∆t

Consistency O(∆t) O(∆t2) O(∆t3) O(∆tM+1) O(∆tM+2) O(∆tP+1)

· · · · · ·...
...

...

(0) (1) (2) (M) (M + 1) (P )p

(b) Efficient IMEX DeC schemes.

Figure 1: Progression of subtimenodes and consistency error for original and new IMEX DeC
schemes.
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where ε is a user-defined convergence tolerance. The resulting schemes are able to efficiently
and automatically select the order of accuracy according to the prescribed tolerance.

4 Linear stability

In this section, we investigate the linear stability of the proposed methods. To this end, we
start by observing that DeC methods for ODEs can be, in general, written as Runge–Kutta
methods, see [30, 26, 23, 41, 34, 32]. A generic IMEX Runge–Kutta scheme with S stages on
the interval [tn, tn+1] reads

ys = un +∆t
S∑

r=1

aEX
s,rN(tn + cEX

r ∆t,yr) + ∆t
S∑

r=1

aIMs,rS(tn + cIMr ∆t,yr), s = 1, . . . , S,

un+1 = un +∆t
S∑

r=1

bEX
r N(tn + cEX

r ∆t,yr) + ∆t
S∑

r=1

bIMr S(tn + cIMr ∆t,yr).

(14)
The coefficients aEX

s,r , c
EX
r , bEX

r , aIMs,r, c
IM
r , and bIMr are often stored in related vector- and

matrix-structures constituting the Butcher tableaux

cEX AEX

bEX ,
cIM AIM

bIM
,

which characterize the method. In particular, the matrix AEX is strictly lower triangular, so
that the handling of N is always explicit. Furthermore, the DeC schemes considered here
are diagonally implicit Runge-Kutta (DIRK) methods, as they involve the solution of a single
nonlinear system per stage (i.e., per subtimenode in each iteration), and thus the corresponding
matrix AIM is lower triangular with nonzero diagonal entries. For the sake of compactness, we
do not explicitly report the Butcher tableaux associated with the schemes under investigation,
but only the corresponding stability results. The procedure for deriving the Butcher tableaux
of the IMEX DeC methods is analogous to that described in [34] for the explicit case and
consists of grouping the updates performed at each iteration into block-structures that form
the tableaux.

The linear stability of Runge–Kutta methods is studied on Dahlquist’s equation{
d
dt
u = λu(t),

u(0) = 1,
t ∈ R+

0 , (15)

which represents the model equation for the evolution of perturbations, with λ ∈ C being a
complex number with negative real part, Re(λ) < 0. Since the exact solution u = eλt is such
that lim

t→+∞
u = 0, we are interested in assessing which conditions guarantee lim

n→+∞
un = 0 at

the discrete level.
It is worth remarking that, since the problem is linear and the interpolation is a linear

operator, there is no difference in the “u” and “du” approaches in this context, as in the
explicit case [34]. Indeed, the interpolation and the evolution operator commute. Therefore,
for stability purposes, bDeCu and bDeCdu coincide as well as sDeCu and sDeCdu.

We will consider two different approaches to the study of stability. In Section 4.1, we
adopt the IMEX approach from [38] in which a splitting of the right-hand side is considered;
instead, in 4.2, we perform a classical stability study of the implicit part of the schemes only.
We remark here that some notable results from the explicit case do not extend to the IMEX
setting. While in the explicit case the stability regions of any bDeC, bDeCu and bDeCdu
method of order P coincide independently of the distribution of the subtimenodes [34], some
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slight differences occur in the implicit and IMEX setting. On the other hand, the following
stability results demonstrate how the efficient modifications do not negatively affect stability, as
the new schemes have stability regions similar to the ones of the original methods, meaning that
the gained computational efficiency and adaptive properties do not have negative drawbacks
in terms of stability properties.

4.1 Minion’s stability

Studying the stability of an IMEX Runge–Kutta method through a classical analysis is not
straightforward, as the possible complex coefficients of the implicit and explicit parts make
the stability function be defined on C2, which renders the visualization of the stability region
impossible. A simplification was proposed in [38], which consists in assuming λ := λIM + iλEX,
with λIM, λEX ∈ R. Then, one handles λIMu implicitly and iλEXu explicitly, respectively. The
rationale behind this choice is related to the fact that, usually, in PDE problems the stiff part is
given by some diffusion operator involving second derivatives, whose discretizations have large
real negative eigenvalues; at the same time, a simple central advection discretization has purely
imaginary eigenvalues. Thanks to the linearity of the schemes and of the problem, it is possible
to express the solution in a generic iteration as un+1 = RM(zIM, izEX)un, with RM(·, ·) being
the stability function, zIM := ∆tλIM ∈ R and zEX := ∆tλEX ∈ R. In particular, simple direct
computations yield

RM(zIM, izEX) = 1 +

[
zIM

(
bIM

)⊤
+ izEX

(
bEX

)⊤
](
I − zIMAIM − izEXAEX

)−1

1, (16)

where I ∈ RS×S is the identity matrix and 1 ∈ RS is a vector of ones. We define Minion’s
stability region [38] of this approach as

SM :=
{
zIM + izEX ∈ C s.t. |RM(zIM, izEX)| < 1

}
. (17)

The stability regions of the methods from order 2 to 9 are reported in Figure 2 along with
some zooms on the imaginary axis. The stability regions are those at the left of the plotted
contour lines. One can see that the new modified schemes have similar stability regions as the
original methods, the only slight difference being observable in the angle of the bDeC methods
in the negative real half plane for zIM → −∞, with the new methods being slightly less stable.
This difference is not present in the sDeC methods. The zooms on the imaginary axis are of
particular interest in the context of applications to pure advection problems with semidiscrete
high order methods, whose evolution operators are usually characterized by complex eigenvalues
with small real negative part, corresponding to a little amount of (numerical) diffusion. Under
this point of view, one can see that both for bDeC and sDeC and related efficient modifications
the versions with orders 3, 4, 7, 8 (and 9 only for bDeC) are more suitable for this kind of
problems, as their stability regions effectively contain some portions of the imaginary axis close
to the origin with no “gaps” with respect to zEX, while the other orders (2, 5 and 6) present
some unstable portions of the imaginary axis close to the origin or do not contain at all any part
of the imaginary axis, which could be dangerous in the aforementioned context. Remarkably,
in the zooms, bDeCu/du and bDeC coincide. Instead, little differences can be seen between
sDeCu/du and sDeC. In particular, for orders 4, 7 and 8, the efficient modifications seem to
bring stability advantages in this context, with sDeCu/du containing a larger portion of the
imaginary axis.

9



IMEX bDeC (continuous), bDeCu/du (dashed)
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IMEX sDeC (continuous), sDeC/du (dashed)
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Figure 2: Minion’s stability region for IMEX DeC schemes of orders from 2 to 9 (on the left) with
a zoom on the imaginary axis (on the right); zIM in abscissae, izEX in ordinates. We remark that
u- and du-approaches coincide on linear problems

10



4.2 Fully-implicit stability

Here, we consider the stability of the implicit part of the schemes only. Namely, the whole
right-hand side is handled implicitly with no explicit terms. Again, linearity of the schemes
implies a generic update of the type un+1 = RFI(z)un, where z := λ∆t ∈ C. In this case, one
gets

RFI(z) = 1 + z
(
bIM

)⊤ (
I − zAIM

)−1

1, (18)

and the related stability region is

SFI := {z ∈ C s.t. |RFI(z)| < 1} . (19)

The stability regions of the methods from order 2 to 9 are reported in Figure 3 along with
some zooms on the imaginary axis. In this case, one can see that the whole complex half-plane
with negative real part is contained in stability regions up to some little localized areas of
instability close to the imaginary axis for all orders. Remarkably, the introduced interpolation
processes reduce the size of such instability regions, and the novel schemes turn out to be more
stable than the original versions.

5 Numerical results

In this section, we numerically validate the schemes under investigation. To this end, we
consider problems of different nature, ranging from smooth tests to assess the order of accuracy,
to stiff ODEs and PDE semidiscretizations involving high-order derivatives to assess the ability
to handle stiffness.

In Sections 5.1 and 5.2, we consider vibrating systems with moderate and high stiffness,
and we test accuracy and computational efficiency of the methods. In Section 5.3, we consider
the Van der Pol oscillator problem, to assess the performance of the methods on a nonlinear
ODE problem with both stiff and nonstiff regimes. Sections 5.4, 5.5 and 5.6 are devoted to
PDE problems featuring high-order derivatives and nonlinear terms.

Remark 5.1 (Nonlinear solver). The IMEX DeC formulations require a nonlinear solver to
obtain the solution at each subtimenode. In this work, we employ the Newton-Raphson method.
In principle, one could use the DeC iteration itself as a nonlinear solver (fixed-point iteration),
but this would require a number of iterations that is not known a priori and that could be larger
than the one required to reach the desired order of accuracy. Experimentally, we have observed
that this choice scales very badly for strongly nonlinear problems, while the Newton-Raphson
method is more efficient and robust. Hence, for nonlinear problems, we use the Newton-Raphson
method to solve every implicit problem with a tolerance of 10−12 on successive iterations and a
maximum of 1000 iterations, which is far away from the average number of iterations usually
required (on the order of 10).

5.1 Moderately stiff vibrating system

Let us consider the following initial value problem
m d2

dt2
y + r d

dt
y + ky = F cos(Ωt+ φ), t ∈ R+

0 ,

y(0) = A,
d
dt
y(0) = B,

(20)
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Figure 3: Stability region for the implicit part of the schemes of orders from 2 to 9 (on the left) with
a zoom on the imaginary axis (on the right); Re(z) in abscissae, Im(z) in ordinates. We remark
that u- and du-approaches coincide on linear problems
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with m, k,Ω > 0, r, F, φ ≥ 0, corresponding to a damped mechanical vibrating system subject
to a sinusoidal external forcing. The problem can be rewritten as a first order ODE of the
type (1) with the following definitions

u =

(
u1

u2

)
:=

(
y
d
dt
y

)
, N :=

(
0

− r
m
u2 +

F
m

cos(Ωt+ φ)

)
, S :=

(
u2

− k
m
u1

)
, (21)

where the oscillatory contribution associated with the spring stiffness is treated as a stiff term.
Details on how to obtain the exact solution are given in [34]. In this first test, we assume
m = 1, r = 0.01, k = 10, F = 1, Ω = 2π, φ = π/4, Tf = 10, A = 0.5, B = 0.25. We note that
this configuration displays a moderate degree of oscillatory stiffness.

In Figure 4, we report the errors of the methods against time-step size and computational
time. The number of time-steps is taken between 32 and 1024. The results show that the
expected order of accuracy is achieved for all methods. Furthermore, bDeCu and bDeCdu are
indistinguishable in the convergence plots as well as sDeCu and sDeCdu. Noticeably, while
sDeCu and sDeCdu produce higher errors for fixed ∆t with respect to the original sDeC, in the
bDeC case the novel schemes produce smaller errors with respect to the original version. In
all cases, however, one can appreciate how the novel modifications are computationally more
efficient than the original schemes, in particular for high order. As one can see and as noticed
also in [41], the bDeC schemes in the implicit form are way less accurate than the sDeC schemes,
in particular, in the high order case; this also applies to their efficient modifications. On the
other hand, we remark that bDeC schemes, contrarily to sDeC ones, can be parallelized and
be extremely competitive [26].

In gray and black, we depict the two adaptive versions obtained, according to the strategy
described in Section 3.1, with a tolerance of ε = 10−7. The adaptive methods are able to reach
an error consistent with the prescribed accuracy independently of the time-step size. To fur-
ther highlight the advantages of the adaptive strategy, in Figure 5 we report the computational
times corresponding to the smallest ∆t for the adaptive methods and for all the considered
non-adaptive schemes of orders 7, 8, and 9. The adaptive methods effectively adjust the order
of accuracy according to the prescribed tolerance, leading to a substantial reduction in com-
putational cost. In contrast, fixed very-high-order schemes are characterized by a considerably
larger computational cost, although such a high order is not required to meet the prescribed
accuracy tolerance. In Figure 6, instead, we report the ratios corresponding to the biggest ∆t
between the error and the tolerance used for the adaptive simulations for the adaptive methods
and all the considered non-adaptive schemes from order 2 to 6. As one can see, the adaptive
strategy is able to achieve a final error of the same order of magnitude as the prescribed tol-
erance, while fixed low-order schemes are characterized by a much higher error. Let us notice
that the adaptation strategy is local and this makes the final error slightly higher than the pre-
scribed (local) tolerance. The issue can be solved by prescribing a stricter tolerance through a
safety coefficient and/or through estimates of the final error from the local one. In any case,
the results indicate that the adaptation strategy is sufficiently robust across a wide range of
refinements.

5.2 Stiff vibrating system

Now, we consider the same problem as in the last section but with a much higher level of
stiffness with k = 100. To run the convergence analysis for this test, we refined the time mesh,
starting from 128 time-steps up to 4096 time-steps. In Figure 7, we report the errors of the
methods against time-step size and computational time. The results show that the expected
order of accuracy is achieved for all methods. Same considerations as for the previous test
apply. For fixed ∆t, sDeCu and sDeCdu produce bigger errors with respect to sDeC, while
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Figure 4: Moderately stiff vibrating system: Convergence and efficiency analysis of the IMEX DeC
schemes. Top: convergence; Bottom: efficiency. Left: bDeC; Right: sDeC. Original DeC methods
are depicted in continuous lines, the DeCu in dashed lines and the DeCdu in dashed-dotted lines.
The dotted lines in the first two plots represent the expected order of accuracy. The black and gray
horizontal lines represent the adaptive methods obtained with a tolerance of ε = 10−7, black for
DeCu, gray for DeCdu.
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Figure 5: Moderately stiff vibrating system: Computational times corresponding to the smallest
∆t for the adaptive methods and the non-adaptive schemes of orders 7, 8, and 9.
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Figure 8: Stiff vibrating system: Computational times corresponding to the smallest ∆t for the
adaptive methods and the non-adaptive schemes of orders 7, 8, and 9.

bDeCu and bDeCdu produce smaller errors with respect to bDeC. In all cases, the modified
methods are computationally convenient with respect to the original ones, especially for high
order. Finally, the adaptive schemes, still with ε = 10−7, are able to adaptively select the
order of accuracy to match the prescribed tolerance. Again, the advantages of employing the
adaptive strategy can be appreciated by comparing the computational costs at smallest ∆t in
Figure 8 and the error-to-tolerance ratios at biggest ∆t in Figure 9.

5.3 Van der Pol oscillator

In this test, we consider the Van der Pol oscillator, introduced in [45] to model nonlinear
oscillations in electrical circuits, rescaled in the form presented in [46, 7]

d2

dt2
y = µ

[
(1− y2) d

dt
y − y

]
,

y(0) = A,
d
dt
y(0) = B,

(22)

where µ > 0 is a constant. Also in this case, we can rewrite the problem in form (1) with

u =

(
u1

u2

)
:=

(
y
d
dt
y

)
, N := 0, S :=

(
u2

µ
[
(1− u2

1)u2 − u1

]) , (23)

corresponding to a fully-implicit treatment of the right-hand side, as it is not trivial to split the
system into a fast and a slow dynamic part. We set µ = 5, A = 2, B = − 2

3
+ 10

810
1
µ2 − 292

2187
1
µ4

and Tf = 20.
In Figure 10, we report the solution obtained with the fifth-order methods for different

time-step sizes. It is clear that, even with an implicit treatment, it is necessary to use a
sufficiently fine temporal resolution to capture the dynamics of the stiff problem. In particular,
for N = 30 all methods have difficulties in correctly simulating the dynamics. For N = 80
the sDeC methods are able to capture the solution, while the bDeC methods still fail to do so.
Even at N = 150, the bDeC methods do not accurately reproduce the oscillation frequency,
while for N = 300 all the schemes capture the solution.
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Figure 10: Van der Pol oscillator: Results obtained with fifth-order methods for different temporal
resolutions
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Figure 11: Van der Pol oscillator: Results obtained with adaptive methods with tolerance ε = 10−6

and maximum number of iterations allowed equal to 25 for different temporal resolutions. Top:
numerical solutions; bottom: number of DeC iterations used in each time-step
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In Figure 11, we report the results obtained with the adaptive methods. In this context,
we fix a maximum order of accuracy equal to 25, hence fixing also the maximum number of
subtimenodes to 14, and perform at most 25 iterations if the convergence condition on the
last subtimenode in Equation (13) is not matched. The number of subtimenodes is increased
throughout the iterative procedure until 14, and the last iterations are performed with such a
configuration. The tolerance is set to ε := 10−6.

Again, the sDeC methods show better performance than the bDeC methods. In particular,
even for N = 30, they are able to correctly capture the solution, using between 15 and 25
iterations at each time-step, choosing more iterations when the problem is stiffer. On the other
hand, the bDeC methods struggle even for finer temporal resolutions. What we have observed
is that the Newton solver reaches a solution without ambiguity, but the DeC (Picard) iteration
process often oscillates between two different solutions (in the last subtimenode), hence not
satisfying the stopping criterion. This indicates that, for this test and parameter regime, the
bDeC methods are less robust than the sDeC methods. Again, we remark that a suitable
parallelization of bDeC schemes and related adaptive versions might allow running simulations
for smaller ∆t with similar efficiency performance, but this aspect is not investigated here.

5.4 Advection–diffusion equation

Now, we move to PDE tests. We start from the one–dimensional advection–diffusion equation

ut + aux = µuxx, (x, t) ∈ Ω× [0, Tf ], (24)

with a ∈ R and µ ≥ 0 being the advection and diffusion coefficients respectively, and Ω :=
[xL, xR] and Tf > 0 being the spatial domain and the final time. To discretize the spatial
operators, we employ a finite-difference framework with arbitrary order of accuracy.

We consider a uniform spatial grid Ω∆x =
{
xj : xj = xL + j∆x, j ∈ {0, . . . , J}, ∆x := xR−xL

J

}
,

and we denote by uj the approximation of u(xj , t).
To approximate the advection term in (24), namely the first spatial derivative ∂xu(x), we

use the stable finite-difference stencils introduced in [25]. Thus, ∂xu is approximated at xj by
an [r, s]-discretization,

∂
[r,s]
∆x (u(xj)) =

1

∆x

s∑
k=−r

αkuj+k, (25)

with r, s chosen such that α−r, αs ̸= 0. The highest attainable order of such a discretization is
q = r+s, and the coefficients in (25) are uniquely determined by imposing that the discretization
is of order q:

α0 =


−

s∑
k=r+1

1
k
, s ≥ r + 1,

0, s = r,
r∑

k=s+1

1
k
, r ≥ s+ 1,

αk =
(−1)k+1

k
· r!s!

(r + k)!(s− k)!
, −r ≤ k ≤ s, k ̸= 0.

(26)

As shown in [25], these so-called optimal-order schemes of order q are stable if and only if
s ≤ r ≤ s + 2 for a > 0. We make use of these stable optimal-order schemes in our analysis.
In particular, as we assume a > 0, for order q ≥ 1 we adopt the following upwinded stencil
choice: r =

⌈
q+1
2

⌉
and s := q − r. For the diffusion term, we use a central finite-difference

approximation of the second spatial derivative ∂xxu(x), as reported in Table 1. In particular,
for each order, we use the smallest stencil able to guarantee the desired accuracy. After spatial
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Table 1: Central finite-difference approximations of ∂xxu at the grid point xj [19]

order finite-difference approximation of ∂xxu(xj)

2
1

∆x2
(uj−1 − 2uj + uj+1)

4
1

∆x2

(
−

1

12
uj−2 +

4

3
uj−1 −

5

2
uj +

4

3
uj+1 −

1

12
uj+2
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∆x2

(
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90
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20
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3
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18
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1
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−
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8
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Figure 12: Advection–diffusion equation: Convergence and efficiency analysis of the IMEX DeC
schemes. Left: Convergence; Right: efficiency. Top: order 5; Bottom: order 8.

21



discretization, the advection contribution is treated explicitly, while the diffusion contribution
is treated implicitly.

We test the convergence of the methods for the advection-diffusion problem with a = 0.2,
µ = 0.01, and periodic boundary conditions on the domain [0, 1]. The initial condition is set to
u(x, 0) = sin(2πx), with corresponding exact solution u(x, t) = exp(−4π2µt) sin

(
2π(x − at)

)
.

We run the simulations until the final time Tf = 1, and we use a hyperbolic CFL condition to
determine the time-step size, with ∆t = CFL ·∆x/|a|, where CFL = 1.

In Figure 12, we report the errors of the methods against time-step size and computational
time for orders 5 and 8. The results show that the expected order of accuracy is achieved for all
methods, with the efficient modifications being faster than the original methods, in particular
for high order. For a fixed mesh discretization, the bDeCu and bDeCdu methods are again
more accurate than the bDeC method, while the errors of the sDeCu and sDeCdu methods are
very close to the sDeC ones. In all cases, however, we have a clear computational advantage
as can be inferred from the efficiency plots.

5.5 Allen-Cahn

In this section, we consider the two–dimensional Allen-Cahn equation, introduced in [5], reading

ut + a · ∇xu = µ∆xu+ r(u− u3), (x, t) ∈ Ω× [0, Tf ], (27)

where µ, r ≥ 0 are the diffusion and reaction coefficients, respectively, while a ∈ R2 represents
a constant background advection field. In this case, indeed, x ∈ Ω ⊂ R2. This model is mainly
used in the context of phase separation and interface motion in materials. More specifically, u
is an order parameter taking values between -1 and +1, representing two different phases of a
material. The reaction term, r(u − u3), pushes the solution towards those two stable states;
while the diffusion term, µ∆xu, smoothens the transition layer between them.

Herein, we set µ := 0.01, r := 10, a := (0.2, 0.1)⊤. For the test, we consider the computa-
tional space domain [0, 2π]× [0, π] with periodic boundary conditions, we prescribe a random
initial condition uniformly distributed on [−0.05, 0.05], and run our simulations until the final
time Tf := 1. The spatial discretization is performed through a Cartesian extension, dimension
by dimension, of the structures defined for the previous test. In particular, the univariate spa-
tial derivative operators described above are also applied dimension by dimension, notice that
both components of a are positive. Just like before, the advection part is treated explicitly.
The whole right-hand side of (27), consisting of the diffusion and of the nonlinear reaction
term, is treated implicitly. The time-step is chosen as ∆t = 0.022 tuned so that the nonlinear
solver converges in a reasonable number of iterations. Of course, it also satisfies the hyperbolic
CFL condition:

∆t ≤ min

(
∆x

|ax|
,
∆y

|ay|

)
. (28)

In Figure 13, we report the solution obtained with the second-order sDeC scheme, with the
third- and fifth-order sDeCu schemes and with the adaptive sDeCu scheme of (maximum) order
5, where the adaptation is only performed in time, according to Equation (13) with ε := 10−3,
using a fixed spatial order of 5. Indeed, the final number of subtimenodes corresponds to order
5, but fewer iterations are performed if the convergence tolerance is matched.

It is interesting to see that all methods converge to the same solution even if starting from
the same random initial condition. The second-order method is clearly less accurate than the
higher-order ones, as we can notice from the less sharp interfaces between the two phases.
The difference between the third- and the fifth-order methods is qualitatively negligible. The
adaptive method is able to reach the same qualitative accuracy as the fifth-order method, while
using less iterations in time, hence being more efficient. In Figure 14, we report the number
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Figure 13: Allen–Cahn: Results obtained on a grid of 200×100 points. The adaptive version makes
use of fixed fifth-order of accuracy in space and ε := 10−3.

of iterations used in each time-step for the adaptive method. The number of iterations is
compliant with the dynamics of the test: it is higher at the beginning of the simulation, when
the solution is still far from the two stable states, and it quickly decreases as the solution
approaches an equilibrium between the phases, while the advection operator always moves the
solution.

The computational cost for the fifth-order sDeC method was 253 seconds, for sDeCdu was
210 seconds, while for the adaptive method it was 143 seconds, saving around 77% of the
computational time with respect to the original version and 30% of the computational time
with respect to sDeC.

5.6 Cahn-Hilliard

In this section, we consider the two–dimensional Cahn–Hilliard equation, introduced in [8],
reading

ut + a · ∇xu = µ∆x(u
3 − u− γ∆xu), (x, t) ∈ Ω× [0, Tf ]. (29)

In this equation, µ, γ ≥ 0 represent the mobility and interface-energy coefficients, and a ∈
R2 is again a constant background advection field. This model, pre-existing with respect
to Allen-Cahn, is used to describe phase separation in binary mixtures through a diffuse-
interface formulation. In contrast with the previous model, the Cahn-Hilliard equation is
mass-conservative. Again, u is an order parameter whose values lie between −1 and +1,
representing the two different phases of the material. The quantity u3 − u− γ∆xu represents
the chemical potential. The nonlinear term, u3 − u, energetically favors the two phases, while
the term −γ∆xu smoothens the transition layer between them. The outer Laplacian drives the
redistribution of the order parameter according to spatial variations of the chemical potential,
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Figure 14: Allen–Cahn: Number of DeC iterations performed by the adaptive sDeCu method as a
function of time with error tolerance ε = 10−3.

thereby preserving its total mass.
In this case, we set µ := 1, γ := 0.001, a := (0.2, 0.1)⊤, and we consider the same domain,

initial and boundary conditions as for the previous test, with final time Tf := 2. The spatial
discretization is, like in the previous test, obtained by applying the one-dimensional derivative
operators dimension by dimension. In particular, the biharmonic operator is obtained by
applying the discrete Laplacian twice. As for the Allen–Cahn problem, the advection is treated
explicitly, while, the other spatial terms are handled implicitly. Furthermore, we use the same
fixed time-step ∆t = 0.022 for the computations.

In this case, we focus on the adaptive version of the algorithm. More specifically, we consider
the adaptive sDeCu of the previous test with (maximum) time order 5, with ε := 10−3, and
constant space order 5. The obtained final solution, for a mesh with 200×100 mesh nodes, is
displayed in Figure 15 (left), featuring patterns consistent with the ones reported in existing
literature.

In Figure 15 (right), we report the number of iterations used in each time-step for the
adaptive strategy. The number of iterations varies along the simulation according to the dy-
namics of the solution. In particular, the approach is able to detect when to use more or fewer
iterations, hence being more efficient. Some snapshots of the solution at three different times,
corresponding to an increase of the number of DeC iterations, are reported in Figure 16, where
we can appreciate how they all correspond to key pattern changes. Finally, we remark that
while the original sDeC of order 5 took 3734 seconds to run the simulation, the sDeCu method
required 2518 seconds and the adaptive sDeCu method of order 5 required 2006 seconds. Hence,
the adaptive strategy brought a saving of 20% of the computational cost with respect to the
sDeCu and of 86% with respect to the original sDeC method. This test shows the potential of
the proposed adaptive strategy. Further applications, where adaptivity is performed in space
and in time, are left for future works.
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Figure 15: Cahn-Hilliard problem. Results at final time Tf = 2 obtained on a grid of 200 × 100
points with adaptive sDeCu of order 5 for ε := 10−3, employing fixed fifth-order of accuracy in
space (left). Number of DeC iterations performed by the adaptive sDeCu method as a function of
time with error tolerance ε = 10−3 (right).
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Figure 16: Cahn–Hilliard: Different snapshots of the adaptive sDeCu method corresponding to
local increases in time of the number of iterations, i.e., of the order of accuracy. These correspond
to the disappearance of a blue point close to the coordinates (2.5,1.7) at t ∼ 0.7 (left column), the
detachment of two yellow branches close to the coordinates (0.2,2.5) at t ∼ 1.1 (central column)
and the disappearance of a yellow area close to the coordinates (3.5,0.9) at t ∼ 1.95 (right column).
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6 Conclusions

In this work, we have investigated efficient modifications of two families of implicit–explicit
(IMEX) Deferred Correction (DeC) methods of arbitrary high order. The proposed modifica-
tions are based on introducing interpolation processes between consecutive DeC iterations, so
that the order of the discretization structures employed at each iteration matches the accu-
racy attained at that stage. This allows the first low-order iterations to be performed using
cheaper structures while progressively increasing the approximation order throughout the it-
erative process, leading to more efficient schemes. We have considered both solution-based
and right-hand-side-based interpolation strategies and assessed their accuracy, stability and
computational efficiency.

The stability analysis shows that the proposed modifications preserve, to a large extent,
the stability properties of the corresponding original IMEX DeC schemes. The numerical
experiments confirm that the expected orders of accuracy are achieved and that the modified
methods provide a clear computational advantage over the original formulations, especially
at high orders. This behavior has been observed for problems of different nature, including
moderately stiff and highly stiff vibrating systems, the rescaled Van der Pol oscillator, and
semidiscretizations of advection–diffusion, Allen–Cahn and Cahn–Hilliard partial differential
equations (PDEs).

The iterative structure of the proposed schemes has also been exploited to construct adap-
tive methods in which the number of iterations, and therefore the temporal order of accuracy,
is selected according to a prescribed tolerance. The numerical results show that these adaptive
formulations are able to adjust the number of iterations to the dynamics of the solution and to
achieve accuracy comparable to that of fixed high-order methods at a reduced computational
cost. This behavior is particularly evident in the Allen–Cahn and Cahn–Hilliard tests, where
the adaptive strategy performs more iterations during the most active phases of the evolution
and fewer iterations when the dynamics become smoother.

Further developments will concern more general adaptive criteria also involving spatial
adaptivity, see [35, 11, 9] and references therein, and applications to more involved multiscale
PDEs in the context of asymptotic-preserving schemes, see for example [10, 12].
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