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ARTICLE INFO ABSTRACT
Msc: In this manuscript, we present the development of implicit and implicit-explicit ADER and DeC
65M06 methodologies within the DeC framework using the two-operators formulation, with a focus on
65M20 their stability analysis both as solvers for ordinary differential equations (ODEs) and within the
:::]]:gz context of linear partial differential equations (PDEs). To analyze their stability, we reinterpret
65L07 these methods as Runge-Kutta schemes and uncover significant variations in stability behavior,
ranging from A-stable to bounded stability regions, depending on the chosen order, method,
Keywords: and quadrature nodes. This differentiation contrasts with their explicit counterparts. When
Implicit-explicit methods applied to advection-diffusion and advection-dispersion equations employing finite difference
Deferred correction spatial discretization, the von Neumann stability analysis demonstrates stability under CFL-like
ADER conditions. Particularly noteworthy is the stability maintenance observed for the advection-
Stability diffusion equation, even under spatial-independent constraints. Furthermore, we establish precise
Advection-diffusion boundaries for relevant coefficients and provide suggestions regarding the suitability of specific

Advection-dispersion schemes for different problem.

1. Introduction

Many systems of time-dependent differential equations can be separated into multiple parts that differ in their stiffness. For such
systems, using implicit-explicit (IMEX) time-marching methods [1] is of paramount importance to guarantee stability and accuracy
in many applications.

At the same time, high-order time-marching methods are sought for their efficiency and to match with the spatial discretization
order in time-dependent partial differential equations (PDEs). Explicit high-order ADER and deferred correction (DeC) methods,
due to their automatic construction, emerge as suitable alternatives to the traditional Runge-Kutta (RK) methods and have been
extensively explored in various studies. The explicit DeC method, introduced by Dutt et al. [2] and then reinterpreted by Abgrall
[3], is an explicit, arbitrarily high-order method for ODEs. Further extensions of DeC, including implicit, semi-implicit and modified
Patankar versions, are available in the literature [4-9]. The ADER method was originally developed for hyperbolic systems exploiting
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the Cauchy-Kovalevskaya theorem [10-12], then reinterpreted as a space-time discontinuous Galerkin (DG) method, which is solved
through a fixed-point iteration procedure [13-20].

In this research, we present an detailed investigation of both implicit and IMEX versions of ADER and DeC, investigating their
efficacy as solvers for ordinary differential equations (ODEs) and in the context of linear advection-diffusion or advection-dispersion
PDEs. Building upon prior work [5,15,19,21], which has explored IMEX descriptions of DeC and ADER, we expand our analysis to
encompass the most used methods, employing varying quadrature points and levels of accuracy. Additionally, we explore their IMEX
stability following the approach of previous studies [5,22,23], uncovering notable discrepancies among them, ranging from bounded
stability regions to A-stable ones. This diverges significantly from the behavior observed in explicit versions [19].

Extending our investigation to the PDE case and inspired by [24], we conduct a von Neumann analysis for the presented IMEX
time discretizations, paired with finite difference spatial discretizations of corresponding accuracy levels. We find that the stability
regions are bounded by CFL-type conditions as well as simple conditions on At for the advection—diffusion case.

The analysis of advection-dispersion presents less definitive outcomes, with only a few cases indicating conditions solely influenced
by spatial discretization. However, these findings align with the stability regions observed in the ODE case.

The structure of the paper is as follows. In Sections 2 and 3, we introduce the implicit and IMEX DeC and ADER methods,
respectively, and incorporate them into the RK framework. Additionally, we present theoretical stability results for the pure implicit
ADER method. In Section 4, we establish the high order accuracy of both the implicit and IMEX ADER and DeC methods. Following
this, in Section 5, we delineate their stability regions. Next, in Sections 6 and 7 we extend the stability analysis to the PDE scenario
by applying our IMEX methods to advection-diffusion and advection-dispersion equations. In Section 8, we finally present several
numerical examples aimed at validating the stability and convergence analyses, while in Section 9 we summarize the conclusions
drawn from our deep analysis.

2. Deferred correction

In this section, we present the DeC in its explicit, implicit, and IMEX versions using the notation introduced in [19]. Consider the
system of ODEs

a'(t)— F(a) =0, (2.1)

with a : [0,7] — R’. Given a time interval [7,,t,41] with length At, we subdivide it into M subintervals {[t:,"_l,t:,"]}iil,

12 =1, and t¥ =1,,,. DeC methods are one step methods, hence we want to obtain a,,,; ~ a(t,,,) from a, ~ a(t,). We mimic for
every subinterval [tg, 17'] the Picard-Lindeldf theorem. We drop the dependency on the timestep n for subtimesteps # and associated
substates @, such that

where

M
=, M=M=y

Then, we introduce the £2 operator, which represents an implicit high order discretization of ODE obtained integrating (2.1) in
each subinterval [, "] and applying a quadrature formula,

aM —a, - Aty M M F(an)

£2@ad,...,aM) =4 . 2.2)
a®—a,— At Y 0OF(a)

We obtain this operator by applying to (F @2),..., F(aM )) an interpolation polynomial of degree M. The term ¢ := i f,::‘n ¢.(s)ds
denotes the weights, which can be obtained with Lagrange polynomials {¢, } fi o in the subnodes {"} mM:O’ where ¢,(") =6, ,, and
Zf/:[ o ®-(s) =1 for any s € [0, 1]. We notice that L£2=0with a,,; = Zr]\i o ®r(t,41)a" is a collocation method and, when using Gauss—
Lobatto nodes, it coincides with Lobatto IIIA schemes [18].

2.1. Explicit DeC

To obtain an explicit versions of the DeC, we introduce £!, an explicit first order approximation of the £2 operator following
[3,25]:
aM — a, — AtﬁMF(a”)
cl@a®,...,aMy:=4: , (2.3)
o’ —a, — AtpOF(a,)

—t,

. . . "
with coefficients " := L

IEG To simplify the notation, we introduce the vector of states for the variable a at all subtimesteps

a:=(@’,....,aM)e RM¥! such that 2.9

i@ :=£'@®,...,aM) and £2(@) := £2(a’, ..., aM). (2.5)
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Now, the DeC algorithm uses a combination of the £! and £? operators to recursively approximate a*, the high order accurate
numerical solution of the £%(a*) = 0 scheme. We denote by Y the order of accuracy of the solution a*. This is contingent upon the
nodes selected [26], where we have Y = M + 1 for equispaced nodes and Y =2M for Gauss-Lobatto nodes. In detailing the process,
for each variable, we need to reference both the m-th subnode and the k-th iteration of the DeC algorithm, denoted by a”™® e R/,
Finally, the DeC method can be written as

DeC Algorithm
a™® =, m=1,...,M, -
'@ =@M - 2@* "), fork=1,.. K.

The DeC method attains an order of accuracy min(K,Y), enhancing its accuracy by one with each iteration [3]. Therefore, selecting
K =Y is optimal. It’s important to note that only the explicit operator £! needs to be solved, while £2 is solely evaluated using the
previously computed predictions a*~1.

Remark 2.1 (Variations of DeC). The presented DeC algorithm is just one of a whole family of DeC methods. For example, instead of
considering integrations on [°,#"] in the m’th equation, we could switch to the smaller intervals [t"~!,#"] like in [2,5,26], changing
the m’th line of the operators to

@, . aMy=a" — " = Aty F(a™ Y,

M
2@, aMy=a" —a"" — At Y 5" F(a),
r=0

m—1 m
with y” 1= In Af;' and 6" = i /: o ¢,(s)ds. The iteration process (2.6) with these £ and £? operators does not change. Due to the

smaller steps, this method is also referred to as the sDeC algorithm. One downside of the sDeC algorithm is the necessity of o~ 1:(¥)

to calculate a”®, which does not allow to use parallel computation on the different subnodes, which is possible for the DeC with
larger subintervals presented above.

In addition, we note that instead of using explicit Euler steps inside the £' operators, other explicit RK methods can be applied inside
the £! operator [4,27]. Here, additional problems may rise. For a detailed overview of the different variations of DeC, we refer to
the nice overview article [28] and the references therein.

2.2. Implicit and IMEX DeC

In this section, we will construct the implicit and IMEX DeC methods using the presented framework. Consider the ODE (2.1),
where F(a) is a stiff term. We proceed by taking an implicit version of the £! operator, which corresponds to implicit Euler steps at
each subinterval, for brevity, we will just describe the m’th equation for m=0,..., M

@, .. aM) = a” —a® - " AtF(a™) 2.7)

and assembling the implicit DeC method as in (2.6).
If we have a problem, whose right-hand side can be separated into the sum of a stiff term .S(«) and a non-stiff term G(«), i.e.

0,0 = S(a) + G(a), (2.8)

we create an implicit-explicit DeC (IMEX DeC) method, by adding up the implicit and explicit treatments of the £! operator, obtaining
form=0,...,M

£, . aMy = a” — a® — prALS(@™) — fALG(a0), (2.9)

which we can substitute into the known correction procedure (2.6). In case of nonlinear stiff terms .S, a further linearization of .S
could be introduced in the definition of £! [19].

2.3. Implicit and IMEX DeC as RK

In this section, we rewrite the DeC methods presented above into RK methods to study their stability, as done in [26]. The DeC
has the advantage that one does not need to specify the coefficients for every order of accuracy as usually necessary in classical
RK methods, see for example [21, Remark 4.3]. This is done automatically, through the quadrature weights ® and f, which fully
determine the coefficients of the corresponding Butcher Tableau. Let us consider our version of DeC and rewrite it in a Runge-Kutta
method with Z stages defined by its Butcher tableau

® =g+ At YZ . ASGUD =1,..,.Z
{u a” + 2,=1 i @), s seees Ly (2.10)

a ="+ At Y7 bGu?),

[
SlIES

112



P. Offner, L. Petri and D. Torlo
Applied Numerical Mathematics 212 (2025) 110-134

The process of rewriting DeC as Runge-Kutta schemes is elaborated in detail in [7,26]. Here, we emphasize the final form for
comparison with the implicit and IMEX versions.! We introduce E ={p }f‘;’o as the vector of the £! operator coefficients, and we
define the matrix 6 = {0}, . ar.y=0... m- Finally, we introduce the vector oM =M, ... ,91’\‘4” ) for the final update. The Butcher
tableau for an arbitrary DeC approach is given by

=S o

(2.11)

o 1o 10>
OO D
e O

15

I‘Q “es “es
1o
1o -

o
o
2 TES

9M

Let us notice that the first iteration is derived by a simplification that can be obtained noticing that Efio 0" = p", thanks to the
properties

M
Z¢,(s)= I, a"®=a m=0,...,M. 2.12)
r=0

Moreover, since we have chosen tg =t,, there are several trivial stages where the corresponding lines of A is composed only of 0s.
These lines can be simplified as in [19,26].

1 !
Remark 2.2 (Number of stages). To obtain order p, we require Y = K = p, which means M = p — 1 subtimesteps for equispaced nodes
and M = L%J for Gauss-Lobatto nodes, and K = p corrections. In total, considering all nontrivial stages and excluding the final

iteration where only the last sub-time node is pertinent, we arrive at Z = M (K — 1) + 1 stages, which equates to Z = (p — 1)> + 1
stages for equispaced nodes and Z = LgJ (p— 1)+ 1 for Gauss-Lobatto nodes [18].
For the implicit case, the DeC iteration process for every m =0, ..., M and every iteration k =1, ..., K reads
[:I,M(a(k)) — £l,m(a(k—l)) _ Ez,m(a(k—l))
k < k-1 k-1 k (2.13)
e a"W=a,+Ar | D 0@ ) )+ (00 - p) Fa™ D)+ prF@™®) | .
r=0,r#m
From (2.13), we derive the blocks of the RK matrix A, keeping in mind that for the first iteration k = 1 many terms simplify due to
(2.12). We obtain -
a™ D = o + Atpm F(a™D).

The final update is given by a"+! := @™-®, This leads to the following RK Butcher tableau

00
plo B
plo e~B B
ilo To0” 8e~B B
0O 0 0 9-B B , 2.14)
plo 0 0 9-B B
1o o .07 gM-_pM pM
0 QT QT QM_BM M

with B, =6,,.p" for m,r=0,...,M and 6,, the Kronecker delta. We notice that the ImDeC method is diagonally implicit and that
the last stage coincide with the final update which makes the method stiffly accurate [30, Proposition 3.8].
Next, we describe the IMEX DeC in the notation of an IMEX RK scheme, i.e.,

{u(s) —a"+ MY AS@D) + A YT AGWD), s=1,..., 2, 215

al ="+ At YE b S@?)+ At YL bGD),

i=1"i
1 Note that the re-interpretation of DeC as a RK scheme is not new and it was applied in various contexts, e.g. [29].
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where the matrices 4, A and vectors b, b are provided in two Butcher tableaux

c|lA
. = (2.16)
b

and directly correspond to the simpler implicit and explicit cases presented, with an extra stage in the explicit case to match the
implicit description. Therefore, we obtain the following Butcher tableaux

[
SIS

00 00
plo B plp
plo e~B B |0 0
ilo To0” 4B B 1o 0 @
0o 0 0 6-B B . 1|0 0 0 @ 217)
plo o 0 6-B B plO 0 ()
1o o L o7 MM M 1|0 O L0 e o
0o o 0" oM-BM pM 0 o 0" 0 o

Remark 2.3 (Runge-Kutta for sDeC). Using the same properties and techniques, we can construct Butcher tableaux respectively for the
sDeC, ImsDeC and IMEX sDeC. Their construction in the explicit case is performed in [26] and we proceed similarly for the implicit
and IMEX cases.

Also in the implicit and IMEX cases, several trivial stages can be simplified in the Butcher tableaux [26].
3. ADER

In this section, we present the modern ADER introduced as space-time DG solver for hyperbolic PDEs in [13] and adapted for
ODEs in [18,19]. Starting with an I-dimensional system of ODEs (2.1), we consider the interval 7" := [t", +1] where we represent
a(t) as a linear combination of (M + 1) basis functions

M
a)=Y ba"=p1) a, 3.1)
m=0

where ¢ = [y, ..., 1" : T" = RM*! is the vector of Lagrangian basis functions in some given nodes {1,,}"  C T", e.g. equispaced
or Gauss-Lobatto nodes, and & = [a?, ...,aM]T € RIM+DXI is the vector of coefficients of the basis functions respectively.

As described in [19], ADER is derived multiplying (2.1) with a smooth test function and integrating over 7" to obtain the weak
formulation. We insert the reconstruction (3.1) in the weak formulation, we use as test functions the basis functions, we apply

integration by parts in time and using the quadrature {(w,, xq)}qQ=O in [t,,1,,1] results in a system

Ma = r(a) < £X(@) := Ma — r(@) =0, 3.2)

Thereby, the mass-matrix M € RM+DX(M+D anq the (nonlinear) right-hand side functional r(ar) : RIM+DXI — RIM+DXT gre given
by B

[9
M = )b ) = X dbn(x )i (xw, (3.3)
-z Z
[9
K@ = bplt,)o, + A1 Y 10,0, (x)b(x,) F(@), m=0,....M+1. (3.4)
=0
——

=:R"

The right hand side can also be written in matricial form as r(a) = ?(t")a(t”) + AtR F(a).

3.1. Explicit ADER

To obtain an explicit approximation of the system (3.2) for the unknown a, ADER resorts to a fixed-point problem, whose solution
will give us a high order Y accurate solution in ¢. In particular, the order of accuracy will be Y = M + 1 for equispaced nodes and
quadrature, order Y =2M for Gauss-Lobatto nodes and quadrature and, order Y =2M + 1 for Gauss-Legendre nodes and quadrature
[18]. We will use the following iterative procedure and then we reconstruct «,,,; = a(t"t!) as
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ADER Algorithm

a? :=[a,,....a,",

a®=M"r@* D), k=1...K, 55
M el

@y =, + ALY / SuOF (@) dt =, + ArbT F(a®),
m=0t

n

with b, 1= [1" ¢,(0)dt.

Remark 3.1 (ADER as DeC and order of accuracy of (3.2)). As shown in [18,19], ADER can be written into the DeC formalism by
defining
i@ :=Ma-r(la,), (3.6)

so that the DeC iterations (2.6) coincide with the fixed point iterations of (3.5), i.e.,

Ma® — r(g(kfl)) =0. (3.7)

If we set the starting values as @ = a(t") for every m, like it is done in DeC, we obtain exactly the fixed-point iteration (3.5)
and therefore an equivalent definition of the ADER method. This also tells us that the order of accuracy of (3.5) with respect to the
solution of Ez(g*) =0is K.

3.2. Implicit and IMEX ADER

We start describing the implicit version of ADER (ImADER), considering (2.1) with F(a) stiff, by modifying the iterative process
to

a® =M"r(@®) (3.8)

or, as explained in Remark 3.1, with the ADER-DeC notation:

£'(@) :=Ma - ¢(0)a, — AR F(a). (3.9)

We soon realize that performing multiple corrections does not give us any advantages as (3.8) does not depend on the previous
iteration. Hence, the construction of INADER does not seem purposeful, but it will become useful for the IMEX case, as presented in
[15] for PDE with stiff source terms or in [19] for ODEs.
We consider the separated ODE system (2.8). To construct the IMEX ADER £L! operator, we combine the implicit (3.9) and explicit
(3.6) treatments of the ADER iteration for the stiff and non-stiff terms, and get
£Y(@) :=Ma — ¢p(0)a, — AtR S(@) — AIRG(1a,,). (3.10)

This leads to the iterative process (3.5) with the iteration given by

Ma® - ¢(0)a, — AtR S(@®) - AtRG(a*") =0

= (3.11)
=  a¥=la,- AMRS@Y) - AMRG@ ),

which is in fact just an additive combination of the implicit and explicit parts. We apply the following proposition demonstrated in
[18, Proposition 2.4] to write the IMEX ADER algorithms.

Proposition 3.2 (ADER right-hand side). Given the definition of M in (3.3) and defining with 1 =[1,...,1]T € RM*1 we have that
Mg, =1. (3.12)
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If we take this under consideration in the whole ADER process, it leads to the

IMEX ADER Algorithm

a®:=[a,,..,a,",

a®=1a, - Azg—lgs@")) - Atg—léc@k—n), k=1,...,K, (3.13)
M el

Xy =, + ALY / (S@®m™) + Ga®m) dt = a, + Atb" (S(@®) + GaX)).

m=0 t

We remark that the iteration process contains a (nonlinear) system of equations in g(k) of dimension (M + 1) X I for every (k). If the
stiff term is linear, the system becomes linear, otherwise, it is possible to linearize the stiff term in the definition of £l 19y.

3.3. IMEX ADER as RK

In order to put the ADER method into a RK form, in (3.5) we have to multiply the right-hand side by the inverse of the mass
matrix. This will show the explicit dependence on «,, for every iteration and subtimestep. Proposition 3.2 allows us to rewrite the
explicit iteration process (3.5) as

a® =M"r@* ) =M"¢(t,)a, + AM T RF(@*)) = la, + AM T R F(@*D). (3.14)

Let us define the matrix Q := M~!R and the vector P such that PmM: o = 2 Q- This last equation is directly used in the first

iteration of the ADER process_wherz all coefficients are initialized as a,:
aV =1a,+A1Q F(@) = la, + AtQ F(la,) = la,, + AtPF(a,).

representing the non-zero entries in the first column of the Butcher matrix A. The further (K — 1) iterations just use the previous
steps as in (3.14), which give the entries of Q.. To achieve order p, we choose p= K =Y, i.e., M = p—1 for equispaced, M = [%] for
Gauss-Lobatto and M = [gJ for Gauss—Lege_ndre, for a total amount of Z = K X (M + 1) + 1 stages, which for example for equispaced

nodes is equal to Z = p* + 1 [18] (some stages can be avoided when the row is identically 0). We can write the ADER, ImADER and
IMEX ADER method of order p as RK methods in a blockdiagonal matrix structure. Then, the Butcher tableaux of the IMEX ADER,
which is composed of the explicit and implicit ones, is given by

0|0 ol o
Plo ©Q PP
PO 0 0 PlO Q

ilo 0 0 0 1o 00

00070 0 ’ 0000 ©19
PlO 0 0o 00 PO 0 0 0

o o o o 0" of o o

Note that the implicit matrix A is particularly sparse and that it is block diagonal. Nevertheless, the method is not diagonally implicit,

and also the final update does not have the same coefficients of the last stage.
3.4. A-stability of InADER methods

First of all, let us notice that for all INADER, the only determining iteration is the last one as a® = la, — A1Q S(a¥)) for all k

does not depend on previous iterations in the purely implicit case. Hence, the stability function reduces for all ImADER to the £2 =0
methods denoted as ADER-IWF-RK in [18]. It is given by the following Butcher tableau

rlo
P (3.16)

For the Gauss-Lobatto nodes, it has been proven in [18, Theorem A.3] that the ADER-IWF-RK method coincide with the Lobatto
IIIC method, hence, its stability function is the Padé(M — 1, M + 1) approximation, with M + 1 the number of stages, and for [30,
Theorem 4.12] it is A-stable. This means that all InADER with Gauss-Lobatto nodes are A-stable.

For Gauss-Legendre nodes, we need some theorems that can be found in [30] to prove the same results. First a classical result of
[31,32] on the stability function of a RK method.
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Theorem 3.3 ([30, Proposition 3.2]). The stability function of a RK scheme satisfies

det(Id — zA + z1bT) N

R(z)= = . 3.17
O="i@d -4 0@ (3-17)
Then, we introduce the Padé approximations and the following result.
Theorem 3.4 ([30, Theorem 3.11]). The (k, j)-Padé approximation to e* is given by
Nyj (z)
R, (z2)= —— (3.18)
k Oy j (2)

is the unique rational approximation to e* of order j + k, such that the degrees of the numerator and denominator are k and j, respectively.
Finally, we need the A-stability result for the Padé approximations.

Theorem 3.5 ([30, Theorem 4.12]). A (k, j)-Padé approximation R, j(z) to e is A-stable if and only if k < j < k + 2. All zeros and all
poles are simple.

With these theorems, we can proceed studying the A-stability of the implicit ADER methods for Gauss-Legendre nodes. We prove
that the stability function of the ADER-IWF-RK with M + 1 Gauss-Legendre nodes is the Padé(M, M + 1). Prior to proceeding, we

require an additional outcome concerning the matrices present in the numerator of the stability function.

Proposition 3.6 (Zero determinant of A — 1b7). For the ADER-IWF-RK, we have det(A — 1b7)=0.

Proof. Without loss of generality, we consider the interval [t,,7,, ;] = [0, 1] for simplicity. To prove the result, let us recall the
definition of the matrices. A =Q =M~ R and

1 1 1
bi=wi=/¢i(1)dh Mij=¢i(1)¢j(1)—/¢f(t)¢j(t)dh Rij=/¢i(1)¢j(l)dl‘=5ijwj-
0 0 0

Proving that det(A — 167) =det(M ~' R — 1bT) = 0 is equivalent to show that det(R — M 167) =0.

First, we study the matrix M 157 . It can be rewritten as follows:

1 1
(Mle)ij=ZM,-klkbj=z ¢i(1)¢k(1)—/¢§(1)¢k(t)dt w; = ¢i(1)_/¢,"(1)dt w; = ¢;(O)w;.
- 3 k 0 0

Then, we define E := R — M 15" and we show that the sum of its rows is identically 0, hence, its rows are linearly dependent.
It is -

i i i

Z E;=Y (R;—¢;Ow,) = (8;w; —$;Ow;) =Y (8; = $;0) w; == Dw,; =0, V. (3.19)
This proves the statement. []

Theorem 3.7 (Stability function of ADER-IWF-RK Gauss-Legendre). The stability function of ADER-IWF-RK Gauss-Legendre is the
Padé(M, M + 1) approximation.

Proof. In [18, Theorem 3.9], it has been shown that ADER-IWF-RK Gauss-Legendre is of order 2M + 1. Now, since the determinant
of A - 157 is zero, see Proposition 3.6, there exists a unitary matrix W e RM+DX(M+1) sych that EZT =1Id and

00 0
WA-16OW" = : : (3.20)
ko sk %
Therefore, the numerator of (3.17) can be expressed as follows:
det(ld—zA +z1bT>=det<1d +ZW (A—le)WT):det<<] o >>:det(1d—zG) (3.21)
Ld 24 +zl L+ {4-1)% + 1d-:G Ld-4
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with G € RM*M | Te degree of N(z) is smaller or equal to M. Since the order of the ADER-IWF-RK Gauss-Legendre is 2M + 1, it

must be that the degree of N(z) is M and the degree of Q(z) is M + 1. Theorem 3.4 establishes that the unique approximation of e*
with an order of 2M + 1, a numerator of degree M, and a denominator of degree M + 1 is the Padé(M, M + 1), implying it aligns
with the ADER-IWF-RK Gauss-Legendre method. []

Corollary 3.8 (A-stability of INADER Gauss-Legendre). ADER-IWF-RK Gauss—Legendre and all InADER Gauss—Legendre are A-stable.

Deriving similar results for equispaced ADER methods poses a challenge. Numerically, starting from the fifth order onward,
we notice instabilities along the imaginary axis and unstable regions within C~, with widths approaching machine precision. This
observation suggests the possibility of the stability region intersecting that axis.

4. Convergence analysis

As seen above, the order of accuracy of the DeC procedure (2.6) is min{ K, Y } where K is the number of iteration and Y the order
of the £? operator. The proof of this statement, as stated in [3,18,19], requires some hypotheses that must be checked for the implicit
and IMEX cases.

Proposition 4.1 (DeC iterative method). Let L' and £? be two operators defined on RM+DX! ' which depend on the discretization scale
A = At, such that

C1. £! is coercive with respect to a norm, i.e., 3y, > 0 independent of A, such that for any a,d

rille—dll <1 @) — Y@l

C2. £! — £2? is Lipschitz with constant y, > 0 uniformly with respect to A, i.e., for any e, d

(£ (@) — L3 (@) — (L' (d) — L2@)]| <y, Alla —d],

C3. there exists a unique a* such that £*(a*) = 0.

Then, if n := :—TA < 1, the DeC is converging to a* and after k iterations the error || g(k) — a*|| is smaller than 7 g(o) —a*||.

Proofs of this proposition and of the hypotheses of the proposition for operators £! and £ for explicit DeC and ADER can be found
in [3,6,21]. The condition for # comes from the fixed-point theorem and it is needed to converge. As foreshadowed in Proposition 4.1,
we need to prove the conditions C1, C2 and C3 also in the implicit and IMEX cases, as for the explicit cases this was shown in [19].
Here, we want to extend this proof to the IMEX £! operators. The proof of C3 is as in the explicit case, because just the £ operator
changes in the implicit and IMEX cases. The arguments to prove C2 are also exactly the same as in the explicit case, because it all
boils down to the Lipschitz continuity of the right hand side of the ODE.
In the general scenario, we find ourselves unable to prove coercivity. Therefore, we opt to linearize the stiff term in £!, as outlined
in [19]. This linearization still provides a first-order approximation to the implicit terms. We substitute .S(er) with S’(la,)a, where
S’ is the Jacobian of S. Note that this simplification is exact for linear systems where S(a) = S’(la,)a. Moreover, this formulation

can also be used to incorporate the nonlinear solver inside the DeC iteration method, without the need of further nonlinear solvers
[19].

Proposition 4.2 (IMEX DeC: C1). Assume that we apply a first order approximation of the IMEX DeC method linearizing the implicit terms,
ie., L1 is defined as

£'@) :=a - la, - ApS'(la,)(@ - 1a,) — At (S(lat,) + F(la,)) . 4.1)

Let

Ar< (4.2)
2L
where ff := | glz;XM{ﬂ"} <1 and L is the Lipschitz constant of S. Then, given any &, d € RM*DXI there exists a positive C,, such that
m=

Golle—dll <11£' (@) - L@l
is fulfilled for the £' IMEX DeC operator.

Proof. First, we recall some basic properties for eigenvalues, which we will use in the proof.

i) Let 4 be an eigenvalue of A € C"™". Then, it holds || < Hé H
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ii) Let A € C™", Id the n-dimensional identity matrix and y,6 € C and 4 € C an eigenvalue of A. Then, y4+ 6 is an eigenvalue of
yA+ésld. N

We know that ||S ! (a)|| is bounded by L, the Lipschitz continuity constant of .S, and, by property i), all the absolute values of the
eigenvalues Ag () of S’(a) are bounded by L for every a € R’. Now, using property ii) and the restriction (4.2), we have that for
every eigenvalue A b of Atf,, S’ (@) it holds |1 b ()] < % Using property ii), we can estimate for each m =0, ..., M the absolute value
of the eigenvalues of

Z, :=1d — Atp"S' (@),

which are therefore all larger than % for every @ € R, 1 <m < M, leading to the invertibility of Z,, .

We consider the block-diagonal matrix Z with Z,, on each block-entry, that correspond to the system matrix of £!. The eigenvalues

of Z ! are the reciprocal of the eigenvalues ofz, hence, all smaller than 2, and so || Z ~!|| < 2. Note that for any a,d € RM+DxI,
it holds B a

la-dl=1Z" Z@-dll <IZ ' NZ@-dll <2 Z(@- D). “3)

By considering the £! operator of the ImDeC, we expand

LY@ - L' (D =a-a’ - apS'(@")a - AtpF(a”) —d +d° + A1pS' (a”)d + A1pF(a”)
= (1d - a1p5'@") (a-d) = Z (a - d).
Finally, we conclude that
|t @-0@]=]z@-a= 3 la-dl. (4.4)

thanks to (4.3). [

Proposition 4.3 (IMEX ADER: C1). Assume we apply a first order linear approximation of the IMEX ADER method, i.e., we change the L'
operator to

@) :=a-a’— AM RS (@)@ - &) - AMT'R(S(a”) + F(a?)). (4.5)

Let
Ar< — (4.6)
where C = ”g” R ” =0O(1) and L is the Lipschitz constant of S. Then, given any a,d € RIM+DXI ' there exists a positive Cy, such that
Colla -dll < I£' (@) - L1 @)

is fulfilled for the £' IMEX ADER operator.

Proof. Also for the £! operator of the InADER, the proof is similar to the ImDeC one. We know that ||.S’(a)|| < L holds for every a
and C = ”M_l R ” > 0, because M and R are constant. Therefore, we can deduce that the eigenvalues 4,,-1 z(a) of M~! RS’ (a) can
be estimated b; o - -

el < Brs' @] < Ju I @l <1
for every a. This, combined with condition (4.6), leads us again to the property that all the absolute values of the eigenvalues of
Id — AM™'R S (@)

are bigger than % With the same arguments as in the proof of Proposition 4.2, we conclude that £! is coercive. []

In many applications, the hypothesis on the time-step as assumed in Propositions 4.2 and 4.3 are too restrictive, especially when
considering stiff equations. So, we present a variation of this proof, which does not require these time-step restrictions but uses,
instead, another assumption on S that is typical for damping/diffusion operators.
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Proposition 4.4 (IMEX DeC/ADER: Variation of C1 for diffusion terms). Consider again the first order approximations £ gsin (4.1)
for the IMEX DeC and in (4.5) for IMEX ADER. Assume additionally that the Jacobian S’ is symmetric negative definite. Then, given any
a,d € RM+DXI there exists a positive Cy > 1 independent of At, such that

Golle—dll <11£' (@) - L@l
is fulfilled for both L' operators.
Proof. We start from the IMEX DeC. Using again property ii) from the proof of Proposition 4.2, we can deduce immediately that

Z :=1d — Atp™S’ is symmetric positive definite and any eigenvalue 1, is larger than 1+ Atf™|Ag/| > 1. Hence, the eigenvalues of
-1

N

are all smaller than one. Therefore, as in Proposition 4.2, we have that

I£'@-2'@|=|z@-a|> m lc —aj| > &~ d]. (4.7)

This result holds independently of the size of At. For IMEX ADER the matrix in consideration is

Z :=1d - MM 'RS'(a,),

where, implicitly, there is a Kronecker product between M ~! R € RIM+DX(M+D and §'(a, ) € R*I. We know that —S’(a,,) is positive
definite, if also M -1 R is positive define. Then, we have that their Kronecker product is positive definite [33, Section 1]. In [18], it
has been shown that M is invertible and it is equivalent to a Hilbert matrix with an extra column of zeros on the left and an extra

row of ones on the top. Since, Hilbert matrices are positive definite, also M is positive definite and its inverse is positive definite as

well. Now, gT§ a= '/01 a(t)? > 0 when computed exactly, and for Gauss-Lobatto nodes, where the quadrature is not exact [18], it is
al’Ra= 2%:0 w,,(@™? >0 as w,, > 0. Hence, R is positive definite and all eigenvalues of Z are 1, > 1. We can then proceed as

in (2.7) to show that £! is coercive with Cy > 1. []
5. Numerical stability analysis

In this section, we study the stability of the presented method for the linear Dahlquist equation v’ = —Au or v’ = —Aju — Agu
for IMEX methods. All methods can be rewritten as u,,; = R(z)u, or u,,; = R(z;,zg) being R stability functions and z,z;,z; € C.
We will study the stability regions {|R| < 1} c C for the implicit ADER/DeC, while for the IMEX schemes we consider different
approaches. The explicit cases the stability functions for DeC and ADER have already been investigated in [19] and reported, while
we show in the repository [34] the sDeC for completeness. We will use Gauss-Lobatto (GLB) nodes as quadrature nodes, while we
compare equispaced nodes also in the repository [34] and we highlight here only the main differences. We will numerically compute
the stability regions obtained from the stability functions of ADER/DeC that are defined through their Butcher tableaux (2.14),
(2.17), (3.15), see [35]. In detail, we compute on 200 x 200 grid points with an offset of +0.01 from the origin for both axes to avoid
singularities. The plot bounds are dependent on the type of scheme and their stability regions. We decreased the offset in Figs. 3 to
a fraction of 1072 of the largest real value displayed when zooming on small areas.

To distinguish the different orders, we apply different colors and line styles to the outer and inner bounds according to the legend
that are plot next to each stability region plot.

5.1. Implicit schemes

In the following, we plot the contour lines of the bounds of the stability regions of various implicit methods. We start from ImDeC
and ImADER schemes in Fig. 1. Clearly, all these stability regions are unbounded, but they are not all A-stable, as we will see soon.
Moreover, we can observe a great variability changing the scheme or the nodes, in opposition to the explicit case [19]. In most of the
cases, INADER have larger stability regions than ImDeC.

The stability regions for the implicit sDeC (ImsDeC) are also shown in Fig. 1 and, surprisingly, do not behave like the other
methods. Up to a certain order (i.e. sDeC8 with Gauss-Lobatto), the stability regions are unbounded and seem A-stable, but for higher
orders, we lose this property, obtaining large, but finite, stability regions. This behavior is not uniform and, at certain orders, the
stability region will be unbounded again, as for example shown in Fig. 2 for very high order ImsDeC. In detail, the methods with
bounded stability region up to order 20 are the ImsDeC with Gauss-Lobatto nodes with orders 9, 10, 11, 12, 13, 14 and 15 and with
equispaced nodes with orders 12, 13, 16, 17, 18, 19 and 20. For the sDeC, we can conclude that the choice of an implicit version
does not guarantee an unbounded stability region. Nevertheless, even these implicit sDeC methods have larger stability regions than
their explicit counterparts and therefore may be applicable to mildly stiff problems. We notice again that this odd loss of stability in
the left half plane could not be found in the ImDeC and ImADER methods. We checked it numerically up to order 50.

Taking a closer look at the implicit methods, we additionally detect some minor instability regions on the negative half-plane, see
Fig. 3. It turns out that these instabilities appear for all InDeC and ImsDeC methods of orders larger than 2 and both types of nodes.
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Fig. 1. Implicit DeC (left), sDeC (center) and ADER (right) with equispaced (top) and Gauss-Lobatto (bottom) nodes for orders 2 to 13.
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Fig. 3. Zoomed stability region of various implicit schemes.

We display the sDeC only with GLB nodes, as the equispaced nodes version is very similar to that. For a very small scale, the same
can be seen for the InADER methods with equispaced nodes of orders at least larger than 4, displayed on the bottom right of Fig. 3.
Notice that the sizes of the unstable regions are close to machine precision, which results in non-smooth boundaries and it is unclear
if the InADER with equispaced nodes are not A-stable or the visualization of the unstable area is given by machine precision errors.
As proved in Section 3.4, also numerically we observe that the INnADER methods with Gauss-Lobatto nodes are A-stable for all
orders.
Summarizing, we can categorize our methods in 3 different classes:

+ The A-stable schemes: all INnADER GLB and all second order implicit methods;

+ The almost A-stable schemes, when the stability region is unbounded and it almost includes the whole left half-plane: high order
ImDeC, some ImsDeC and ImADER equispaced;

+ The bounded stability schemes: some ImsDeC.

Remark that for almost A-stable methods these minor instabilities do not influence the behavior of the scheme on many stiff prob-

lems. Nevertheless, when the eigenvalues A of the system are (almost) purely imaginary (typical for high order advection operators),
they might encounter instabilities for some discretizations.
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Fig. 4. Minion’s stability region for IMEX DeC (left), sDeC (center) and ADER (right) with equispaced (top) and GLB (bottom) nodes.
5.2. IMEX schemes

To study the stability of IMEX schemes, we will use the RK stability function
R R -l
R(z,,zE):l+<ZIQT+ZEQT>E:1+(z,QT+zEQT>(ﬂ—z,ﬁ—z5ﬁ> 1 .1)

that uses the matrices defined by the Butcher tableau of an IMEX RK (2.16). Remark that the standard approach of A-stability cannot
be used anymore. Indeed, the region of absolute stability

S={(z;.2zp) €C? : |R(z.zp) <1}

lays in a larger space, with respect to classical RK schemes, therefore, its study, computation and visualization are challenging. Hence,
we need to rely on some simplifications. In [5], Minion simplifies the Dahlquist equation by imposing

A ER, Ag=ily, A ER.

This procedure neglects respectively the imaginary or real part of the coefficients in the Dahlquist equation to display a two-
dimensional region. This idea is lead by classical PDE discrete operators, where typically the diffusion is symmetric negative definite,
while the advection is mainly with imaginary eigenvalues. A second approach where for each Ay the A-stability is required for the
implicit part of the scheme was originally studied in [36,37] and formalized in [23]. Another approach studies, instead, the stability
for each A; requiring at least the stability region of the explicit Euler method to the explicit part [22]. We collect these definitions of
stability region in the following.

Definition 5.1 (Stability regions). Consider the modified test equation with stability function (5.1). Then, we define multiple ap-
proaches for IMEX stability regions by

« S :={(z;,zg) €C? : |R(z;,zg)| < 1} (Region of absolute stability),

* Dy :={(z;,2g) ER? : |R(z;,izg)| < 1} (Minion’s stability region) [5],
* Dy :={z;€C : |R(z;,zp)| <1 forany z; e C~} [23],

« D, :=§z, €C : |R(zj.zp)| <1forany z; €Sy} [22],

where Sy ={zy; €C : |1+ zp| <1} is the stability region of the explicit Euler method.

D, is a very strict condition of IMEX stability, in particular for the considered high order schemes. Theoretically, the terms A-
stability and A(a)-stability may be applied for all 3 of these subsets of C analogously to the classical cases, so we will make use of
this terminology too.

D, stability region

We recall that the plots of the stability regions have very different meaning according to the chosen approach. Starting from
Minion’s approach [5], we evaluate the IMEX stability function (5.1) numerically to calculate the respective stability regions.

For the IMEX DeC, we can observe in Fig. 4 (left) that the choice of nodes change the regions on some details but the qualitative
behavior is the same. We can also conclude on an A(a)-stability for approximately a = 35°.

Going on to the IMEX ADER, we can see in Fig. 4 (right) a similar behavior, even if the stability regions differ in small details, we
observe A(a)-stability for at least a = 35°.

Finally, for the IMEX sDeC method in Fig. 4 (center) we see a slightly different behavior, still resulting in an A(a)-stability, but for
significantly smaller angles, approximately « = 18°. Nevertheless, the result on the bottom center in Fig. 4 with GLB nodes coincides
with the one in [5], as expected. It is also noticeable that the IMEX sDeC stability region of order 2 is A(a)-stable with larger « as it
coincides with the IMEX DeC2.
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Fig. 6. D, Stability Region for IMEX DeC (left), sDeC (center) and ADER (right) with equispaced (top) and GLB (bottom) nodes: orders 2 to 8.

D, stability region

Now, we want to evaluate D, stability for our IMEX methods. We want to emphasize that the requirements here are stricter than
in Minion’s approach. Indeed, for D, we require the method to be at least fully A-stable for the implicit part and we look at the
stability of the explicit part. The IMEX DeC and IMEX sDeC have D, = #§ and this is probably related to the fact that their implicit
counterpart is not A-stable. For the IMEX ADER, only few orders have non-empty D, stability region. In Fig. 5, we show the few
stability regions, which eventually vanish when increasing the order of accuracy.

D, stability region

We plot the D, stability regions for DeC and sDeC methods in Figs. 6, where we require the explicit part to cover the stability

region of the explicit Euler method and we look at the stability of the implicit part. Contrary to the D, cases, we observe non-empty,
limited regions of stability for every order for the IMEX DeC methods. Moreover, there is no regularity in their shape and their size
grow significantly as the order of accuracy increases. Notice that the plots do not show the full stability regions of higher orders, for
example for orders 6, 7, and 8 with equispaced nodes, but they are anyway bounded regions.
For the IMEX sDeC, see Fig. 6 (center), we observe some remarkable differences. In the case of equispaced nodes, even orders just
show the small bounded stability regions in the negative half-plane nearby the origin, odd orders smaller than 6 show large stability
regions, while they are unstable starting from order 7. Also in the GLB case, we do not observe much regularity. We notice that the
largest stability region is obtained for order 5, while, for higher orders, the stability region almost fit in the plot.

In Fig. 6 (right), we show the results for the IMEX ADER methods. We note that most of the methods fulfill nearly A-stability by
almost covering the negative half-plane. We highlight that for the equispaced case we do not show the full outreach of the stability
regions. While in most of the cases, for the almost A-stable cases, these contour lines represent the inner bounds of unlimited stability
regions, in the cases of order 5 and 8 we just have large, limited stability regions, as we also could observe for example in the D,
IMEX DeC case for equispaced nodes. Therefore, it seems like we can not guarantee this almost A-stability for the IMEX ADER, but
just for some of the orders of accuracy.
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Table 1
Central finite difference discretizations of d,, applied onto w centered in j [44].

order finite difference for ‘)Z (u(x;)

2 ﬁ (w;_y = 2w; + w;,)

4 ﬁ —éw1_2+§w1_1—%w/+§wl+l—%wl+2>

6 A;(% j,g—%wj,2+%wj—%wj+%wj—%w,+2+9—lowl+3>

8 # (—%w,.74+$wj,3— éw/,2+§w/,1 - %w/+ %wM - éw/+2+ﬁlowi+3— %wlﬂ)

Therefore, we can conclude, that some of the IMEX ADER stability regions cover the areas in the complex plane, that we assumed
for a stable method in the context of D, and D, while the DeC and sDeC methods have their limitations with D, = in every case
and bounded stability regions for most of the cases in the scope of D;. Nevertheless, we need to keep in mind that the set conditions
are very strict, so, the methods might still be applicable to some stiff equations. These results reflect what we have seen for the
respective implicit methods.

6. PDE: analysis of advection-diffusion

In this section, we want to extend our stability analysis to the one-dimensional advection-diffusion equation

u,(x,t) + au (x,t) =du,, (x,t), a>0,d>0, xe€QCR, (6.1)

where a is the coefficient of the advection term and d the coefficient of the diffusion term, using the von Neumann stability analysis.
After the space discretization, we discretize the advection part with an explicit time-integration scheme and the diffusion with an
implicit one. The linear stability of the DeC method in PDE contexts was studied for explicit methods for advection equations with
FEM spatial discretizations and various stabilization techniques in [38,39], while in the IMEX context for FEM methods applied to
kinetic models in [40]. For the ADER method, a von Neumann stability analysis was applied to the original formulation [41,42], but
not on the modern version that we are studying. We close this gap with our investigation in the following.

6.1. Finite difference discretization

We apply spatial discretizations to the spatial derivative operators, namely d, and d,,. We consider a uniformed grid Q,, =
{x ;1 xj=x0+ jAx, jE{0,....J }} with periodic boundary conditions and we denote the approximation of u(x ) =ulx;,1) by w -

To discretize the advection term in (6.1), i.e., the first spatial derivative d,u(x), we make usage of the stable finite difference
stencils introduced in [43]. Assume we discretize d,u at x ; by an [r, s]-discretization

s
1
o) = 1= W wawje 6.2)
k=—r

with r, s such that « rs g # 0. The maximum order we can achieve with an [r, s]-discretization is ¢ = r + s and this discretization

actually reaches order ¢ and is unique by setting the coefficients in (6.2) as

N
> %, s>r+1,
k=r+1

(=1k+ rls!
ap =140, s=r, = .

k (r+ (s =k

—-r<k<s, k#0. (6.3)

,
> %, r>s+1,
=5+

k 1

It is also proven in [43] that these so-called optimal-order schemes of order g are stable if and only if s <r <s+2 for a > 0. We
involve these stable optimal-order schemes into our analysis. We introduce upwinding in the choice of the stencils, in particular, we
will consider [r, r + 1] stencils for odd optimal-order scheme and [r, r + 2] stencils for an even optimal-order scheme for the advection
part.

For the diffusion term, we will just use a central finite difference discretization of the second spatial derivative d, u(x) given in
Table 1.

6.2. von Neumann analysis

To analyze the stability of the described methods, we make use of the von Neumann stability analysis for linear partial differential
equations [45]. Briefly summarized, we investigate the behavior inside the numerical scheme of the Fourier modes

w; =v"e*¥i (6.4)

where w;.’ is the discretization of u(x;,7,) and k is the wavenumber and we focus on the representation coefficient v". Indeed, elkx
are eigenfunctions of the differential operator d, and therefore for any linear differential operator. If we use (6.4) in our discretized
system, we obtain a system of the form
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Fig. 7. Stability areas (yellow) for the [DeC,eq,3, A, D,]. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

" = Gk, Ax, At,a,d)", (6.5)

with the amplification factor G € C independent on the mesh point x;. Stability means in our context that o™ =
|G(k,Ax, At,a,d)v"| < |v"] holds. In practice, we check that |G(k,Ax, At,a,d)| < 1. This implies stability for the related method
and due to the Lax-Richtmeyer theorem [45] convergence can be ensured. Note that for consistency, we included the parameters a
and d into the dependency of G to cover all advection-diffusion equations.
Typically, in order to estimate the stability of the advection-diffusion equation, an analytical study of G in all the parameters should
be performed. This is not feasible when considering high order schemes as ADER and DeC. Hence, we will evaluate the amplification
factor numerically, similarly to what we did with the stability functions in the ODE case.

Before running all the simulations, we need to understand what are the free variables of the function G. First of all, the wavenum-

bers should be bounded k € {—ny—1,...,n5+ 1} C Z and the maximum wavenumber n, + 1 is strongly related with the discretization
X7 =xol

scale Ax. Indeed, by Nyquist-Shannon sampling theorem, only functions with frequency less than -

can be represented on our
discretization. Hence, we will choose ny = 103 to take in consideration fine grids.

Then, we have further variables a, d, Ax, At that are actually coupled together: in the advection term (aAf7/Ax) and in the diffusion
term (dAt/ Ax?2). We keep this in mind when studying the behavior of G, as we can recast few methods to the same coefficients.

6.2.1. Displaying stability

It is stated and numerically shown in [24,46,47] that several schemes as the local discontinuous Galerkin scheme [46,47] and
other finite difference schemes combined with an IMEX RK method are stable if the time step is upper bounded by some 7. This 7 is
proportional to ‘;iz, ie,if At<ty=E- (;iz for some E(, > 0. Considering the before mentioned parameters Ax, At, a,d, we introduce
two new coefficients

_aAt o dAt

C=—, = .
Ax (Ax)2

(6.6)

Moreover, using the coefficients C and D reveals an equivalent condition to [24], if we assume that the quotient

. C_2 AP Ax? ﬁ
D Ax2 dAt d
is bounded by some constant E|,, indeed,

a> d
E=LA1<E, = A<E,-S=q,
d a2

Therefore, for a given method solving the advection-diffusion equation, we can rewrite the amplification factor in (6.5) as

g(k,C, E) = G(k, Ax, At,a,d). 6.7)

Definition 6.1 (Scheme notation). To shorten the notation, we denote the considered method for the advection-diffusion equation by
[TMM,NODES, N, A,,, D,,], where

« TMM stands for the respective IMEX time-marching method, among DEC, ADER, SDEC,

+ NODES stands for the used quadrature nodes for the TMM, among EQ or GLB,

+ N stands for the order of the considered time-marching method TMM,

+ A, denotes the optimal first derivative stencil of order » defined in (6.3) used for the advection term,
+ D,, denotes the central second derivative stencil of order m in Table 1 used for the diffusion term.

Example 6.2 (Stability of IMEX DeC3 with A| and D, operators). To give an example of how to study the stability region, we show in
Fig. 7 the stability areas {|g(k,C, E)| <1, Vk € [-ny — 1,ny + 1]} for the [DEC,EQ, 3, A, D,]. On the left, we plot the stability area
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Fig. 8. Stability areas for [TMM, GLB, k, A, D,] for TMM as IMEX DeC (left), IMEX sDeC (center) and IMEX ADER (right) with eq (top) and GLB (bottom) nodes: TMM
order k from 2 to 8.

as a function of C and D, while on the right as a function of C and E. The black area is associated to the unstable area, while the
yellow displays the stable region. We recognize two sufficient conditions to obtain stability:

+ the well known CFL-condition, i.e., if C is lower than some constant C;, only dependent on the method, then the method is stable.
+ the new numerically obtained condition, designated as the E-condition: If E is lower than some constant E, dependent on the
method, then the method is stable.

The two parameters C and E include all the remaining ones and are enough to characterize the whole scheme.

As we can see in Fig. 7, the unstable area of this specific method seems to be bounded by the linear constraints C > C;, and E > E,,.
We will observe numerically that these unstable regions are indeed similarly bounded in most of our methods.

Definition 6.3 (Stability parameters C, and E)). Given the amplification factor g(k, C, E) of a discretization of the advection-diffusion
equation, we define the two stability parameters C;, and E; by

+ Cp i=maxces Cwith S={C : |g(k,C,E)| <1,VE>0,Vk € [-ng— 1,ny+ 11},
* Eyi=maxgcp Ewith R={FE :|g(k,C,E)|<1,VC>0,Vk € [-ny—1,ny+1]}.

Therefore, the strategy we want to follow is to look at the areas of stability by evaluating the amplification factor max, |g(k,C, E)|
like in Fig. 7 and numerically calculating the parameters C; and E, for our methods, when possible.

Note, that the condition E < E; does not depend on Ax and avoids CFL restrictions. We should always keep in mind that our
numerical evaluations can just cover finite ranges of C and E. Hence, we checked that the displayed limits for E and C are actually
bounds also for larger domains of C and E. Moreover, we also observed that the considered results do not vary much for large values
of ny, hence, we set n, = 103. Due time-efficiency, we will use this value for every evaluation in the von Neumann stability analysis
context for the rest of this work. Further, all plots in this section will be evaluated and displayed at 400 x 400 grid points.

6.2.2. Numerical analysis

In the following plots, we will study various configurations of methods and the variation of the stability region changing the
order of the methods. In particular, we will focus on changing the order of the time discretization only and varying the order of all
operators. In the repository [34], we include other variations of the order of only the advection or the diffusion operator that we
discard here for brevity. Moreover, we will focus on Gauss-Lobatto nodes for the time discretization only mentioning the peculiarity
of the equispaced ones that can be found, again, in the repository [34].

We start by varying only the time scheme order. In Fig. 8, the stability areas of several methods are shown, i.e., [TMM, NODES, k,
A, D,] varying the time scheme and the nodes. As in Fig. 7, the plotted lines separates the stable region in the lower left part from
the unstable region in the upper right side of the C-E plane. We see a similar behavior for mostly all methods. Increasing the order
of the time marching method results in a larger stability region and in larger values for E; and C,,.

In the equispaced case we do not observe major differences for the DeC and sDeC methods, while, for the ADER cases, the usage
of equispaced nodes results in an irregular reduction to C = 0 for some orders (7 and 8), meaning that we can not ensure stability as
we did in the other cases for high order methods, see Fig. 9 (left). This is probably due to the numerical cancellation of Newton-Cotes
quadratures with more than 8 points that occur for orders larger than 6, used in the considered IMEX ADER method.

In Fig. 10, we study the space-time discretizations matching the orders of the time scheme with the order of the spatial terms,
i.e. [TMM,GLB, k, Ay, Dypye/n 1, where TMM is one of the 3 considered methods and k € {2, ...,8}. Here, we can observe for all cases
that the higher order terms results in slightly larger stability areas and also in bigger C; and E), which leads to the behavior we have
already seen in Fig. 8 varying only the order of the time scheme. Again, for high order IMEX ADER with equispaced nodes we lose
the E; bound from below as shown in Fig. 9.
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Fig. 9. Stability areas of ADER with equispaced nodes (left and center): varying the order of the time method (left) and varying the order of all discretizations (center).
Bounds by C,, and E; of the stability region (in yellow) for an sDeC method (right).
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Fig. 10. Stability areas varying the order of all partial methods.

Table 2
Approximated border values C;, (up to 2 decimals) and E;, (up to 1 decimal) for Gauss-Lobatto
methods with operators with optimal order k.

k__ [DEC.GLB,k, A, Dyiyoy]  ISDEC,GLB.k. A, Dy /)] [ADER.GLB.k, Ay, Dy /o]

CO E[) CO EO CO E[]
2 050 25 050 2.5 050 0.7
3 163 61 1.69 5.1 163 45
4 104 69 143 49 1.04 42
5 174 88 231 6.6 174 7.2
6 160 41 2.33 4.2 160 4.1
7 194 95 312 75 194 85
8 200 102 2.85 59 2.00 938

We can conclude that increasing the order of the time-marching method results in higher values for both C;, and E,,. However,
the considered higher order finite differences for the spatial discretizations do not grant significant improvements. A special mention
to high order IMEX ADER with equispaced nodes is necessary also here. The border E, vanishes, indeed, for order > 7, see Fig. 9
(center). Moreover, also varying the spatial discretization we obtain the same results. We remark that there are plenty of more options
to test, which we do not include in this analysis, some of which can be found in the repository [34]. Nevertheless, we presented all
remarkable combinations of methods we tested and a summary of their results.

As an example, we plot the stability region of [SDEC, GLB, 2, A, D,] in Fig. 9. We observe an asymptotic behavior both for £ — oo
against a line C = C,, and also some sort of border line E < E for large values of C, which ensures stability for an arbitrary C, if
E < E,. These are the desired values for C; and E. In Table 2, we study the operators with order k matching for the time and spatial
discretization for time schemes defined by GLB nodes. We display in that table the maximal values C;, and E,. We clearly see that
they increase as the order increases. The only value that is not uniform among the methods is E(, for ADER GLB of order 2, for which
we have a restrictive bound. We also want to highlight, that C; matches inbetween the DeC and ADER methods for the same orders.
This is probably due to their coinciding explicit stability regions for ODEs, as pointed out in [19].

7. PDE: analysis of advection-dispersion

In this section, we extend the analysis and results to observe the behavior of IMEX ADER and DeC methods onto the advection-
dispersion equation
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u (x, )+ au (x,1) + pu  (x,0)=0, a>0, f>0. (7.1)
7.1. FD discretization

First, we introduce at this point the considered spatial discretizations for the advection-dispersion equation. Thereby, we consider
the same discretization for the advection term, as introduced in Section 6.1.
For the dispersion term, we will consider the upwind scheme used in [24] to test stability for the advection-dispersion equation (7.1).
It is of order 3 and given by

1
o, (ux)) = PYNE (mwjg = wj_y +10w; — 14w,y +Tw;yy — w;,3) - (7.2)

For higher orders, we have used the optimal 2r + 1 order formula on stencils of the type [—r,r + 1] with the tool provided in [48].
We have also tested the methods with a central finite difference formula of order 2, always leading to less stable methods, hence,
we will not include them in the following discussion.

7.2. von Neumann analysis

As previously done for the advection-diffusion problem, we will perform the von Neumann analysis by looking at the coefficients
of the finite difference schemes, i.e.,

At
C=a—, P=pf—:.
aAX ﬂAx3

The procedure is analogous to the advection—diffusion one, with C, P instead of C, E.

7.2.1. Displaying stability
To denote the considered methods, we use again the notation introduced for the advection-diffusion equation

[TMM,NODES, N, A, B, 1.

where B,, refers to the upwind m-th order stencils of type [—r,r + 1]. We proceed evaluating the amplification factor

G(k,Ax,At,a,p) = g(k,C, P)

to observe the stability region as a function of C and P. In opposition to the advection—diffusion case, in [24] only a CFL condition
is found, even if, numerically, they observe larger stability regions with a little of dispersion. We want to give a more comprehensive
study of this behavior for different schemes and, as before, we look for meaningful coefficients that bounded by some constants give
the stability. To find such coefficients, we proceed with an example.

Example 7.1. In Fig. 11, we display the stability areas for the [DEC, GLB, 2, A, B3] and [DEC, GLB, 3, A, B3] on the (C, P) plane (left).

In the IMEXDeC2 case, we note that for low P a CFL constraint C < 1 guarantees stability, while for large P we see a linear constraint

of the type P 2 E,C. In the IMEXDeC3 case, there is a further unstable region close to the C = 0 axis. This extra unstable region is

due to the fact that IMDeC3 is not A-stable and, hence, for low values of C not enough numerical dissipation is brought to the system.
Anyway, the linear constraint on the large P motivates the following definition of

_C _ AtaAx® _ aAx?
P Ax pAt p
Now, looking at the right plot for IMEXDeC2 in Fig. 11, we observe that either C <1 or Ep < Ej ~ 107* guarantee stability. This is

aAx?

Ep:

a peculiar result as Ep = does not depend on the time discretization. The same does not hold for IMEXDeC3, where this area is

stable only for large values of C, which leads to ridiculously small Ax and large Ar.

These exemplary stability regions hold for most of the considered cases, i.e. all methods of order 2 do not have the instability
areas for small C and large P, as well as the IMEX ADER methods with equispaced nodes until order 4 and all IMEX ADER methods
with Gauss-Lobatto nodes. Remark that these are exactly the methods which seem to be A-stable in their implicit ODE application as
discussed in section 5. All remaining methods possess this unfavorable stability region.

7.2.2. Results for IMEX DeC, sDeC and ADER

In this section, we present the analysis results as displayed in Example 7.1, varying numerical methods. We proceed now studying
the stability regions increasing the order of the time scheme only, keeping fixed the advection and dispersion operators (4, and Bj;),
later on we also increase the accuracy of the advection and dispersion operators. In Fig. 12, we can observe the stability regions
changing the time scheme order from 2 to 6 for GLB nodes. For DeC methods of order larger than 2, we cannot not provide bounds
that guarantee the stability for small C and Ep. Anyway, away from this area, we observe stable regions for both C < C, with C,
values similar to the ones of the advection—diffusion section, see Table 2, and for Ep < Ep with Ep o~ 4- 1075 independently on the
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Fig. 11. Stability areas for [DEC,EQ,2, A;, B;] and [DEC, EQ, 3, A|, B;] with third order upwind dispersion operator.
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Fig. 12. Stability areas for orders 2 to 6 with GLB nodes, the upwind scheme of (7.2) for the dispersion and an first order backward scheme for the advection term.
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Fig. 13. Stability areas varying orders 2 to 6 of the advection scheme and time scheme.

DeC method used. In general, sDeC guarantees more stability in the region with C €[1,10] and C/P € [1074,1072]. The differences
between equispaced and GLB are not so relevant.

On the other hand, IMEXADER with GLB nodes is very stable and there are clear bounds C < Cy <3 and Ep < Ep < 107 that
guarantee stability. Moreover, there is a large stability area for large C < 10 and not so small Ep. On the contrary, IMEXADER with
equispaced points (figure available in the repository [34]) for order more than 4 is much more unstable and only the are with both
C <Cyand Ep > Ep, which quite restrictive.

Again, the behavior of all these schemes reflects the A-stability property of the corresponding implicit methods.

In Fig. 13, we check the stability regions varying the advection and time order of accuracy for DeC, sDeC and ADER GLB methods.
We find a loss of stability by increasing the order. We already see a slight reduction of our border C, for order 2 and 3. Going onto
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(6.2) and time scheme of order k. Notice the difference in scales for C between ADER and DEC.

orders 4, 5 and 6, we obtain way larger unstable regions, in particular in the low Ep region that was stable in the previous test. For
IMEXADER, we observe a strong reduction of the stability region in the low C high E region (observe the different scale) as well as
in low Ep values for order 6.

In Fig. 14, we increase all together the order of all operators. In particular, for a given order k for the dispersion operator we use
the optimal stencil with support [—[(k +2)/2] + 1, [(k +2)/2]], similar to the upwinding of (7.2). To compute the coefficients of the
dispersion operator, we have used the tool [48]. We are working with the dispersion stencil of order 3, 5 and 7. The Fourier symbol
of the stencils of order 5 and 7 take values very close to the imaginary axis also for quite large imaginary values. This means that
schemes that are not A-stable will poorly perform on such higher orders. On the other hand, the dispersion operator of order 3 is
only tangent to the imaginary axis, but it quickly has real values away from zero for large imaginary values. This will influence the
stability regions.

We immediately see that the stability regions shrink and for high order DeC (greater than 5), we lose the stability region Ep < Ep .
For ADER methods again the region with C < C;; and moderate Ep shrinks quite a lot and for order 6 the stability region Ep < Ep
essentially disappears. For the equispaced case, as for the time only case, from order 5 on there is no stable region for low Ep [34].

We conclude that the observed IMEX methods combined with the finite difference stencils for the spatial discretization do not
possess a spatial-independent condition on the time step (as for the diffusion case). Still, in most of the methods a classical stability
region for C < Cy and Ep > Ep |, i.e.,, P> C/Ep |, is observable, while a time independent stability region for Ep < Ep , is present
only in few low order cases and it is really linked to the used spatial discretization.

8. Numerical tests
8.1. ODE tests

In this section, we will apply the introduced explicit, implicit and IMEX methods on ordinary differential equations to compare
them with the theoretical results obtained before. Remark that our implementation takes usage of the linearized versions as in (4.5).
This is exact for linear systems, but has to be kept in mind while considering nonlinear ODEs.

8.1.1. Validation of the ImsDeC stability region

As seen in Figs. 1 and 2, the ImsDeC has an unexpected behavior by being the only considered pure implicit method here, which
is not almost A-stable for high orders. We want to validate this statement applying the method on some ODEs.
As example we take the ImsDeC11 with Gauss-Lobatto nodes, because it has the smallest stability region out of all ImsDeC methods.
We observe that the limited, stable region has its left border approximately at z =900 + 0i.
Solving at first the linear, scalar ODE

0,y(1) = —10°y(1), (0) = 1, 8.1)

with different step sizes h; = 1.0,h, =0.5,h; = 0.02,h4 = 0.01, we expect the ImsDeC method for h; to be unstable and for the
remaining 3 A; to be stable, because z, = A- h; =—10° - 1 =—103 ¢ S, while |z,;| = | 4%;| < 900 and belong to .S for i =2,3,4, where
S denotes the stability region of the ImsDeC11 with Gauss-Lobatto nodes. The numerical results are shown in Fig. 15. We observe
that for A, the method diverges from the decaying exact solution y(t) = e‘103’, which is in agreement with z; ¢ S. In the second case
for h,, we see the solution curve mimicking the decaying behavior, which validate the fact that z, € .S. As a comparison, we also
plot the ImDeC11 with Gauss-Lobatto nodes which is known as almost A-stable and shows appropriate results. As seen in Fig. 15, of
course for both z; and z,, we obtain qualitative good solutions. We also display the sDeC11 in these figures and observe that their
stability properties are still much worse than these of the ImsDeC11, as its stability region ends around z ~ 6, which make h, = %
the threshold for a stable discretization.
We can summarize that the numerically calculated stability regions are validated through this experiment.
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Fig. 15. Solving (8.1) using ImsDeC11 with h =1 (top left), 4 =0.5 (top right), h =0.01 (bottom left) and 4 = 0.005 (bottom right).
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Fig. 16. Solving equation (8.2) using ImsDeC11 with 4 = 1.0 (left) and 2 = 0.5 (right).

Moving to a nonlinear example, we test the ImsDeC11 with Gauss-Lobatto nodes for the nonlinear ODE

1

V100

9,y(1)=—10°|y(0)] - y() + 1, y(0)=

(8.2)

and compare it again with the analogue ImDeC. We observe in Fig. 16 on the left that the ImDeC handles the stiff equation well, while

the ImsDeC again has an unstable behavior for the step 4; = 1. This coincides with the stability region because for our nonlinear

equation, an equivalent to A could be roughly obtained by linearizing the equation, so that A : = —10°|y(t)| ~ =10 - \/L_() =-103 and
10

therefore z; ~ —103 & .S. Nevertheless, after refining to 4, = 0.5 we have z, ~ —500 and we expect again stability for the ImsDeC,

which can be seen on the right of Fig. 16.

Summarizing we can observe that the non-A-stable ImsDeC performs worse than the ImDeC for stiff applications, but may still be
applicable to mildly stiff problems providing better results than explicit sDeC.

8.1.2. A stiff linear example for the IMEX methods
We consider the second order ODE

0y ¥(1) = =20,3(1) = 2501y(1),  y(0) =1, 9,(0) =0,

which can be rewritten as a system of ODEs
O,uy (1) = —2u; (1) — 2501u,(2),
Oy (1) = uy (1),

The exact solution is given by

u0)=1,
15(0) = 0.
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1t ]
u(r) = ( 4y > - < s0¢€ " (sin(507) + 50 cos(501)) )

9,(1) - % e~ sin(50¢)

i.e., it shows a rapid oscillation and a slow transient part. Therefore, we separate the right-hand side of (8.4) by

—2501 -2
F,(g(z)):( i?(tu)z(t)>, FE(Z(I)):< lgl(t)>

to treat F; implicitly and Fp explicitly.

The numerical solutions for IMEX ADER, IMEX DeC and to comparison ADER are shown in Fig. 17, all methods of order 5 and use
equispaced nodes. As before, we observe stability for the IMEX methods while the explicit ADER does not converge towards the exact
solution. Moreover, it is remarkable that the IMEX methods are able to catch the slow transient part even when the discretization
scale does not allow to represent the fast oscillatory behavior.

8.2. PDE tests

Finally, we assess the accuracy of the proposed schemes on the advection—diffusion equation (6.1). We consider the domain

Q=10,27], ug(x) =sin(x), a=1and C = "A—Ax’ = 0.4. We fix for all simulations E = 0.5, leading to a variable d = “;At. We test ADER,

DeC and sDeC with GLB nodes for variable orders from 2 to 5 and meshes with sizes from N =27 to N =2'!. The spatial operators
are generated using [49]. For all methods we obtain stable simulations. In Fig. 18, we observe how all methods converge to the exact
solution u(z, x) = e~¢' sin(x — at) with the expected order of accuracy.

9. Conclusions

In our study, we have analyzed the implicit and implicit-explicit ADER and DeC methods in terms of their stability properties. To
this end, we initially reformulated them as RK methods and investigated them based on the selected order, method, and quadrature
nodes. Unlike our prior work [19], which focused on explicit versions, we observed significant variations in stability behavior, ranging
from A-stable to bounded stability regions. In general, the implicit (and implicit-explicit) ADER methodology demonstrated greater
stability compared to the DeC framework.

After the ODE case, we further extended our analysis to the PDE case, focusing on advection-diffusion and advection-dispersion
equations inspired by previous works [24,46]. For space discretization, we utilized up-to-date finite difference stencils and derived
CFL-like stability conditions through von Neumann stability analysis. Notably, we expanded upon the investigation of [24] by in-
troducing two new auxiliary coefficients for the advection-diffusion equation. These coefficients yielded equivalent conditions to

132



P. Offner, L. Petri and D. Torlo

Applied Numerical Mathematics 212 (2025) 110-134
those in [24], but they do not depend on the spatial discretization. We established precise boundaries for relevant coefficients for
advection-diffusion and advection-dispersion and offered recommendations regarding the suitability of specific schemes.

In the future, further potential research directions include exploring different space discretization methods and focusing on con-
tinuous and discontinuous Galerkin formulations [50,51]. Additionally, investigating stability in the context of nonlinear problems
would be desirable, particularly focusing on the entropy production of such schemes as suggested by previous works [52-54], or
using the add-and-subtract version of the implicit ADER and DeC to study the stability in the same style of [55].
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