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Abstract. This work aims to introduce a heuristic timestep-adaptive algorithm
for Computational Fluid Dynamics (CFD) and Fluid-Structure Interaction (FSI)
problems where the flow is dominated by the pressure. In such scenarios, many
time-adaptive algorithms based on the interplay of implicit and explicit time
schemes fail to capture the fast transient dynamics of pressure fields. We present
an algorithm that relies on a temporal error estimator using Backward Differen-
tiation Formulae (BDFk) of order k = 2, 3. Specifically, we demonstrate that the
implicit BDF3 solution can be well approximated by applying a single Newton-
type nonlinear solver correction to the implicit BDF2 solution. The difference
between these solutions determines our adaptive temporal error estimator. The
effectiveness of our approach is confirmed by numerical experiments conducted
on a backward-facing step flow CFD test case with Reynolds number 300 and on
a two-dimensional haemodynamics FSI benchmark.
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1 Introduction

In this manuscript, we are interested in solving nonlinear problems that arise from
computational fluid dynamics (CFD) and fluid-structure interaction (FSI) problems. We
denote by Q ¢ R? the physical domain of interest; we further assume that 0Q = T'p, UT'y,
where I'p is the Dirichlet boundary and I'y is the Neumann one. Let [0,7], T > 0 be
the time interval. For every ¢ € (0, T], we seek the solution U (t) € W to the following
PDE

R@U1),U1))=0 inW, )

where R is the residual operator of our nonlinear PDE and W and W, are appropriate
trial and test function spaces, respectively. We can now introduce the weak formulation
of problem (T)) corresponding to a CFD and a FSI problem, respectively.
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Navier-Stokes problem. Let u and p be the two components of the solution U in-
troduced in Eq. (I)), namely the fluid velocity and the fluid pressure. We introduce the
following function spaces W =V x Q and W = Vjy X Q with
Vi={ve[H(Q)]*st.v=uponTp},
Vo={ve[H (Q)]*st.v=00onTp},
Q= L*(Q),
where up is a given Dirichlet datum on I'p, X (0, T']. The weak formulation of the Navier-

Stokes problem reads as follows: for every ¢t € (0,71, find w(¢) € V and p(¢) € Q such
that, for every v € Vj and every g € Q the following holds

m(d,u,v) +a(u,v) + c(u,u,v) + b(p,v) = (uy,v)r, Ve (0,T],
b(u,q) =0 Vie (0,T], (2
u(t=0)=up inQ,

where ug is a given initial condition (IC) and wpy is a Neumann datum defined on

Iy % (0,T]. In system @), (-, "), indicates L?(w) inner product and the bilinear and
trilinear forms are introduced in Table [Tl

Table 1: Navier-Stokes forms definitions

Form Definition
fluid velocity mass m(w,v) = /Q w - vdQ
fluid stiffness a(u,v) = [, vVu : VodQ

fluid incompressibility b(p,v) =- /Q p divodQ

fluid advection c(u,w,v) = fQ (u-V)w - vdQ

Fluid-Structure Interaction problem. Due to the different nature of the formalism
used to describe the motion of a fluid (Eulerian formalism) and the motion of a solid
(Lagrangian formalism), in this manuscript we make use of the so-called ALE formalism;
for more details on this, we refer to [9l6]. Hereafter, we will assume that all the variables
are considered on a reference configuration Q, which is time-independent. We will resort
to the monolithic Lagrangian formulation as described in [1l]. For an FSI problem, we
assume a partition of Q into two disjoint open domains Q/ (the fluid subdomain) and Q°
(the solid subdomain) and we denote by I'; := QS N QS the fluid-structure interface. We
further denote with I's p and I'y p the Dirichlet boundaries, and with I'y 5 and I's
the Neumann boundaries, for the fluid and the solid, respectively. The components of
U, for an FSI problem, are the following: the common velocity field for the fluid and
the structure subproblems u = (uy, uy): Q — R?, the fluid pressure p r: @/ — R and
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the common displacement field d = (dy,ds): Q — R2. We introduce the following
function spaces W = Wy =V X QO X E:

V= {v € [H1(§2)]2 v =0onTIy p and v is continuous across FI} ,
Q = L%(Q),
E = {e € [H1(§2)]2 :e=0onIp Uy y and e is continuous across FI} .

The weak formulation of the coupled FSI problem reads as follows: for every ¢ €

(0,71, find (w(t). (1), d(1)) = (wy (1), wy (1), p7 (1), dy(1), dy (1)) € VX QX E, such
that the following holds: for every v = (vs,vs) € V,qr € Qand e = (ef,e5) € E

my(du, v;d) + my(du, v) + ay(u,v;d) +as(d, v) + b (py, v;d)
+cALE (O d, v, w3 d) + ¢ (w, w, v; d) = (why, V)1, + (dy, vs)

b?(u, qgr;d) =0,

a%(d, e) +ay® (d,e) + (3ds — uy, €5)q: =0,

LN’ (3)

where (-, ), indicates L?(w) inner product and all forms are defined in Table

Table 2: FSI forms definitions

Form Definition
fluid velocity mass mg(w,v;d) = fgf Jofw - vdQ
fluid stiffness ag(u,v;d) = /Qf Jo-?”(uf; df)F_T 1 VordQ
fluid ALE C?LE (w,v,up;d) = - fo Jog [VufF’]] w - vpdQ
fluid incompressibility A b?(pf, v;d) = /Qf 10'; (pf)F_T 1 VopdQ
fluid incompressibility B b?(u, qr;d)=— _/Qf div (]F_1 uf) qrdQ
fluid advection cr(up, wyr,vp;dy) = fgf Jpy [waF_l] up - vpdQ
extension fluid stiffness a$(d.e) = Jor Vs : VerdQ
extension interface stiffness a?’af(d, e)=- fl"z [Vds|ns:epds
structure displacement mass ms(d, e) = fgs psds - esdQ
structure stiffness as(d,v) = /QS P(dy) : VogdQ

There, py and p; represent the fluid and the solid density, respectively. System
is then completed by some suitable ICs on u ¢, ds and 9, d,. In system (3), u]’:, and dy,
are given Neumann data for the fluid and the solid; o¢(uy, pr;dy) = 0'?“ (up;dy) +
o-ff (py) is the fluid Cauchy stress tensor, P(dy) is the Piola-Kirchhoff tensor for the
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solid, F is the Jacobian of the ALE map and J is the determinant of F (see [9] for
more details); finally, n ¢ and n¢ are the normals to I';, outgoing the fluid and the solid
subdomain, respectively.

At this stage, we presented the problems of interest in the time-continuous setting:
no time-stepping scheme has been introduced so far.

Overview of time—adaptive techniques. The choice of the time-step in numeri-
cal solvers for ODEs and PDEs has always been a crucial topic. Already from 1911,
Richardson [8]] proposed an extrapolation procedure to estimate the error during a single
time-step and to use it to correct its length. This procedure was based on a second
simulation run within the same time-step but using two time-steps of half the size of the
original one. The resulting difference between the two simulations is of the order of the
error of the simulation with the large time-step and, hence, gives an estimation of the
local error. Many estimators are still based on this idea. A generalization of this concept
involves to two different simulations in one time-step with different accuracies [3)]. From
there on, various embedded methods were developed. They exploit the stages/steps struc-
ture to create two different approximations, typically of different orders. Through their
difference it is possible to obtain an error estimate for the worst approximated solution
[3]. Commonly, a tolerance is set for the local error and the time-step is adjusted to
fulfil this error bound in the current or following time-step. Various strategies have been
used to set the time-step and other regularity constraints may be enforced not to vary
the time-step too much [3]. When dealing with saddle-point simulations, most of these
strategies fail at bounding errors for all the variables, such as the pressure in FSI and
NS. Hence, different options are available and the choice of the error estimator leads to
great changes in the simulations.

In Section [2] we will describe a couple of error estimators based on the difference
between BDF2 and BDF3 formulations which is able to address the issues stated above
and provide an extensive numerical analysis of the proposed techniques on various CFD
and FSI benchmark problems in Section 3]

2 Time discretization and error estimator

At the beginning of this section, we will briefly describe Backward Differentiation
Formulae (BDFk) of order k = 2, 3 for non—constant time discretisation. Then, we will
present a temporal error estimator based on the interplay of BDF2 and BDF3 implicit
schemes and discuss the efficient approximation of the implicit error estimator.

2.1 Backward Differentiation Formulae (BDF) with varying time-steps

We assume the following partition of the time interval [0,7]: 0 = #p < #; < -+ <
ty :=T,M > 0 and denote by A} :=1t, —t,_1 forn = 1,..., M. Furthermore, we
introduce the following notation: U" := U(t,),n = 0,..., M. In the BDF, the term
0,U" is approximated with BDF formulae of order £ > 1, while the RHS of the ODE
is solved (in this case) implicitly at time ¢#,,. For a given n > 1 the BDF formulae read

k
aU" ~ B (U) = ) enkume, “
p=0
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where the coefficients 5;’,”‘, p =0,...,k can be obtained by a Taylor expansion in "
and are reported in Table [3|for k = 2,3 for variable time-steps.

Table 3: BDF2 and BDF3 expansion coefficients

BDF?2 coeflicient BDF3 coefficient
0 207 +A7! (A7) +4A AP 2AT AP 24 (A=) AP T AP 2
A7 (AT+AY) A7 (A7+ATT) (AT +AT1+AR2)
) e N e D R
AP APAPT(ATTIHAT?)
5 Ay A AT AT A2 (A7)
AP (A7+ATTY) APTIAT2 (AR AT
3 (Ap) +arap
I (R R R )

We now have all the necessary ingredients to introduce the time—adaptive algorithm
based on the BDF2 and BDF3 schemes for the problem (T)).

2.2 Time-adaptive algorithm and temporal error estimators

First of all, we assume that the continuous problem (T is well approximated by a mixed
Finite Element (FE) method with appropriately chosen well-defined triangulations of
the domains of interest and FE spaces W), ¢ W and Wy ;, € Wy which are inf-sup stable
to ensure the well-posedness of the FE formulation; we refer to [9] for more details.
In the following exposition, we will use U}, (¢) to denote the FE approximation of the
solution U (¢) at time ¢ € [0, T].

As mentioned in the introduction, time—adaptive algorithms are of extreme impor-
tance for complex physical models to produce the numerical simulations in feasible
computational time. In this work, we resort to a methodology proposed already in 1961
in [2], reported in [3]], and successfully studied in the context of FSI problems in [4].
The core idea of the method lies in the next time-step size prediction:

A} = min {Altmx, max {min {Kmax, Max {Kmin, Ksk™ }} Af‘} , A;nin} . 5)

The main component in (3)) is the scaling factor «* which is defined as follows:

K*:( & )‘Hl’ (6)

estpt]

where ¢ is the desired order of accuracy, ¢ is the user-defined tolerance and est,,1 is the
measure of the local temporal error. Forgetting all other terms, the new time-step would
be defined by A = k*A}'. Then, one needs to add several safety factors. ki, and Kmax
are user—specified parameters which indicate the minimal and the maximal ratio A} /A}
by which the time-step is allowed to increase or decrease. s < 1 keeps the local error
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incorporated in x* away from the set tolerance. Furthermore, the bounds A™" and AP
are defined in order not to have an over/undershoot in the time—step prediction and they
are usually chosen based on the physical knowledge of the problem at hand.

We refer to [4] for more insights on the general pipeline of the presented time—
adaptive step selection, the choice of user—defined parameters and tolerances. Instead,
we will focus on presenting a local temporal error estimator based on the interplay of
implicit BDF2 and BDF3 schemes. Following the notation introduced in the equation (T)),
we denote by U, ;'I”BDF", k = 2,3 the solution to the following implicit in time problem:

R (ZEPF (UPPPH), U ) =0 in Wy, n=3.4,. )

where the values U, }ll’BDFk and U i’BDFk for k = 2,3 are obtained by the implicit
Euler and BDF2 schemes with constant time-step A™", respectively, and the value
Ug’BDFk, k = 2,3 comes from the prescribed ICs. As we aim to construct a second—
order time advancing scheme, the value of parameter ¢ in () is chosen to be g = 2.

The choice of using BDF implicit schemes is beneficial for many aspects for highly—
nonlinear coupled problems, as the FSI problem (3)). With respect to fully implicit multi—
stage schemes, BDF implicit schemes lead to smaller nonlinear systems and they do not
require the modification of the residual functional (I for different orders [3]]. Moreover,
both problems (2) and (@) are of the form of differential-algebraic equations, i.e. some
of the components (namely, the fluid pressure) or subequations (e.g., incompressibility
constraints) do not contain the time derivative. The explicit schemes might not be able
to capture fast transient dynamics strongly dominated by these components.

For the above reasons, we propose the following form of the local temporal error
estimator in (6):

+1.BDF2 _  n+1.BDF3
estns] = Max |[ue}y —u, ll22) ®)

that is the maximum absolute L’—error over all the components of the problem (1. we
will be referring to this estimator as implicit time estimator.

The obvious issue of the estimator (§) is that it requires a lot of computational
resources as it needs two non-linear highly—dimensional solvers. In order to mitigate
this, we propose instead of solving for implicit BDF3 solution an approximation as
a one-step Newton correction of the BDF2 solution as follows: find UZ”’BDB =

UZH’BDFZ + 5UZ+1’BDF3 € W, where 6U Z”‘BDB € W, is the solution of the following
linearised equation

J [R (:BDF3 (U}I?DF2) ’ UZ+1,BDF2)] (5U;:+1,BDF3)

“n+1

= 1,BDF2\ .
= =R (=EPP (UFPR2), Uyt PR i Wy, ©)
In the equation above J represents the Jacobian operator which is computed by means
of automatic differentiation and already used for the nonlinear solver of the BDF2. With
this the time estimator (8) is approximated by the following:

+1,BDF2 ~n+1,BDF3
estys1 = Max [[ue}y — i) 20 (10)
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which requires only one nonlinear solver to get the BDF2 solution and one linear solver
for (9). We will be referring to this estimator as linear-implicit (LI) time estimator.
It is possible to prove, relying on approximation properties of BDFk schemes,
k = 2,3 and a priori estimates as the ones, for instance, in [7]], that the LI approximation
defined by (9) leads to the same order of accuracy as the implicit BDF3 solver (7). In
the next section, we will show that estimators (8) and (T0) have the same behaviour.
Finally, the next time-step prediction is defined as:

AP = AT + A, (11)

where the weights ag, @; > 0 satisfy @ + @; = 1 and are chosen in order to prevent an
overshooting effect which may lead to the need for significant reduction of the following
time-steps. In the numerical results, we set &g = 0.3 and @; = 0.7. As prescribed in [4],
we reperform the timestep evaluation until the condition est,+; < & is satisfied and, in
any case, for a maximum of 5 iterations.

3 Numerical simulations

In this section, we will provide a few numerical test cases to show the efficiency of the
presented time—adaptive algorithm. We will provide the numerical results on two bench-
mark problems: the backward—facing step flow and a two—dimensional haemodynamic
FSI test case.

l—‘wall Iy, FVJ:
Iin ” Iy
Q Tour Tin Lour
[
I"S f
rwall w l—‘w
(a) Backward-facing step domain (b) Reference FSI domain

Fig. 1: Domains of interest for the CFD (a) and FSI (b) test cases

Backward-facing step flow CFD test case. Figure[la|represents the physical domain
of interest. The upper part of the channel has a length of 18cm, the lower part 14cm;
the height of the left chamber is 3cm, and the height of the right one is Scm. The spatial
discretisation is carried out by FE method using Taylor-Hood P, —P; FE pair with 27, 890
degrees of freedom (DoFs). We impose homogeneous Dirichlet boundary conditions
(BCs) on the top and the bottom walls of the boundary I'},,;; for the fluid velocity, the
homogeneous Neumann (free—outflow) conditions on the outlet I',,; on this portion

T
of the boundary, and the parabolic profile u;, (x, y,t) = (go(t)%(y -2)(5-y), 0) on
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T ={(x,y) :x =0,y € [2,5]}, t = [0,2], where ¢ € C'(R*) is given by

1
5 (I —cos(nt)) fort <1,

1) =12
#(1) {1 fort > 1.

Below we will provide the numerical simulation of the proposed time—adaptive algorithm
for the value of the viscosity parameter v = 0.05 resulting in Reynolds numbers equal
to 300. We will refer to this test case as CFD-300 in the following.

Two—dimensional haemodynamics FSI test case (FSI-H2). Figure [Tb| represents

3.4e-03

TR W I 3.0e-3 I .
*: 20e-3 | 3
- 1.0e-3 |2
- I 0.0e+00 I Lme»ua
(a) Fluid velocity (b) Fluid pressure

Fig.2: FSI-H2 solution at time instance ¢ = 0.01 in the current fluid configuration

the physical domain in the reference configuration: the reference fluid domain Q7 in
blue, the reference solid domain Q° in red and the fluid—structure interface I'; in green.
the fluid domain is 2.5¢m in height 10cm long; the leaflets are situated 1cm downstream
the inlet boundary I';,,, they are 0.2cm thick and 1.1cm in height. The values of physical
parameters are the following: vy = 0.035, 07 =1, py = 1.1, 45, = 8- 10° and g = 4-10°.
The spatial discretisation is carried out by FE method using a generalised Taylor-Hood [[9]
FE triple P, — P; — P, with 67,390 DoFs. We consider zero ICs for fluid velocity and
the structure displacement, homogeneous Dirichlet BCs on Ff: for the fluid velocity
and on I, for the structure displacement, and homogeneous Neumann (free—outflow)
conditions on I'y,;. A pressure impulse u{, (x,8) = =pin(tnyp(x) = (pin(1), 0)7,vx e
I, Ve € [0,2], is applied as a Neumann condition at I';,, with:

5(1 —cos(§%)) forr<0.1,
- (1) = .
pint®) {5 for t > 0.1.

In Fig. 2] we provide a plot of the fluid subcomponents of the FSI-H2 test case
at the time ¢ = 0.01 in the current fluid domain configuration. The magnitude of the
displacement at this time instance is of order 107%, and it can be seen that the pressure
field dominates the dynamics of the problem.

Validation of the time-adaptive algorithm. Having established the test cases,
we will now provide a numerical analysis of the time—adaptive algorithm described
in Section 2] In both test cases we fix the following parameters entering the timestep
prediction (3): kmax = 1.5, kmin = 0.1, k5 = 0.9 and the tolerance & = 1073 in (©).
For CFD-300 we choose AM" = 104 and AM™>* = 10~! whereas for FSI-H2 we set
AMM = 107* and AM™> = 1072, In Figure [3al for CFD-300, we observe the timestep
chosen by the algorithm and the error w.r.t. a reference solution (computed via A?‘i“
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10°

107t

sses-esssssssssszszzsd

1072 104
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1074

107%
U implicit

_ —u . p implicit
10 i 107 ---- u Newton
o i e e e e e
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
t t
(a) CFD-300: errors and timestep (b) CFD-300: error estimators

H
w—  impll

=== uNewton
primplicit

-~ prNewton
d implicit

-- d Newton

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
t

(c) FSI-H2: errors and timestep (d) FSI-H2: error estimators

Fig. 3: Adaptive time-steps distribution and relative errors w.r.t. constant-timestep solu-
tion (left) and the comparison of implicit and LI time estimators (right)

Table 4: Computational cost comparison between constant BDF2 and time adaptive
algorithms: total simulation time (left) and time of one evaluation of the error estimator
(mean =+ std)

Computational time Estimator cost Steps number

Test case || Constant | LI adaptive Implicit LI Const. | Impl. | LI
CFD-300 || 12 hours 2 hours 2.1 £ 0.2 sec|1.68 = 0.1 sec|| 20,000 | 976 | 976
FSI-H2 |{132 hours| 5 hours 37+4sec | 25+2sec ||20,000| 347 | 360

constant—timestep BDF2 scheme). We observe that the global error is somewhat under
control during the whole simulation. The errors and the time steps are particularly
sensitive to the discontinuity of the second derivative in time of the BCs at r = 1. The
error estimator in Figure [3b]is indeed based on Taylor expansions of the second order
and it correctly detects a singularity and decreases the timestep in that point, maintaining
the error of the pressure (that varies widely at that time) under control. The differences
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between the fully implicit and the LI error estimators are negligible in terms of accuracy,
but they sum up to a strong reduction in computational costs as evidenced in Table [4]

Similarly, for FSI-H2 in Figure [3c| we notice that the error is always under control.
In this simulation, the relative errors are comparable among components in particular
for pressure and displacement. On the other hand, the error estimator in Figure [3d|is
led by the pressure and it is of paramount importance to include such a component in
the error estimator. Again, there is essentially no difference between the fully implicit
estimator and the LI one, but great computational saving is achieved as can be seen in
Table
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