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Motivation: high order accurate explicit method

We want to solve an ODE system for a : Rt — R*

oa+ F(a) =0.

Applications:
@ Semidiscretized PDEs
@ Chemical/biological processes

How?

@ Arbitrarily high order accurate
o

D. Torlo (UZH) ADER is DeC

4/34



Motivation: high order accurate explicit method

We want to

Application
@ Semid
@ Chemi

Error

How?
@ Arbitra

= = =order1
order 2

= order 6
-------- Threshold

) 10-10

D. Torlo (UZH)

Discretization Scale

ADER is DeC

10°

4/34



Motivation: high order accurate explicit method

We want to solve an ODE system for a : Rt — R*
o+ F(a) = 0.

Applications:
@ Semidiscretized PDEs
@ Chemical/biological processes

How?
@ Arbitrarily high order accurate
@ Explicit
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Classical time integration: Runge—Kutta

oM = a”, 2)

K
a® = a" + 3" A, F (t” + DAL, a(s)> . fork=2,...,K, (3)
s=1

K
a"tl= Z'yka(k). (4)
k=1
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Classical time integration: Explicit Runge—Kutta

k—1
a® = a" + 3 Ay F (t" + b AL a<5>) . fork=2,... K.
s=1

@ Easy to solve
@ High orders involved:

@ Order conditions: system of many equations
e Stages K > d order of accuracy (e.g. RK44, RK65)

D. Torlo (UZH) ADER is DeC 6/34



Classical time integration: Implicit Runge—Kutta

K
a®) = a" + ZAkSF (t” + bs At, a(s)) , fork=2... K.
s=1

@ More complicated to solve for nonlinear systems
@ High orders easily done:

e Take a high order quadrature rule on [t", ¢"+1]

o Compute the coefficients accordingly, see Gauss—Legendre or
Gauss—Lobatto polynomials

o Orderuptod=2K —1
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ADER and DeC

Two iterative explicit arbitrarily high order accurate methods.

@ ADER! for hyperbolic PDE, after a first analytic more complicated
approach.

@ Deferred Correction (DeC): introduced for explicit ODE?, extended
to implicit ODE? and to hyperbolic PDE*.

M. Dumbser, D. S. Balsara, E. F. Toro, and C.-D. Munz. A unified framework for
the construction of one-step finite volume and discontinuous galerkin schemes on
unstructured meshes. Journal of Computational Physics, 227(18):8209-8253, 2008.

2A. Dutt, L. Greengard, and V. Rokhlin. Spectral Deferred Correction Methods for
Ordinary Differential Equations. BIT Numerical Mathematics, 40(2):241-266, 2000.

M. L. Minion. Semi-implicit spectral deferred correction methods for ordinary
differential equations. Commun. Math. Sci., 1(3):471-500, 09 2003.

“R. Abgrall. High order schemes for hyperbolic problems using globally continuous
approximation and avoiding mass matrices. Journal of Scientific Computing,
73(2):461-494, Dec 2017.
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e DeC
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DeC

Discretization of each time step [t",¢"+1].

al al o™ aM

@ * ®
" = tn,O — tO tn’l — tl tm — ¢gm tn’M — tM — tn+1

Figure: Subtime intervals

High order approximation of the equation in the Picard—Lindel6f form

tm

am=a’ - F(a(t))dt. (5)

0

D. Torlo (UZH) ADER is DeC 10/34



DeC: £? operator

D. Torlo (UZH)

oM —ad— [V Ty (F(a?),..., F(aM))ds

ol [ T (F(0),..., FaM))ds

tM

oM —al — Zyzo w0 F(a")pr(s)ds

al —a® — M [ F(an) g, (s)ds
oM —a® — AtSM M (o)

r=0"r

Lal —a® = AtYM 9LF(ar)

r=0"r
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DeC: £? operator

Goal: find a* = (a®,...,a™,...,a™)* : L%(a*) = 0.

@ L% =0is asystem of M x S coupled (non)linear equations
@ £2is an implicit method

@ Not easy to solve directly

@ High order (> M + 1), depending on points distribution
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DeC: L! operator

aM —a® — BMALF(a?)
10,0 M tm —
L(a”,...,a) =< M= —.
Y 9 . tM _ to
al —a - BLALF(a®)

(6)
@ First order approximation
@ Explicit Euler
@ Easy to solve £!(a) =0
13/34

D. Torlo (UZH) ADER is DeC



DeC: Iterative process

K iterations where the iteration index is the superscript (k), with
k=0,...,K

@ Define O = o™ = a(t*) form =0,...,M

@ Define oWV = a(t") fork=0,..., K

© Find g(lc) as ,Cl(g(k)) — El(g(k_l)) _ LQ(QU{?—I))

Q ot = oK)M,

Theorem (Convergence DeC)

@ If L' coercive with constant C;
@ If L' — £? Lipschitz with constant Co At

Then la® — a*|| < CALF

Hence, choosing K = M + 1, then ||a(F)-M — qer (¢4 || < CALK
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DeC — Proof

Let a* be the solution of £?(a*) = 0. We know that
LY (a*) =LY (a¥) — £3(a*) and £ (a® D) = (£ (a®) — £2(a?)), so that

Culla®™* — a*|| <[|cH(a*V) — L1 (@)l =

=[|£Y(a®) - £2(a®) — (£ (a") - L2(a")]] <
<CAt|la® — o).

k+1
ot — ol < () la® o'l < (Far)  lla® -l
1

After K iteration we have an error at most of < - [|[a(®) — a*||. O
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DeC: Second order example
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DeC: Second order example
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DeC in FEM

Operators can be extended for space time discretization.

Example: PDEs, FEM discretization

The £? operator contains also the complications of the spatial
discretization (e.g. mass maitrix)

The £! operator can simplify everything up to a first order
approximation (e.g. mass lumping)
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© ADER
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ADER: space-time discretization

Originally exploitation of Cauchy—Kovalevskaya theorem (many
computations)

Modern approach is DG in space time for hyperbolic problem

ou(z,t) + V- Flu(z,t)) =0, zeQcR? t>0. (7)
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ADER: space-time discretization

Originally exploitation of Cauchy—Kovalevskaya theorem (many
computations)

Modern approach is DG in space time for hyperbolic problem

ou(z,t) + V- Flu(z,t)) =0, zeQcR? t>0. (7)
Defining 6,5(z,t) = ®,(z)¢s(t) basis functions in space and time

Ors(z,t)0¢0pq(z, t)uPldadt+ Ors(z,t)V-F(Opg(z, t)uP?)dadt = 0.
Tr xV; T xV;
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ADER: space-time discretization

Originally exploitation of Cauchy—Kovalevskaya theorem (many

computations)
Modern approach is DG in space time for hyperbolic problem

ou(z,t) + V- Flu(z,t)) =0, zeQcR? t>0. (7)

Defining 6,5(z,t) = ®,(z)¢s(t) basis functions in space and time

Ors(z,t)V-F(Opg(z, t)uP?)dadt = 0.

Ors(z,t)0¢0pq(z, t)uPldadt+
T xV;

Tr xV;

This leads to

(8)

M P’ =r(u)s,

=r spq

20/34
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ADER: time integration method

Simplify!
DByt + | PO F(a(t)dt =0, Y:T" =[t", "] 5 R.
Tn n

£a) = [ swao®adt+ [ owF@n =0
n Tn
o(t) = (do(t), ..., oar(t)"

Quadrature. ..

L*(@) == Ma - r(a) = 0 <= Ma = (). 9)

Nonlinear system of M x S equations
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ADER: Fixed point iteration

Iterative procedure to solve the problem for each time step

a® =M r(a® V), k=1,... convergence (10)

with o = a(t").
@ Convergence?
@ How many steps K?
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© similarities
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ADER as DeC

£a®) = £H D) - L2@® ), k=1,...K,

defining a*):0 = a(t"), Vk. Hence, we can explicitly write it as

@(kﬂ) — r(aFH () — @(k) + r(a® () + @(k) —ra®) =0
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ADER as DeC

£ a®) = £ (a* ) - 2™ Yy, k=1,...,K,

defining a¥):0 = ("), Yk. Hence, we can explicitly write it as

Mo+ — r(aEH7T) — Ma®) + r(ad) + Ma®) —r(a) =0
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ADER as DeC

£ a®) = £ (a* ) - 2™ Yy, k=1,...,K,

defining a¥):0 = ("), Yk. Hence, we can explicitly write it as

Mo+ — (@) — Mt + r(ad) + MaT —r(a?) =0
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ADER as DeC

LY a®) =c'a* ) - L@ ), k=1,... K,

defining a*):0 = a(t"), Vk. Hence, we can explicitly write it as

Mo+ WM+W+M ra®) =0

Ma(kH) r(a®) =0.
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ADER as DeC

Apply the DeC Convergence theorem!

e [!is coercive because M is always invertible

e L' — £?is Lipschitz with constant C At because they are
consistent approx of the same problem

@ Hence, after K iterations we obtain a Kth order accurate
approximation of o*
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DeC as ADER

tM

oM —a® — [ Ty (F(ad),..., P(aM))

Q_w—ﬁmwx%mfmm>

aM_a_ rOftO pr(s)ds

1
\al —a’ — qu«\io tto F(a")pr(s)ds

and focus on the m-th line, which reads

D. Torlo (UZH)

tm

m_ o —ZF / o, (t)dt = 0.
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DeC as ADER

M tm
a”—a =) F(a”)/ o (t)dt =0
r=0 to
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DeC as ADER

M tm
a” —a’ =) F(a) /to o (t)dt =0
r=0
M tM
X ()0 = X (0)0 = S_ (@) [ xn,m (O (1)t =0
r=0
1, if t e [t tm],
X[t0,tm] (t) = 0 else (11)
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DeC as ADER

a” —a’ =) F(a) /to o (t)dt =0
r=0
M tM
X ()0 = X (0)0 = S_ (@) [ xn,m (O (1)t =0
r=0
1, if t e [t tm],
X[t0,tm] (t) = 0 else (11)

+M
\/t;

U (B)Ope(t)dt — [ Y (t)F(ex(t))dt = 0.
Tn Tn

M

M
Xeo.0m) (1) (a(t)) dt — Y~ F(a”) / X(t0,m) (t)pm (t)dt = 0,
r=0 t

0
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DeC — ADER

Both are
@ lterative processes (only iterations K = d order of accuracy)
@ Arbitrarily high order accurate
@ Explicit
ADER as DeC iterative process
@ The operators £! and £? can be written
@ Convergence results hold
@ We know in practice how many iteration K
DeC as ADER
@ L? is the same up to the choice of basis and test functions in time
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@ simulations
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A—Stability

¢(a) stability region ¢(a) stability region

s s
Es 4 Es “a
. ADER GL
. DeC GLB SN ADER GLB (-
N ADER GLB . ADER EQ

Re(a)

Re(a)
Figure: Stability region
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Convergence

---- ADER GL

—— ADERGLB

- ADER EQ

—— DeCGLB
- DeC EQ

y'(t) = —ly()|y(t),
y(0) =1, (14)
t €[0,0.1].

Error
=
5

Convergence curves for ADER
and DeC, varying the approxi-
mation order and collocation of
nodes for the subtimesteps for a
scalar nonlinear ODE

10-11 4

10-15 4

10-17
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Lotka—Volterra

141 -~ RefPl —— ADERO3 —— ADERO5
Ref P2 —— ADER 03 —— ADER 05

Figure: Numerical solution of the Lotka-Volterra system using ADER (top) and
DeC (bottom) with Gauss-Lobatto nodes with timestep AT = 1.
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PDE: Burgers
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Figure: ADER
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---- DeCEQ
---- DeC GLB

2x107% 3x104x% 1077 6x 1077 1nl'1

Figure: DeC
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Questions?

Thanks for the attention!
Questions?
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