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Hyperbolic balance laws

Balance laws

9:q(t, x, y) + 0xf(q(t, x,y)) + 0,8(a(t, x, ¥)) = S(a(t, x, ), t,x, y), (1)

Moving Equilibria

aXf(q(tvxv.y)) + a}/g(q(tvxvy)) = S(q(t7X7y)7 t,X,y), (2)

Acoustic equations

For this system g = (p, u, v), where p is the pressure and u, v are the velocity components, while in the
simplest setting the fluxes and source term can be written as

u \
f(q) = <p> : g(q <0> : S(q,t,x,y) = 0. (3)
0

p
Equilibrium: Oxu+ dyv =0 P = po- (4)

~

3/ 19 D. Torlo  Preserving Moving Equilibria with Global Flu




Multidimensional formulation

Integrating fluxes and sources

0eq(t, x,y) + 0xf(q(t, x,y)) + dyg(a(t,x,y)) = S(a(t, x,y), t,x,y), (5)
deq(t, x,y) + 0:0,.Z (t, x,y) = 0, (6)

where .Z is the global flux! and it is defined as

F(t,%,y) = / " o) g - / " e(a(t &, y))de — / ' / " S(a(t.6m), £ Em)dedn. (7)

Yb Xe

New Equilibria Formulation (Simpler form)

0:0yF =0 = F(x,y) = a(x) +7(y) (8)

!Inspired by 1D framework: Gascén (2002), Chertock (2018)

ilibria with Global Flu:
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Finite Volume Corner-Flux Formulation

Equation
Oeq(t, x,y) + 0x0, F (t,x,y) =0,

Finite Volume Formulation

9N — =
3

aift —aly | FE XYy = FE X Yug) = F(E %00 ) + F (X4

2 —
At AxAy =0 (&)
y&?,ﬂ% ~ :tﬂ(t",xpr%,yﬁé) (10)
Corner flux definition?
, ) FUHL+1) | ZUHL) | F(i+1)
qijl —qi; n yw%,ﬁ% + Ji+%,j+é + Ji+%,j+% + Lgi+%,j+% —0 (11)
At AxAy e

2Barsukow, Ciallella, Riucchiuto, Torlo. 2026.
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Corner Flux Sketch (Dual Cell SUPG formulation)

Cij+1 Cis1j41
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Figure: Cell labeling for the 2D grid: main grid (left), dual grid (right).
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SUPG Corner Flux

e SUPG Corner Fluxes

Zi+)  _ (i,j+1) (i,j+1) FU+Lj+1) _ 27 (i+1,j+1) (i+1,j+1)
hirt = b + D e wigal =T bt TP
3d+3 2413 54 1.+3 5d+3 2413 3:J+5 5d+3
5 = , . (41,4 - +1,j i+1,)
g(l J) =T g J) N D('J L ZU . _J)l Tt 1 nl ; J) . —|—'D§I+1 J) .
I+271 3 Z'J 2 l+2,J+ l+2,J+§ i+5.0+5 2’1 2 ’+§,J+§ i+5,+5
e Central Part 1
ﬂ,—+%,j+% = Z(ﬂ‘;,j + ZFit1j + Fiv1j+1 + Fijr1)
e Diffusion Part
. x y L x y
(hi+1) LA ——J + —J b 1.1 D('+1’J+1) = —aA + - J + — J b 1.1
a4 Ax ' Dy ) adte itz 4\ Ax Ay ) Tadte
'D(i’j) o CYA JX Jy ¢ ’D(prl’j) o OéA JX Jy ¢
o === | P i1l = 2 - i+3.J+3
whirt T e \TAx T Ay ) by wio  a \TAx T Ay ) Prebar

Bxy?H%JJr%dxdy .

. T g .. 4 a . _
¢f+%d+% .—(D(J+ 1J+1) —J,+1,J+1 f,7j+1 Fiv1j+ Fij =
Ci+%,j+%

e When .%;; = oi + ; everything cancels out!

Equilibria with Global Flu:
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Comparison with Rusanov Corner Flux

e SUPG Corner Fluxes

Flij+1) & ij+1) (i,j+1) Fli+1j+1) _ & (i+1,j+1) (i+1,j+1)
H:l j+1 T ‘/H» 5:t5 nHi +1 +DH: +17 i+1 "+l - Jéi+l,j+ln,‘+l,'+l +D;+l"+l ’
5dt35 2 3. 3. 5d+35 247%3 5dt3 5dt35
7 (i.j) _ ( ,J) (w Z(i+1,)) ('+lu) (i+1.j)
ﬁ-;-;*ﬁi#,ﬁ +D Flia ﬁlJr,jJr 1D
i+5,0+5 24732 l+2,J+2 +271+2 l+2,J+2 24+3 i+l 5:dt3 i+5.J+5

e Central Part 1
Firyiry = 7(Fii + Firj + Firj + Fijn)

e Diffusion Part

(ihj+1)  _ _ (i+1,j+1) _ =
D+1 +% - A(ql7j+1 q,+2 J+2) ,-+1 J'+l - O‘A(ql+1d+1 q,’+%,j+%)7
> +1,J) —
D(’ j) = alAla; ’D(' = al . .
i+1,+1 al(qi;— q,+2,J+ 1), i+3 41 = aA(Gi+1,j — q,+%,1+%)a

_ 1
iyt =7 (G0 + Qi + Givrer + i)

e When %;; = o; + ~; the diffusion part might still contribute!
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Geometric Classifications: How to set ghosts cells?
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Ghost Cell

/

Corner Point

Barycenter x. € Q
— Cell defined inside
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Extrapolation from the Interior and Collar Points

Least Square Problem (Dirichlet BC)

min Z Z P(Xise, ¥54r) — 4 7+e:}7+r)) XX Yi+r ) subject to

et b £ (12)
p(xc, vi) = u(xg, yi), (xc,yk) €T collar points for k =1,.. NfJr i+
where (xi, ) are the closest N 141 € N collar points to the corner point (x;,. ,yj+%) and

)(()(,-Jre,}/1~-+,)§~2 is the indicator functlon that is 1 if the cell with barycenter (x: ,M,yzr,) is in the
computational domain and 0 otherwise.

Computational Aspects
e Lagrange Multiplier Method e Cheap

e |east Square Matrices are small e Second Order Accurate
e Can be computed at the beginning of the simulation (and inverted)

e Number of collar points chosen to stabilize and make solvable the system
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Extension to Neumann BC and Vector BC

Neumann BC

min Z Z /+€ay]+r) - q(X7+Z7yj+r)) X( +Zvy+r)9 SUbjeCt to

XY)EQIE —1r=-1 (13)
Vp(xe, yi) - n(xic, yi) = g(xc, yi), (xk,yk) €T collar points for k =1,..., Nf+%yj+%7
where g is the function that defines the Neumann boundary condition, i.e., Vu-n=g on I.

e First Order Accurate

Wall BC Collar Points Constraints

ev-n=0
° anp:O
® On(v-7)=0

e Larger system, similar blocks

e First Order Accurate
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Acoustic vortex in ring

L? velocity error

1072 E

Q={1<+/x2+y? <1384}, 103 i 1

p(x,y) =1, 5

U(X7y):yf(p(X,y))7 :u 10—4 L ;

~ = |

V(X7.y) = —Xf(p(X,y)), 3 E E

rn = 2.5, é’ 107° | @& SUPG - Dirichlet .

o E - E

\/m R I | —®— Rusanov - Dirichlet 1

plx,y) = Y—", > |g-6| |~ SUPG - Wall BC 1

o . % —— Rusanov - Wall BC E

f(p) = (1 + cos(mp))", [ |---Order1 1

L _ _12m/0g8l 1077 F|__ - Order 2 E

= /31512 — 2048 S . T L c=7
i/ e — A 20 40 80 160 320

Grid Size (N)
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Acoustic vortex in ring

GF-SUPG-FV - GPM - Wall BC, Ny = N, =40 GF-Rusanov-FV - GPM - Wall BC, N, = N, = 40

Velocity vector Velocity vector
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Acoustic vortex in ring

GF-SUPG-FV - GPM - Wall BC, Ny, = N, =80 GF-Rusanov-FV - GPM - Wall BC, N, = N, =80

Velocity vector Velocity vector
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Potential Flow Around Cylinder

GF-SUPG-FV - GPM - Wall BC, N, = N, =80

P 1e-5+9.999e—1 norm vel Velocity vector
: 9.345 151 1.84
8.527 1.0 1.64 1] 15
7.708 1.44 :
6.890 051 124
0.0 6.072 > .04 1.04 > 0 1.0
5.253 0.84
-0.5 4.435 —0.5 1 0.64
“10 3616 _qg.d 0.44 -14 05
2.798 0.24
=15 T " 7 1.980 —l5i— T T 0.04 T T T
-1 0 1 -1 0 1 -1 0 1
X X X
GF-Rusanov-FV - GPM - Wall BC, Ny, = N, = 80
p norm vel Velocity vector
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Potential Flow Around Flower
GF-SUPG-FV - GPM - Wall BC, N, = N, =80

norm vel Velocity vector
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