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Summary of Classical Model Order Reduction

Context: Parametric PDE

Ocu(x, t; p) + L(u(x, t; p); p) =0 + BC +IC uveRY

Proper orthogonal decomposition (POD)
Linear Subspace Ansatz

INPUT: Collection of functions {f;}

Ngg »
e Suppose that u(p) = > i(p)ei OUTPUT: Reduced basis spaces
o Nrg <K N N
RB = argmin ZHf/—PU(ﬂ)HS
MOR U|dim(U)=Npop =

o Reduced Space Vi, := (1;)N%

e Galerkin projection for j =1,..., Ngg . .
(j, i) li(p) + (1 1/1')£A'(U' w) =0 e Prescribed tolerance to stop the algorithm
jy Vi i jr Wi i\, =
e Global optimizer of the problem

e Based on SVD
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Summary of Classical Model Order Reduction

Context: Parametric PDE

Oru(x, t; p) + L(u(x, t; p); u) =0 + BC +IC ueRY

Example: Diffusion problem 0;u = Oyu
i FOM soluti
Linear Subspace Ansatz » solutions

e Suppose that u(p) = Z:V:f o (p)i

0.8

* Nrg < N
0.6
MOR >
0.4
o Reduced Space Vy, := (¢);)1R8
e Galerkin projection for j =1,..., Ngg 02

(W7, 1) Oetii(pn) + (5, 1) Li(u; ) = 0

0.0

0.0 0.2 0.4 0.6 0.8 1.0
X
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Summary of Classical Model Order Reduction

Context: Parametric PDE
Oru(x, t; p) + L(u(x, t; p); u) =0 + BC +1IC ueRY

Example: Diffusion problem 0;u = Oyu
Linear Subspace Ansatz 1 modes of POD for FOM with tolerance = 1le-12
101

e Suppose that u(p) =~ Z,{V:Rf b ()i
o Nrg < N 5 °
o
-
o Reduced Space Vy,, := (¢;)"R8 '
o Galerkin projection for j =1,..., Ngg 3
(> $1)0: i) + (3, 1) Liu; p) = 0 o]
00 02 oa 06 0 )

X
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Issues with advection dominated

e As many basis functions as positions of the

shock

e Slow decay of Kolmogorov N-width

dn(S,V) = lnf ,SuP |nf [If —gl| =

e Large RB space

ViesegeV

O(N"?)

e few parameters problem (highly non linear
dependence on parameters in linear ROM)

e Reduced linear space ansatz is WRONG!
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FOM solutions

i X 07 0

o

245 modes of POD for FOM with tolerance = 1e-05

o




Issues with advection dominated

2D Example

Double Mach Reflection, time = parameter
FOM ROM Ngg = 30

D. Torlo MOR for advecti

>minated prob
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| parametric hyperboli ms, e.g. Euler ions of nami

Otp+Vx-m=0 in P x Q,
Om+ Ve ("M 4 pl)=0 InPxQ,  p=(y—1)(E—3m}/p),
OHE+ Vi (Z(E+p) =0 inPxQ,

e p,m, E non linear dependence on p ! Offline:
e 1 can influence boundaries, flux, initial conditions e POD
o Greedy
. Em
e Why: many physical applications to fluid equations Online:
e Classical solvers: FV, FEM, FD, RD (Slow for * Galerkin projection
high—resolution). e Neural Networks
e Many query task (UQ, optimization, etc.) e Other Regression
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Possible solutions and research directions

Some possibilities to incorporate the advection into RB framework

Freezing Ohlberger, M. and Rave, S.

Shifted POD Reiss, J., Schulze, P., Sesterhenn, J., Mehrmann, V., Demo, N., Burela, S., Krah, P.
Lagrangian basis method Mojgani, R. and Balajewicz, M.

Advection modes by optimal mass transport lollo, A., Lombardi, D., Mula, O., Taddei, T.
Calibration (also 2D non—periodic boundaries) Cagniart, N., Stamm, B. and Maday, Y., Crisovan, R. and Abgrall, R.
Online adaptive bases and samplings Peherstorfer, B.

Gradient-preserving DEIM Pagliantini, C.

Transport Reversal Rim, D., Moe, S. and LeVeque R. J.

Registration method Taddei, T., Ohlberger, M., Kleikamp, H.

Optimization based implicit feature tracking Zahr, M., Mirhoseini, M.A.

Preprocessing reduced basis Karatzas, E., Nonino, M., Ballarin, F., Rozza, G. and Maday, Y.

Manifold learning via Neural Network, convolutional autoencoders Carlberg, K. and Lee, K.; Lye, K., Mishra S. and Ray,
D.; Fresca, S., Dedé, L. and Manzoni, A., Venkat, S., Smith, R.C., Kelley, C.T.

Dynamic Modes Lu, H. and Tartakovsky, D. M.

Dynamical Low Rank Kazashi, Y., Nobile, F., Trigo Trindade, T., Vidlickova, E., Ceruti, G., Kusch, J., Einkemmer, L.,
Frank, M.

Graph Neural Network Pichi, F., Moya, B., Hesthaven, J.
Sinkhorn Loss and Wasserstein Kernel Khamlich, M., Pichi, Rozza, G.
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Transfomation of the domain

Geometry map T

T:PxR—Q

e 3T 1:P xQ— R such that
o THu|(T[u](})) = % for x € R o un(THl(%), p) = ¥(X), YneP,XeR
o Tul(THul(x)) = x for x € Q

10 — p=03 10 —m — p=03
— p=03 — p=03
— p=0.4 — p=0.4
0.8 — p=0.4 0.8 — p=0.4
— p=05 — p=05
— p=05 — p=05
—— p=0.6 —— p=0.6
06 —— p=06 06 — p=06
— p=0.7 —— p=0.7
—— p=0.7 - —— p=0.7
04 04
02 02
0.0 0.0
0.0 02 04 06 08 10 0.0 02 04 06 08 10
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Control points and free coordinates

Reference domain R

Physical domain Q

_ (Wi, Wia) (W34, W34) (W34, W34) (Wi, wi,) -(Wzl.zw w3 ) ‘_(W31,47 !
Ya L ]

1 1 S 12
_ (Wi, W%,s) (W33, W%,3) (W33, W§,3) (wiz, wis B 5 '( 1 2.)
3 Wy 3, W 3) W33, Wss

10

1 1 S wy,, w
7 (Wi, Wio) (W32, W35) (W3, w32) P (w0, wi.2) (wWho,wi,) '(W31,27 w3,)
_ (Wi, Wis) (W31, W3,) (W31, W3,) (wi, wiy) ‘_(W31,17 w;,)
yi '(Wl 2 L

| | | 2,15 W2,1)
X1 X2 X3

e Control points w

e Free coordinates w

8/ 36
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e Find map T{w(p)]: R — Q(p)

o Tlw(p)(wi;) = wi,

e Regular in space T[w(u)] € CH(R,Q(u))

o Invertible and regular T ![w(u)] € C*(Q(u), R)
e Regular in parameters T € C'(W,C (R, Q(n)))



Piece-wise Cubic Hermite Polynomials (PCHIP)

P P PCHIP
1.01 1.01
0.8 0.8 1
0.6 0.6 1
0.4 1 0.4 1
0.2 0.2
X X XX B
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Q R R

Properties in 1D

e Polynomials
e Monotone
e Easy to differentiate (for ALE formulation)
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Piece-wise Cubic Hermite Polynomials (PCHIP)

TIw(pw)(%, ¥ :=(TX[W(N)](?< ), T w(w)(%, 9)),

(W34, W3,4)

(W3, W3 3)

(W32, W35)

(W31, W34)

T w(p)](%, 7) = ZW )P (%), Reference domain
7 (WI,M Wis)
My 5 (W5, Wis)
T w(w](%,5) =Y _ % (&)PL)- g
k=1 B
2D Extension P it

e Pj is a PCHIP interpolating {wa1 o wél Z(I.,L)}le a5

(Wi, wis)

e P} is a PCHIP interpolating {w; ,,,, wi ozz(l"”)}

ar= =17

X2 X3

Physical Domain

(WQ].% W22,4)

(wis,wis)

v/(-) is a PCHIP interpolating {W?2, o, 00y, } 2

Qp= 1) L

(wiz, wi2)
L

Y{(-) is a PCHIP interpolating {WY, ., ay .k}t

al= =17

(W11,1=W12,1)

e Convex combinations;

w35, w3 3)

T W™ (W)(%, 9 = Way 0,) = F’éz(*)'
T W (W)](% = Way 0y, §) = PL (9)-

D. Torlo  MOR for advection dominated prc
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(w31, W22,1)

(Wha, W3)
(W}3, W3 3)
(W32, W3 2)

(W31, W31)

(W}l,4~ W32,4)

(w33, w35)

.(Wzl,QaW322)

(w31, w3,)




Piece-wise Cubic Hermite Polynomials (PCHIP)

Control points on Q

Constraints on control points!

Transformation of hor/vert lines on Q

1.0 Py P e | 101 Py P— P

0.8 0.8

0.6 0.6

0.4 0.4

0.2 0.2

0.0 ® | 0.04 °
0s 10 15 20 25 30 35 40 0s 10 15 20 25 30 35 40

1.0 Py e | 101 PP — P

0.8 0.8

0.6 0.6

0.4 4 0.4+

0.2 0.2
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What do we need to apply the transformation?

What do we have?

. . . . If-similar solution
o Simulations for different parameters/times ‘Se similar solutions

What do we need?

e Control points w(p) for each parameter/time

e Optimize the registration of the solution
e If possible u( T[p](X), ) ~ u(x) with x € R
e If not possible, new manifold should be easily
reproducible 0 02 04 06 038 1
o M= {u(T[p](-), )Y} : INgs < N sit. b%
u(T[u](R), ) ~ D00 i(p)un(%)

Density
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What do we need to apply the transformation?

What do we have? " I |
. . . . uasi self-similar solutions
e Simulations for different parameters/times Q‘ T T T

What do we need? 1
e Control points w(p) for each parameter/time

Goal? 0.5 L 1

e Optimize the registration of the solution

e If possible u( T[p](X), ) ~ u(x) with x € R

e If not possible, new manifold should be easily ol
reproducible

o M= {u(T[u](-), p) Y} : INgs < N s.t.
u( T[] (%), 1) & S8 ()i (%)
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Optimization for self-similar solutions

Minimization functional

Vit € Ztrain M,(’rln)ienRQ||u(T[w(u)]('); 1) = Glli2r) + g||5'uw(l‘*)”§2(73)+
5 max (max { [V Tw(u)]®). [V T w(]x)][}) .

constrained to det(V T[w(p)](%)) >0 VX € R, w(p) does not switch order, w(u) € R.

Algorithm

® Zinin iS a training set of parameters e Choose T
e Abuse of notation T[w(u)] = T[y] e For all p € Zirain solve minimization with
e 0? Typically one representative parameter © Sequential Least SQuares Programming
2 (SLSQP) scipy.optimize.minimize
® ||auw(ﬂ)||e2(7:~) how to compute? o Initial guess the closes parameter already
Approximation with previous parameters computed control points

or advection dominated problems

MO
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Optimization for quasi self-similar solutions

Desiderata minimization functional

. 0
e i, 2 N(TIwGa)IC): ) = M o TIw()]O): 1)y + 510w (o) ry
i HEZtrain

& max (max { [V TIw(] (3], |

VT w()](0)]]})

with Veop := POD ({u(T[w(p)](-); #)}uezn)
constrained to det(VT[w(u)](%)) >0 VX € R, w(u)does not switch order, w(u) € R.

e Minimization on all parameters all together e Dimension of minimization problem is too

e No reference solution large

e Projection onto reduced space generated by e The functional depends on a POD to be
the calibrated solutions solved at each iterative step

D. Torlo MOR for advection dominated problems

13/ 36



Optimization for quasi self-similar solutions

Compromise minimization functional (few parameters)

min Z u(TIw(p)(); 1) = Mupop u(TIW(RC): #)ll2(r) + 5 ||8uW(M)IIe2(7>)+

w(Zfew) €RQX Nrew

€Zfew

«
— maXx (
x€Q

° “lwl)]})
with Veop 1= POD ({u(T[w(p)](-); )} puezr,)

Compromise minimization functional (all parameters)
- ) 5
Vit € Zerain W(T)!’Ro””(T[W(”')]('); 1) = Mvpop, t( TIW()](); )2 + 510w Iz )+

“Hw()])][})
with Veop := POD ({u(T[w(p)](-); #)}uez.)

(67
7 max (
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Summary

What we did?

e Compute FOM for various gt € Ztrain

e Find w(p) for each p with optimization

e For all i € =¢rain we know how to calibrate

e Now, {u(T[w()](), )} ez, is decently reducible!!

What is missing for the online phase?

e Knowing w(p) for a new parameter

e Reduction of calibrated solutions

e



Learning w

- Properti
Artificial Neural Network

e Minimization constraints cannot be fulfilled

e Use calibrated w to get an estimator w(u)
e Enforcing w;j < wii1j, learning positive

e ANN with 4 hidden layers, 16 neurons each, - N L=
tanh activation quantities wj1,; — w;; with (positive) Softplus
final activation function
1% hidden layer L™ hidden layer
input layer O output layer
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POD-NN

Offline phase

e POD ({u(Tpl(); )} pezian) =t Vings
e Projection onto Vi,

(wj,’(/}i)f/i(ll) = (wjv U(T[N]('); /"')) i=1,...,Ngs, M € Ztrain

e Learn the map p — i(p) for all i =1,..., Ngg.

(POD)-Neural Network

e Same architecture as for learning w

e 4 hidden layers
e 16 neurons each

e tanh as activation function

VR D Torlo  MIOR for advection dominated problems
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hock ' n rameters only tim nden

Euler Equations

Oep + Ox(pu) =0

B:(pu) + dx(pu? + p) =0
O:(pE) + Ox(u(pE + p)) =0
+EOS: E= o0 + &

Riemann Problem: Sod Shock tube
T
P\_ @ oo if x < 0.5
» (01 0 0125) ifx>05
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hock ' n rameters only tim nden

Euler Equations

Otp + Ox(pu) =0
B:(pu) + dx(pu® +p) = 0
O:(pE) + Ox(u(pE + p)) =0

. E_ _p u?
+EOS: E= i+ 5

Riemann Problem: Sod Shock tube 041

0.2+

i 1o 1) if x < 0.5
ul| = ' ' ' : : :
. (01 0 0125)" ifx>05

Time 0

1.04

0.8

0.6
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+EOS: E= i+ 5

Riemann Problem: Sod Shock tube 041

0.2+

i 1o 1) if x < 0.5
ul| = ' ' ' : : :
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1.04
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hock ' n rameters only tim nden

Euler Equations

Otp + Ox(pu) =0
B:(pu) + dx(pu® +p) = 0
O:(pE) + Ox(u(pE + p)) =0

. E_ _p u?
+EOS: E= i+ 5

Riemann Problem: Sod Shock tube 041

0.2+

i 1o 1) if x < 0.5
ul| = ' ' ' ' : :
. (01 0 0125)" ifx>05

Time 0.0800801

1.04

0.8

0.6
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hock ' n rameters only tim nden

Euler Equations

Time 0.12012

1.04

Otp + Ox(pu) =0
B:(pu) + dx(pu® +p) = 0
O:(pE) + Ox(u(pE + p)) =0

. E_ _p u?
+EOS: E= i+ 5

Riemann Problem: Sod Shock tube 041

0.2+

0.8

0.6

A_[@ o if x < 0.5 ' ' ' '
» (01 0 0125) ifx>05 e e

20/ 36 D. Torlo




hock ' n rameters only tim nden

Euler Equations

Otp + Ox(pu) =0
B:(pu) + dx(pu® +p) = 0
O:(pE) + Ox(u(pE + p)) =0

. E_ _p u?
+EOS: E= i+ 5

Riemann Problem: Sod Shock tube 041

0.24
A_[@ o if x <05 ' ' ' —\—
(01 0 0125) ifx>05 | ' | | |

p

Time 0.158158

1.04

0.8

0.6
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Transformations and calibration

Artificial Neural Network Softplus

1.0 — u_hat78 091 — data thetao
—— u_hat65 —— data thetal
—— u_hat52 0.8{ — data theta2
— u_hat39 —— data theta3
0.8 —— u_hat26
—— u_hat13 0.71
0.6 0.6 4
0.4 031
0.44
0.2 4
0.34
0.0 0.2 0.4 0.6 0.8 1.0 0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200

time
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Results: online with POD-NN

Singular values decay for original problem (blue)
and transformed problem (orange)

Multilayer Perceptron Regression for 6

) back
10° 4 1.0 4
0.8 {
[
10 0.6
0.4
10-2 4
0.2 1
S —
1074 4 00 02 Odeferencd s 08 10
1.0 { .
—— original
1076 4 0.8 —— projected
06 —— predicted
1078 0.4
0.2 1
10-10 4
0.0 0.2 0.4 0.6 0.8 10
T T T T T T
0 10 20 30 40 50

MOR for ad:
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Parameter dependent Sod: Eulerian vs ALE

Parameters

o pL €[0.7,1.3], pr = [0.1,0.15]
e p €[0.7,1.3], pg = [0.05,0.15]

Eulerian approach

ﬂ —— Original

—— projection

1o —— prediction
0.8
0.6
0.4
0.2

T T T T T T

0.0 0.2 0.4 0.6 0.8 1.0
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Parameter dependent Sod: Eulerian vs ALE

Physical Domain

Parameters 1.0 1
e p. €[0.7,1.3], pr = [0.1,0.15] 084
e p. €[0.7,1.3], pr = [0.05,0.15] 06 |
Eulerian approach 0.4 4
—— Original 0.2 1
1.0 1 —— projection
—— prediction 0.0 0. 0.4 06 . 08 1.0
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1.0 —— original
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Parameter dependent Sod: Eulerian vs ALE
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Parameter dependent Sod: Eulerian vs ALE

o pL €[0.7,1.3], pr = [0.1,0.15]
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Parameter dependent Sod: Eulerian vs ALE

Parameters

Physical Domain

1.0
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Parameter dependent Sod: Eulerian vs ALE

o pL €[0.7,1.3], pr = [0.1,0.15]
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Parametric Sod: POD eigenvalue decay

Parametric Non parametric

—— Eul POD p
- —-- Eul POD m
Eul POD E
—— ALE POD p
--—--ALE POD m
ALE POD E

Eigenvalue

Figure: Sod 1D: Eigenvalue decay of the PODs (normalized to have A\; = 1) non parametric (left) and
parametric (right)

1

ion dominatec
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Parametric Sod: POD basis

Eulerian approach

ALE approach

Figure: p (left), m (center) and E (right), with 7pop = 10™* and NEZX =7
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Double Mach reflection 2D

BB  / = fl Non parametric DMR

e Oblique shock hitting the bottom wall

as

= ® pp =8, |u|=825 arctanu= %, p. =
° ' ’ ’ ! 116.5

° PR=1-47 UR=0,VR=O,pR=1

v . % : = - g Parametric DMR

e Oblique shock hitting the bottom wall

® pp =8, |y | =8.25, arctanu €
[0.1,0.675], p, = 116.5

H : ' : e pr=14 ur=0,vg =0, pr =1

D. Torlo
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Double Mach reflection 2D

Non parametric DMR Parametric DMR
I I I ! I I I !
100 [ —— Eul POD 10° | —— Eul POD |
—— ALE POD —— ALE POD
3 1072 2 1072
T a
2 2
[ [
oo 8o
in] i}
107% - 1074 -
10-6 | | | | 10-6 | | | |
0 5 10 15 20 0 5 10 15 20

N
Figure: DMR: Eigenvalue decay of the PODs (normalized to have A\; = 1), non parametric on the left,
parametric on the right

on dominated prc
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D le Mach reflection 2D (n rametric): calibration

o 1 2 3 a 13 1 2 H a

Figure: FOM solution for p for DMR non parametric at times 0.05 (top), 0.15 (center) and 0.25 (bottom) in the
physical domain Q (left) and, after calibration, in the reference configuration R (right). We mark on the plots
the control points and the Cartesian grid that links them in the reference domain and its image through T on
the physical one.
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Double Mach reflection 2D (not parametric): error

10° — -
F 4 | —e— EulPOD N =2
i 1 | —+— Eul POD N =4
= -~ |—— EulPODN=7
3 - | —e— EulPOD N =12
L —e— Eul POD N = 30
N —s— ALEPOD N =2
£ 107 | |—— ALEPOD N = 4
w - |
I 1 |—— ALEPOD N =7
I | | —e— ALE POD N =12
I 1 | —e— ALE POD N = 30

Time

Figure: DMR non parametric: Error in time of reduced methods with different number N of modes

dominated
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Double Mach reflection 2D (non parametric): simulations

ALE N =2 Elerian N =30

o 1 2 3 a 13 1 2 H a

Figure: DMR non parametric: ROM solutions for p in Q at times 0.05 (top), 0.15 (center) and 0.25 (bottom).
Left column: ALE ROM solution with N = 2. Right column: Eulerian ROM solution with N = 30.

1
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Double Mach reflection 2D (parametric): simulations

Parameter 5 = 0.225

10 10

] 1 2 3 3 ° 1 2 3 3

Figure: DMR parametric FOM solution for p at times t = 0.096, t = 0.148 and t = 0.2 (top to bottom) in the
physical domain Q (left) and, after calibration, in the reference configuration R (right).

1
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D le Mach reflection 2D rametric): simulation

20

] 1 2 3 3 ° 1 2 3 3

Figure: DMR parametric FOM solution for p at times t = 0.096, t = 0.148 and t = 0.2 (top to bottom) in the
physical domain Q (left) and, after calibration, in the reference configuration R (right).
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Double Mach reflection 2D (parametric): error

Projection Error POD-NN Error

—=— EulN=2
—+— EulN=6
—o— Eul N =12
—e— Eul N =20
—o— Eul N =40
—8— ALEN =2
—a— ALEN =6
—— ALE N =12
—e— ALE N =20
—e— ALE N =40

0 5.10"2 0.1 0.15 0.2 0 5.10"2 0.1 0.15 0.2
Time Time

Figure: DMR parametric: Error in time of reduced methods with different number N of modes. Parameter in
test set 8 = 0.675

dominatec

32/ 36



Triple point (non parametric)

Q=[0,7] x [0,3] 2
W =10,1] x [0,3], NE = [1,7] x [1.5,3], 2 .
SE =[1,7] x [0,1.5], = 650
(pw > uw, v, pw) = (1,20,0,1), x € W, ’ 745
(pNE, UNE, VNE pNE) = (0.].257 0,0,0.].)7 x e NE, -~ 6.40
(pSEa Usg, VSe, pSE) = (170?0’ 0'1)’ x € SE. I 535
%0 430
. Time=0.083 . 325
2 2 2.20
20 " 115
s n 0.10

D. Torlo  MOR for ad
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Triple Point Non-parametric: Simulations Ngg = 7

Time = 0.1275
ALE ROM
S

FOM with control lines

9.55

8.50

7.45

ominated problems



Triple Point Non-parametric: Simulations Ngg = 7

Time = 0.25

ALE ROM

inated problems

9.55

8.50

7.45

6.40
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Extensions and limitations

e Beginning of the simulation still tricky (singularity not handled)

e Chaotic simulations

Extrapolatory regime

Delicate optimization

Extensions

e ALE online solver
e Local ROM for different regimes
e Comparison with completely nonlinear ROMs
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Extensions and limitations

Limitations

e Beginning of the simulation still tricky (singularity not handled)

e Chaotic simulations

Extrapolatory regime

Delicate optimization

Extensions

e ALE online solver
e Local ROM for different regimes
e Comparison with completely nonlinear ROMs

Thanks for the attention!
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ALE calibration formulation

ALE formulation

o . dx d dx dv OT _
Oeu(x, p, t) + VF(u(x, p, t); p) = 0 = av(xd-"a t) + d——F(V,H) T X dROr

x dx
v(%, s t) i= u(T[p](%), 1, t)
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Graph Neural Network on vanishing viscosity solutions arxiv:2308.03378

FOM u, k = 0.05 ROM u, k = 0.05 Difference FOM-ROM u with x = 0.05
009+00 0.2 0. 3 0405 0 6 0 7 0.8 1.0e+00 0.0e+00 0.2 0.3 0.4 0.50.6 0.7 0.8 1.0e+00 -4.4e-02 0 0.020.040.060.08 1.2e-01
FOM u, & = 0.01 ROM u, x = 0.01 Difference FOM-ROM v, = 0.01
_ _
0.0e+00 0.2 0. 3 0405 0 6 0 7 0.8 1.0e+00 0.0e+00 0.20.3 0.4 0.50.6 0.7 0.8 1.0e+00 -1.5e-01 0 01 02 03 04 54e01
FOM u, v = 0.0005 ROM u, x = 0.0005 Difference FOM-ROM u, x = 0.0005
—
_
009+00 0.2 0. 3 0405 0 6 0 7 0.8 1.0e+00 0.0e+00 0.20.3 0.4 0.50.6 0.7 0.8 1.0e+00 -19e01 0 02 04 06 08 1.1e+00
FOM u, x = 0.0005 GNN u, x = 0.0005 Difference FOM-GNN u, x = 0.0005
_

0.0e+00 0.2 0.3 0.4 0.50.6 0.7 0.8 1.0e+00 0.0e+00 0.20.3 0.4 0.5 0.6 0.7 0.8 1.0e+00 -1.1e+00 08 06 04 -02 0 19e01
| T . T

l
H
I

Figure: VV. Scalar concentration advected by incompressible flow for i = 99. Comparison of ROM approach at
different viscosity levels « € {0.05,0.01,0.0005} and GNN for k = 0.0005.
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https://arxiv.org/abs/2308.03378

Residual Distribution

e High order

e FE based

e Compact stencil

e Explicit

e Can recast some other FV, FE, FD, DG schemes !

IR. Abgrall. Computational Methods in Applied Mathematics, 2018
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Residual Distribution

e High order
e FE based
e Compact stencil
e Explicit
e Can recast some other FV, FE, FD, DG schemes !
OU+V-F(U)=0 (1)
Vi = {U € L*(Q4,R%) N C°(Q4), Ulk € P*, YK € Q4}. 2)
U= > Uspo = > > Usgolr ®3)
oEDN KEQy oK

IR. Abgrall. Computational Methods in Applied Mathematics, 2018

D. Torlo

MOR for advection dominated problems
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Residual Distribution - Spatial Discretization

1. Define YK € Q4 a fluctuation term (total residual) ¢* = fKV- F(U)dx
2. Define a nodal residual ¢X Vo € K :

¢ = o, VKe, (4)
geK
3. The resulting scheme is
Usrtt — Ut + At Z oK =0, Voe Dy. (5)
KloeK

D. Torlo

MOR for advection dominated problems
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Residual Distribution

e High order

e Easy to code

e FE based

e Compact stencil

® No need of Riemann solver

e No need of conservative variables

e Can recast some other FV, FE schemes

D. Torlo MOR for

dvection dominated prc
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Residual Distribution

e High order

e Easy to code

e FE based

e Compact stencil

® No need of Riemann solver

e No need of conservative variables

e Can recast some other FV, FE schemes

o:U+V-AU) = S(U) (6)
Vi = {U € L*(,R°) N C°(Q4), Uk € P*, YK € Q4}. (7
Uh = Z Uo-SDo- = Z Z UG'(PG|K (8)

o€Dpr KeQy oeK

D. Torlo

MOR for advection dominated problems
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Residual Distribution - Spatial Discretization

Focus on steady case.
1. Define YK € Qy, a fluctuation term (total residual) ¢ = fK V- A(U) — S(U)dx

2. Define a nodal residual ¢X Vo € K :

$ = of, VKeQ, (9)

geK

Often done assigning ¢X = X ¢*, where must hold that

> B =1d (10)
oeK
3. The resulting scheme is
D ¢5=0, VoeDy. (11)

KloeK

This will be called residual distribution scheme.

D. Torlo

MOR for advection dominated problems
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Residual distribution - Choice of the scheme

How to split total residuals into nodal residuals = choice of the scheme.

SIUF (Up) = / 0o (V- A(Un) — S(Un)) dx + a(Us — Up),

K

U,’,(:/Uh, ak = maxK(ps(VA(Uh)-ne)),
K

e edge €

B OfLF q;,JK;LXF -t
Be (Up) = max 7,0 Zmax oF ,0 , (12)

[
K,LxF |’
Djex 197

o5 =Beo+ Y on /[vuh]-[v%]dr-

eledge of K

07" = (1-0)3sr by + 005", 6=

D. Torlo
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Error estimator

Additional hypothesis:
e |d + AtL is Liptschitz continuous with constant C > 0,
e There are Ng,, extra functions and functionals that capture the evolution of the solutions.
(experimentally not so strict),
e Initial conditions are exactly represented in the reduced basis RB.

Total error estimator:
e EIM error, estimated by other N, basis functions f and functional T iterating the EIM procedure
after the stop, cost O(Ngy),
e RB error given by the Lipschitz constant times residual of the small system,

e additionally one can add the projection error of the initial condition when not in RB.

D. Torlo MOR for ad
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Empirical interpolation method (EIM)

INPUT: L"(U", u, t"), for p € Ph, n < N,
OUTPUT: EIM = (7%, fi)rE™ where functions f, € RN and 74 € (RV)' (Examples of 74 are point
evaluations)

e Greedy iterative procedure

e At each step chooses the worst approximated function via an error estimator
LMt = arg max £ — Zkf”"’ (L) ||

chosen

e Maximise the functional 7 on the function £"* 7 = arg max |7 (L""™)]
T

e EIM = EIM U (Tchosen, Lworst)

e Stop when error is smaller than a tolerance

D. Torlo MOR for ad

dominated prc
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Proper orthogonal decomposition (POD)

INPUT: Collection of functions {f}",

OUTPUT: Reduced basis spaces RB = argmin ZJN:1 [1f; — Pu(f)|l2
U|dim(U)=Npop

e Based on SVD
e Prescribed tolerance to stop the algorithm

e Global optimizer of the problem

D. Torlo

MOR for advection dominated problems
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Greedy algorithm

INPUT: Collection of functions {f}},
OUTPUT: Reduced basis space RB

e There is an error estimator (normally cheap) egg(f) ~ ||f — Pra(f)||

f worst

e lteratively choose the worst represented function = arg max egs(f)
f

e Add " to the RB space

e Stop up to a certain tolerance

D. Torlo

MOR for advection dominated prc
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MOR: Ingredients

e Discretized solution upn(-,t, ) € Vi for t e RT p e P
e Solution manifold: S := {un (-, t, ) € Vi : t € R, u € P}

e Ansatz:
S~ VNRB C VNy NRB < N (13)
e Example: diffusion equation u¢ + piuw = 0 with ug = sin(x)
FOM solutions 1 modes of POD for FOM with tolerance = le-12
1o 10
0.8 2 s
o
k]
0.6
g 6
S 2
o
04 @ a
Q
o
0.2 8 R
0.0 0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

Figure: POD on a diffusion problem
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MOR: Ingredients

Problem:
U™ () — U"(p) + LU, p) =0, U U™ eVy (14)
Objective:
D o u (w)vke — w()vke + Y L(0", m)voks = O, (15)
i=1 i=1

w;?B € Var,u", u™t e Vg

e EIM = non-linear fluxes and scheme L'(u”, u)
e POD = create the RB space and span the time evolution
e Greedy = span the parameter space

36/ 36 D. Torlo
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Proper orthogonal decomposition (POD)

INPUT:

e Collection of functions {E}JNzl

OUTPUT:

¢ Reduced basis spaces Vy,, = argmin ZN_l [|fi — Pu(f)ll2
Uldim(U)=Npop —*

ALGORITHM:
e Based on SVD of matrix {f}};

We obtain (ordered) singular values and vectors

Retain most energetic (largest singular value)

Prescribed tolerance to stop the algorithm or maximum number of basis

Related singular vectors gives V,

Global optimizer of the problem

D. Torlo

MOR for advection dominated prc
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Greedy algorithm

Greedy algorithm
INPUT:
e Collection of functions {f;}};

o Cheap error estimator egg(f) ~ ||f — Pra(f)||

OUTPUT:
e Reduced basis space Vy,

ALGORITHM:

o lteratively choose the worst represented function f“°"*

= arg max ega(f)
f

o Add f*°"* to the Vy,, space
e Stop up to a certain tolerance
e Not globally optimal, but locally optimal at each iteration (Greedy)

D. Torlo MOR for advection dominated problems




Empirical interpolation method (EIM)

Empirical interpolation method (EIM)

INPUT:
o L"(U", u, t"), for g € Ph, n < N

OUTPUT:

o EIM = (7x, i) pE™ where functions f, € RV and 74 € (RV)’
(7x, fx) are often caIIed magic points and functions, where 7 are function evaluations

ALGORITHM:
e Greedy iterative procedure
o At each step chooses the worst approximated function via an error (estimator)

Lt = arg max || £ — ZNE’M (L)

chosen

e Maximise the functional T on the function £"*" 7 = arg max |7 (L")
T

EIM = EIM U (7_chosen7 l:worst)

Stop when error is smaller than a tolerance

D. Torlo MOR for ad

ection dominated prc
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Offline Algorithm: PODEIM—Greedy 2

PODEIM—Greedy

INITIALIZATION:
e EIM on L£(U", po, t") for n < N,
* Vg = POD({U"(10)}1%)
ITERATION:

e Greedy algorithm spanning over the parameter space Py, with an error indicator e(U(x)) where
U(p) € RY x RT

Choose worst parameter as p* = argmaxe(U(u))
HEP)

Apply POD on time evolution of selected solution POD,qsy = POD ({ U"(/.L*)},’Y;I)
Update the V., with V., = POD (Vg U POD,qd)
Update EIM basis function with E/Mspace = EIMspace U EIM({L(U", p*, t")}"N;0

2B. Haasdonk and M. Ohlberger, in Hyperbolic problems: theory, numerics and applications, vol. 67, Amer. Math. Soc.,
2009.

D. Torlo
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Online algorithm: PODEIM-Greedy

Reduced Order Model system

Solve the smaller system:

Ngg Nerg Neim
D (@ () = w0 ())vke + Y > T(L(U", 1)) Mre,i(6)ks = O
i=1 i=1 j=1

e Mgg,i(f;) are the projection on Vy,, of the EIM functions: offline

e 7;(L(U", 1)) are inexpensive to compute, but depend on the method (for RD ~ O(d))
® MOR cost O(N;:NrgNgm) vs FOM cost O(N:N)

e Gain if Ngg, Nem < N

e Error estimator

ERRP ©- "o IOR for advection dominated problems



Learning of 6

Calibration map

e O(u) tells us where a feature is (maximum point, steepest gradient)
e How to choose it? (second part)

e How to learn the map? (Offline we want to know the map in advance)

Offline: optimization of s on a training sample

e Generation of a regression map 6

Piecewise linear regression for every timestep t”

o |f parameter domain is a grid = Easy, fast
e Non-structured parameter domain = Different algorithms, may be costly
o Precise if |Ps| ~ s” with s big enough

e May not catch the nonlinear behavior and produce unreasonable results

D. Torlo MOR for advection dominated problems
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Learning of 6

Calibration map

e O(u) tells us where a feature is (maximum point, steepest gradient)
e How to choose it? (second part)
e How to learn the map? (Offline we want to know the map in advance)

Offline: optimization of s on a training sample

e Generation of a regression map 6

Polynomial regression
e Hyperparameter p

e Risk of overfitting

P
e Can easily catch the nonlinear (polynomial) O(p, t) ~ E : Bat™® Hujﬁ
b
behavior e P '
e Number of coefficients grows exponentially

with p

D. Torlo

MOR for advection dominated problems
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Learning of 6

Neural networks

e Why? Naturally nonlinear, we may not have a structured dictionary
e Which one? Multi-layer-perceptron, N layers ([4,10]), M, nodes ([6,20])

Multilayer perceptron
1° hidden layer L™ hidden layer
input layer

O

36/ 36 D. Torlo
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Travelling wave, time evolution solution

FOM solutions

0.4 0.6 0.8 1.0

Figure: Solution of advection equation O:u + Oxu = 0 with gaussian IC
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Travelling wave, POD

13 modes of POD for FOM with tolerance = 1e-05

0.0 0.2 0.4 0.6 0.8 1.0

Figure: Solution of advection equation with wave IC
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Travellin

36/ 36

hock, time evolution solution, little diffusion
1.0 Original solutign ‘
— timestep=0
— timestep=97
osl — timestep=194 ||
— timestep=291
— timestep=388
timestep=485
0.6¢ — timestep=582 ]
— timestep=679
— timestep=776
0.4} — timestep=873 |
— timestep=970
0.2f J
0'%,0 017 014 0.6 013

Figure: Solution of advection equation with shock IC
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Travelling shock, POD, little diffusion

20 21modes of POD for original with tol = 1e-05

10

=10}

20}

30}

—40 . . . .
0.0 0.2 0.4 0.6 0.8 1.0

Figure: POD of time evolution of advection equation with shock IC
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Travelling shock, time evolution solution, no diffusion

FOM solutions

1.0
— t=0.0
— t=0.06
0.8} — t=0.12] {
— t=0.18
— t=0.25
0.6} 1
0.4} 1
0.2} il
0.0 ‘ ‘ ‘ ‘
0.0 0.2 0.4 0.6 0.8 1.0

Figure: Solution of advection equation with shock IC
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36/ 36



Travelling shock, POD, no diffusion

245 modes of POD for FOM with tolerance = 1e-05

20
10} i
J
-10f i
—20} i
30} i
405 07 0 06 0R 1.0

Figure: POD of time evolution of advection equation with shock IC
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Common problems and properties

e As many basis functions as positions of the shock
e Slow decay of Kolmogorov N—-width

= _inf f I —
(S, V) :=inf sup inf [If — gl

e Non linear dependency leads to big EIM and RB space

e 1/2 parameters problem (highly non linear dependence on parameters)

D. Torlo  MOR for advection dominated prc
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Advection: traveling wave

us + poux = 0, D =[0,1], Tmax = 0.6, periodic BC
uo(x, p) = e,m(x,m)Z
po ~ U([0,2]), p1 ~ U([500, 1500]), 12 ~ U([0.1,0.3])

Without calibration With calibration: Regressions
1044 o ~— Neural network
‘\ . ey ~ =~ Piecewise Interpolation
10° 4 NN —:- Poly degl
Ao N e Poly deg2
102 4§ \N\ zN —— Poly deg3

X . === Poly deg4
Poly deg5
Poly deg6é

—— Threshold 5dx

Training set
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Advection: traveling wave

us + poux = 0, D =[0,1], Tmax = 0.6, periodic BC
uo(x, p) = e,m(x,m)Z
po ~ U([0,2]), p1 ~ U([500, 1500]), 12 ~ U([0.1,0.3])

Without calibration With calibration: Poly2
Error of greedy algorithm Error of greedy algorithm
10° 5
1071 4
8 10724
o
1073 4
—>— Max error indicator 10-3 —%— Max error indicator
—— Max error —— Max error
—— Average error —— Average error
1073 T T T T T T T
20 25 30 35 40 45 50 1.0 15 2.0 25 3.0 35 4.0
Dimension Reduced Basis Dimension Reduced Basis




Advection: traveling wave

us + poux = 0, D =[0,1], Tmax = 0.6, periodic BC

uo(x, p) = e Hilx—k2)

pio ~ U([0,2]), i1 ~ U([500, 1500]), 2 ~ U([0.1,0.3])

Without calibration

With calibration: ANN

Error of greedy algorithm

100 5
107 4
8 102 |
o
1073 4
—%— Max error indicator
~—— Max error
—— Average error
10744

20 25 30 35 40
Dimension Reduced Basis

MOR for ad:
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1073

Error of greedy algorithm

—%— Max error indicator
~—— Max error
—— Average error

2 4 6 8 10 12
Dimension Reduced Basis




Advection: traveling wave

us + poux = 0, D =[0,1], Tmax = 0.6, periodic BC
uo(x, H) — e*m(X*Mz)2

pio ~ U([0,2]), i1 ~ U([500, 1500]), 2 ~ U([0.1,0.3])

Without calibration ‘ With calibration: Poly2
RB dim 52 RB dim 4
EIM dim 54 EIM dim 7

FOM time 191 s FOM time 516 s
RB time 24 s RB time 18s

RB/FOM time | 12% RB/FOM time 3%

D. Torlo
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Advection: traveling wave

us + poux = 0, D =[0,1], Tmax = 0.6, periodic BC
uo(x, H) — e*m(X*Mz)2

pio ~ U([0,2]), i1 ~ U([500, 1500]), 2 ~ U([0.1,0.3])

Without calibration ‘ With calibration: ANN
RB dim 52 RB dim 12
EIM dim 54 EIM dim 20

FOM time 191 s FOM time 516 s
RB time 24 s RB time 38s

RB/FOM time | 12% RB/FOM time | 7%

D. Torlo

MOR for advection dominated problems
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Advection: traveling wave

ue + poux = 0, D =1[0,1], Tmax = 0.6, periodic BC

uo(x, p) =

e*m(X*Mz)z

pio ~ U([0,2]), i1 ~ U([500, 1500]), 2 ~ U([0.1,0.3])

Without calibration

With calibration: Poly2

1.0 —— FOM t=0.0000
RB t=0.0000
—— FOMt=0.1199
ogd ItV Nhha e RB t=0.1199
—— FOM t=0.2399
----- RB t=0.2399
06 —— FOMt=0.3598
[ I O O O O O A R RB t=0.3598
FOM t=0.4798
RB t=0.4798
0.4 —— FOM t=0.5997
RB t=0.5997
0.2
0.0
0.0 0.2 0.4 0.6 0.8 1.0
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1.0

0.8

0.6

0.2

0.0

—— FOM t=0.0000
- RB t=0.0000
—— FOM t=0.1500
---- RB t=0.1500
—— FOM t=0.3000
""" RB t=0.3000
~—— FOM t=0.4500
vvvvv RB t=0.4500
FOM t=0.6000
- RB t=0.6000




Advection: traveling wave

ue + poux = 0, D =1[0,1], Tmax = 0.6, periodic BC
uo(x, p) = e*m(X*Mz)z
po ~ U([0,2]), p1 ~ U([500, 1500]), 12 ~ U([0.1,0.3])

Without calibration With calibration: ANN
1.0 FOM t=0.0000 1.0 —— FOM t=0.0000
RB t=0.0000 . RB t=0.0000
FOM t=0.1199 —— FOM t=0.1499
0.8 RB t=0.1199 osd L e RB t=0.1499
FOM t=0.2399 —— FOM t=0.2998
RBt=0.2399 | | (e RB t=0.2998
06 FOM t=0.3598 06 ~—— FOM t=0.4497
: RB t=0.3598 -t Ay e RB t=0.4497
FOM t=0.4798 FOM t=0.5996
RB t=0.4798 RB t=0.5996
0.4 FOM t=0.5997 0.4
RB t=0.5997
0.2 0.2
0.0 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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Advection: traveling shock

us + poux = 0, D =[0,1], Tmax = 1.5, Dirichlet BC
p1if x < 0.354 0.05u2

uo(x, ) =
o 1) 0 else
Ho ~ U([O, 2])7 M1, 2 ~ Z/l([—l, 1])
Without calibration With calibration: Poly2

Error

= Max error indicator
—— Max error
—— Average error

1073 { =« Max error indicator
—— Max error
—— Average error

10744

0 10 20 30 40 50 60 2 4 6 8 10 12 14 16
Dimension Reduced Basis Dimension Reduced Basis

tion dominated problems
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Advection: traveling shock

36/ 36

ur + poux =0, D =[0,1], Thax = 1.5, Dirichlet BC
1 if x < 0.354 0.05u2
uo(x, p) =

0 else

Ho ~ u([07 2])7 H1, 2~ Z/{([—l, 1])

Without calibration

With calibration: Poly2

D. Torlo

RB dim 64
EIM dim 124
FOM time 49 s
RB time 9s

RB/FOM time | 18%

MOR for advection dominated problems

RB dim 17
EIM dim 22
FOM time 125 s
RB time 6s

RB/FOM time | 5%




Advection: traveling shock

us + poux = 0, D =[0,1], Tmax = 1.5, Dirichlet BC
p1if x < 0.354 0.05u2
0 else

po ~U([0,2]), pa, po ~ U([-1,1])

uo(x, p) =

Without calibration With calibration: Poly2
0.1
—— FOM t=0.0000 —— FOM t=0.0000
0.04 RB t=0.0000 , 06 RB t=0.0000
—— FOM t=0.0299 { i —— FOMt=0.0375
ol RB t=0.0299 1 S K N I A RB t=0.0375
11 — Fomt=0.0598 | 05 —— FOM t=0.0750
----- RB t=0.0598 <o RBt=0.0750
0271 FoMt=0.0897 04 —— FOM t=0.1125
----- RB t=0.0897 : -+ RBt=0.1125
=0.3 FOM t=0.1196 FOM t=0.1500
..... RB t=0.1196 03 RB t=0.1500
~0.44 —— FOMt=0.1495
RB t=0.1495 02
~0.51
o6 ] 01
-0.7 o 0.0 j—
00 02 04 06 08 10 0.0 0.2 04 06 08 1.0




Burgers sine

ur + po(t?/2)x = 0, D = [0, 7], Tmax = 0.15, periodic BC
uo(x, p) = [sin(x 4 p1)[ + 0.1
Ho ~ u([0a2])7 M1~ u([o’ﬂ-])

Without calibration With calibration: Poly3
1014 IM=33
1004
(EIM=37
107
g
frr
IM=41
1072
1034 = Max error indicator
~—— Max error
—— Average error
2.5 5.0 7.5 10.0 12.5 15.0 17.5
Dimension Reduced Basis
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Burgers sine

ur + po(t?/2)x = 0, D = [0, 7], Tmax = 0.15, periodic BC
uo(x, p) = [sin(x 4 p1)[ + 0.1
Ho ~ L{([O,2]), M1~ U([O,ﬂ'])

Without calibration With calibration: Poly3
RB dim failed RB dim 19
EIM dim >600 EIM dim 41

FOM time 167 s FOM time 444 s
RB time 0 RB time 53s

RB/FOM time oo RB/FOM time | 11%

D. Torlo
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Burgers sine

ur + po(t?/2)x = 0, D = [0, 7], Tmax = 0.15, periodic BC
uo(x, p) = [sin(x 4 p1)[ + 0.1
Ho ~ u([0a2])7 M1~ u([o’ﬂ-])

Without calibration With calibration: Poly3

0.8

—— FOM t=0.0000
061 - RBt=0.0000
—— FOM t=0.3748
----- RB t=0.3748
0.4 — FOMt=0.7496
----- RB t=0.7496
~—— FOM t=1.1245
----- RB t=1.1245
FOM t=1.4993
----- RB t=1.4993

0.2

0.0 0.2 0.4 0.6 0.8 1.0
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Buckley-l everett equation

2
u T
Oru + me = O, D= [07 1], Tmax = 0.25, pEI’IOdIC BC
uo(x, ) = 0.5+ 0.21 + 0.3p1 sin(2w(x — p1 — 0.5))

po ~ U([0.001,2]), p ~ U([0.1,1])

Without calibration With calibration: pwL
10*
10°
101 EIM=338
IM=262
. 107t
s s
& &
7 =284 107 / T EM=d 1M =43
—»~ Max error indicator 1073 4 = Max error indicator
—— Max error —— Max error
—— Average error —— Average error
5 10 15 20 25 30 35 0 5 10 15 20 25
Dimension Reduced Basis Dimension Reduced Basis
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Buckley-Leverett equation

u2

8tu+ axil‘ﬂ +‘u0(1 — U2)

=0, D =[0,1], Tmax = 0.25, periodic BC

uo(x, ) = 0.5+ 0.21 + 0.3p1 sin(2w(x — p1 — 0.5))

po ~ U([0.001,2]), u1 ~U([0.1,1])

With calibration: pwL

Without calibration®
RB dim 16
EIM dim 270

FOM time 190 s
RB time 69 s
RB/FOM time | 36%

31t does not reach the requested tolerance 103

D. Torlo

MOR for advection dominated problems
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RB dim 25

EIM dim 45
FOM time 462 s
RB time 79 s
RB/FOM time | 17%




Buckley-l everett equation

u2

Oru + me = O, D= [07 1], Tmax = 0.25, periodic BC
uo(x, ) = 0.5+ 0.21 + 0.3p1 sin(2w(x — p1 — 0.5))

po ~ U([0.001,2]), p ~ U([0.1,1])

Without calibration With calibration: pwL
06251 __ £om t=0.0000
RB t=0.0000 ™ 091
0.600 { — FOM t=0.0500
----- RB t=0.0500
—— FOM t=0.1000 089
05751 ... RB t=0.1000
—— FOM t=0.1500
0.550 9 - RB t=0.1500 0.71 —— FOM t=0.0000
FOM £=0.2000 \ /' RB t=0.0000
0525 7 RB1=0.2000 —— FOM t=0.0625
—— FOM t=0.2500 064 RB t=0.0625
RB t=0.2500 —— FOMt=0.1249
05001 N N NNA XSS RB t=0.1249
05] — FOMt=0.1874
P e e I o RB t=0.1874
FOM t=0.2499
R T I RB t=0.2499
0.450 044 . . . . .
0.0 02 0.4 06 038 10 0.0 02 04 0.6 08 10
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Augmenting diffusion and ROMs

Problem: Advection diffusion. Advection field data: given by Navier-Stokes simulation.
Parameter: inlet channel width Discretization: DG
FOM u, k = 0.05 FOM u, k = 0.01 FOM u, x = 0.0005

N

= ‘}

e b

0.0e+00 0.20.3 0.4 050.6 0.7 0.8 1.0e+00 0.0e+00 0.20.3 0.4 0.50.6 0.7 0.8 1.0e+00 0.0e+00 0.2 0.3 0.4 0506 0.7 0.8 1.0e+00

o — T — |

Figure: VV. Scalar concentration advected by incompressible flow for i = 99 at different viscosity levels
x € {0.05,0.01,0.0005}

0
5 107! ."'......M“ou‘o...“...uuwuu... beteatoroese wl = Lot
NE n, R L INNRREARS AN ®o00ee® _". @ rom v=0.0005
= nga® (LR S ---“v.“_._-..n“ - l--u_.“ “.."..-u-...“ .l = romv=0.01
2102 - 't rom v = 0.05
kS ---- training range
&

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100
Parameter number

Figure: Relative errors of ROMs for different viscosities. Training correspond to the abscissae 0,5, 10, ...,95, the
rest are test parameters. The dashed red background highlights the extrapolation range. The reduced
dimensions of the ROMs are {NRBQ,-},Kzl = [5,5,5,5] with K = 4 partitions.
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Graph neural network architecture

Architecture

e Vanishing viscosity guarantees the
convergence towards physically relevant

Inputs
¢ Local data of reduced solutions from higher

solution viscosity levels (cheap to compute) (solution,
e Viscosity can be artificial or physically its gradient)
modeled

e Mesh connectivity (all)

e Higher viscosity can come from coarser grids Output

e High viscosity solutions do not suffer from

. e “Vanishing” viscosity solution
slow decay of Kolomogorov n-width

Supervised learning

— e Training data: ROMs for high viscosities,
FOM for vanishing viscosity
e Use classical ROM for high viscosity Layers: arxiv:2308.03378
e Learn with NN the vanishing viscosity limit Training time: 1h

MOR for advection dominated problems
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https://arxiv.org/abs/2308.03378

Results GNN

Vanishing viscosity solutions approximation with mesh-supported augmented GNNs

107!
s
7
)
v
2
k]
]
&
.
_ 107! ., 2090000000, sesesssacs
5 Seepe® S9%00geseeseeterenteny,, | ot
5 | mateeea, coge® | u
B S Sang g ent pananetata, [N RRNER L LI .
21072 ey
s
k]
&

0 5 10 15 20 25 30 35 40

45 50 55
Parameter number

60 65 70 75 80

85

90

9!

100

\ RN

augmentation all operators, all fidelities
augmentation all operators, 1 fidelity
augmentation adv operators, all fidelities
augmentation adv operators, 1 fidelity
no augmentation, all fidelities

no augmentation, 1 fidelity

rom v =0.0005

training range

training range

Figure: Relative errors for the scalar conservation advected by incompressible flow problem. Top: errors with
different GNN approaches given by the three augmentation O1, O2 and O3 and by using either 1 viscosity level
(1 fidelity) or 2 (all fidelities) and errors for DD-ROM with the same viscosity level v = 0.0005. Bottom: errors
for ROM approaches at different viscosity levels. The reduced dimensions of the ROMs are

{Nrpq,}1; =[5,5,5,5] with K = 4 partitions.
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Results GNN

FOM ROM
K Ny \ time Nrs; \ time \ speedup \ mean L? error
0.05 43776 | 3.243 [s] | [5, 5,5, 5] | 59.912 [us] 54129 0.00595
0.01 43776 | 3.236 [s] | [5, 5,5, 5] | 79.798 [us] 40552 0.0235
0.0005 | 175104 | 9.668 [s] | [5, 5, 5, 5] | 95.844 [us] | 100872 0.079

[ s

[ GNN training time [ Single forward GNN online time [ Average online time [ GNN speedup [ mean LZ error ]
[ 0.0005 | < 60 [min] [ 2.661 [s] [

0172 [5] [ ~5 | 00217 ]

FOM u, k = 0.0005

3
ROM u, k = 0.0005
0§ 0}

GNN u, x = 0.0005

D. Torlo MOR for advection dominated problems




GNN architecture

Table: Mesh supported augmented GNN

Net \ Weights [finp, fout] \ Aggregation \ Activation
Input NNConv [3naug, 18] Avg, RelLU
SAGEconv [18, 21] Avg, RelLU
SAGEconv [21, 24] Avg, RelLU
SAGEconv [24, 27] Avg, RelLU
SAGEconv [27, 30] Avg, ReLU
Output NNConv [30, 1] Avg, -

NNConvFilters

| First Layer [2,1] | Activation [ Second Layer [/, finp fout]

Input NNConv

2, 12]

RelLU

[12, 3Maug - 18]

Output NNConv

2. 8]

RelLU

[8, 30]

D. Torlo  MOR for 2
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Arbitrary Lagrangian—Eulerian formulation

ALE formulation

ad dy d dy dvOoT
ot vy t) + dx dy Flv,p dx dy Ot

With ALE formulation we can apply the EIM procedure with points on the reference domain R.

What does it imply?

e We must know T (6(t, p), y)
o Offline phase: detect some interesting points (maxima, steepest gradient) (second part)

o Offline phase: optimize the transformation in some sense (T. Taddei, Ohlberger et al.) (second part)
o Online phase: predict the value of the transformation. Regression (polynomials, ANN), projections

(first part)
9 and the new flux Z—‘y’ = increasing computational

e Compute the Jacobian of the transformation 5-
costs also in online phase

MOR for advection dominated problems
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Arbitrary Lagrangian—Eulerian formulation

ALE formulation

dy dvOoT

1o} dy d
mv(yayﬂt)—’_&d_yl:(vvﬂ ke dy ot

With ALE formulation we can apply the EIM procedure with points on the reference domain R.

What does it imply?

e We must know T (6(t, p), y)
o Offline phase: detect some interesting points (maxima, steepest gradient) (second part)

o Offline phase: optimize the transformation in some sense (T. Taddei, Ohlberger et al.) (second part)
o Online phase: predict the value of the transformation. Regression (polynomials, ANN), projections

(first part)
9 and the new flux Z—‘y’ = increasing computational

e Compute the Jacobian of the transformation 5-
costs also in online phase

ed problems

MOR for advection domina
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Review of the algorithm: PODEI-Greedy in ALE framework

INITIALIZATION of ALE-PODEI-Greedy:
e Compute some Eulerian FOMs
e Compute or optimize O(x, t") for some pux € P and n < N;
e Build the regression map 6:P xRt - RY
INITIALIZATION of PODEI-Greedy:
e EIM on ALE-RHS/fluxes of all times for a given parameter o
« RB = POD({v"(0)}}%,)
ITERATION:
e Greedy algorithm spanning over the parameter space Py, with an error indicator
E(v(p. 7, 0(u, 7))

e Choose worst parameter as u* = arg maxe(v(u))
nePy

e Apply POD on ALE time evolution of selected solution POD,4q4 = POD ({v"(u*)},’ygl)
e Update the RB with RB = POD (RB U POD,4q4)
« Update EIM basis function with ElMapsce = ElMapace U EIM({RHS (1", t".0(11", t7))}%,)

D. Torlo MOR for advection dominated problems




Burgers' equation

ur + po(t?/2)x = 0, D = [0,1], Tmax = 0.6, Dirichlet BC
uo(x, p) = sin(2m(x + 0.1u1))ef(60+2°“2)(’<7°'5)2(1 + 0.5u3x)
Ho ~ u([07 2])7 H1 ~ u([07 1])7 2, U3 ~ u([_1> 1])

Without calibration

With calibration: Poly3

10°
[,
510
1024 = Max error indicator
—— Max error
—— Average error

0 20 40 60 80 100
Dimension Reduced Basis

on dominated problems
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Error

1004

10734

—— Average error

= Max error indicator
—— Max error

0

10 20 30 40 50
Dimension Reduced Basis



Burgers’ equation

ur + po(t?/2)x = 0, D = [0,1], Tmax = 0.6, Dirichlet BC
uo(x, p) = sin(2m(x + O.1u1))e7(6°+20“2)(’<70'5)2(1 + 0.5u3x)
Ho ~ Z/[([O, 2])7 H1 ~ u([07 1])> 2, U3 ~ u([_1> 1])

Without calibration®

With calibration: Poly3

RB dim 153
EIM dim 335
FOM time 119 s
RB time 50 s

RB/FOM time | 42%

31t does not reach the requested tolerance 103

D. Torlo

MOR for advection dominated problems
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RB dim 50
EIM dim 60
FOM time 314 s
RB time 35s

RB/FOM time | 11%




Burgers' equation

ur + po(t?/2)x = 0, D = [0,1], Tmax = 0.6, Dirichlet BC
uo(x, p) = sin(2m(x + 0.1u1))ef(60+2°“2)(’<7°'5)2(1 + 0.5u3x)
po ~ U([0,2]), pa ~U([0,1]), p2, ps ~ U([-1,1])

With calibration: Poly3

Without calibration

- RBt=0.4793

FOM t=0.0000
RB t=0.0000
FOM t=0.1198
RB t=0.1198
FOM t=0.2397
RB t=0.2397
FOM t=0.3595 —7
RB t=0.3595
FOM t=0.4793 .-

FOM t=0.5991
RB t=0.5991

36/ 36
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0.0

-0.2q

~0.64

~—— FOM t=0.0000
~+ RB t=0.0000
~—— FOM t=0.1500

RB t=0.1500

~—— FOM t=0.3000

RB t=0.3000

~—— FOM t=0.4500

RB t=0.4500
FOM t=0.6000
RB t=0.6000

0.2

0.4 0.6 0.8 1.0




Multiple points to align

Piecewise Cubic Hermite Interpolating Polynomial PCHIP

e Interpolates some points (not optimizing on the whole mesh)

e Maintains monotonicity of the points (always invertible)

Polynomials (easy to deal with)
e Easy generalization to Cartesian grids

e More complicated meshes ?

R
1.0
05 125
1.00 L] L ] xo L] X L]
0.6 1
0.75
& x ¥ o ® x ]
0.4 0501 °
024 025 ® [ X o o X x
L]
Q 0.00 - » X ® ® X [ ]
0.0 4
0.00 025 050 075 1.00 —0.259
Q 0.0 0.5 1.0 15 2.0 2.5 3.0 35 4.0
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Optimal s

Optimization

e Find 6 that minimizes

lu(T(0,-), t, p) = T()lI=

o Penalization |00

e Penalization maxyecr 8, T(6,y) and
maxxeq Ox T~ 1(0, x)

e Constraint on order 0; < 011
e |nitial guess, order of optimization

e Algorithm: Sequential Least Squares
Programming

ERRPR ©- "o IOR for advection dominated problems



Optimal s

e In some tests u(t"?, ) is a good choice

Optimization e What if more parameters with different u

values?
e Find 6 that minimizes

lu(T(0,-), t, p) = T()lI=

o Penalization |00

e Penalization maxyecr 8, T(6,y) and
maxxeq Ox T~ 1(0, x)

e Constraint on order 0; < 011
e |nitial guess, order of optimization

e Algorithm: Sequential Least Squares
Programming
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Optimal s

e In some tests u(t"?, ) is a good choice

Optimization e What if more parameters with different u

values?
e Find 6 that minimizes

[u(T(,-),t, ) —a()lI= Generalization for more u values

e Penalization |0:0| e Find 6 that minimizes

e Penalization max,er 9, T(6,y) and u(T(0.). t. 1) — P u(T(6.). t
maXxegaxT_l(H,x) || ( ( s )7 7IJ') VNRB( ( ( s )) :“))||R

e Constraint on order 0; < 0;11 e What is Vp,, at this point? Using few

snapshots {u(p;, )}, for different

parameters optimized

* Algorithm: Sequential Least Squares o Manually (if possible multiple features
Programming detecting)

o lteratively optimizing 0(u;) using

Vinge = POD({u(pj, 1) o T(0(k;))} L)

o Initial guess, order of optimization

D. Torlo

MOR for advection dominated problems
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Learning

Learning 6
e Use calibrated 6 to get an estimator @\(t, n)

e ANN with 4 hidden layers, 16 neurons each,
tanh activation

e Enforcing 0; < 6;41 with Softplus final
activation function

1% hidden layer L* hidden layer

N output layer

input layer
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Learning

L i POD-NN

~ e Compute POD on {uo T @\, t", )} extract
e Use calibrated 6 to get an estimator 6(t, ) Yy P { ( Hi)bs
RB

e ANN with 4 hidden layers, 16 neurons each,
tanh activation

o Project {uo T(0,t", j)}j.n onto Vi,
obtaining the reduced coefficients ugs(t”, u;)

e Learn the map ugs(t, p) with an ANN with 4
hidden layers, 16 neurons and tanh activation

e Enforcing 0; < 6;41 with Softplus final
activation function

1% hidden layer L* hidden layer

N output layer

input layer

36/ 36 D. Torlo
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