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Motivation: parametric hyperbolic systems

Owu(z, t, ) +V - F(u,z,t,u) =0, ze€D, tecRY, uePcRP
B(u, u) = g(t, p)
U(Qﬁ,t = Oal"/) = UO(xaﬂ)

@ F' non linear dependence on p !
@ u can influence boundaries, flux, initial conditions

@ Why: many physical applications (fluid equations, kinetic models,
etc.)

@ Classical solvers: FV, FEM, FD, RD. (Slow for high—resolution)
@ Many query task (UQ, optimization, etc.)
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MOR: Ingredients

@ Discretized solution ups(-,t,u) € Vyrfort e RY, pe P
@ Solution manifold: S := {up(-,t,u) € Vi : t e RT, u € P}
@ Ansatz:
S~ Vngz CVy, Nrp < N (2)
@ Example: diffusion equation u; + pug, = 0 with uy = sin(an)

10 FOM solutions N 1 modes of POD for FOM with tolerance = le-12
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Figure: POD on a diffusion problem
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MOR: Ingredients

Problem:
U ) —U™(p) + LU, pn) =0, U™, U™ €Vy (3)
Objective:

NrB NrB

Zunﬂ Whp — i (ks + Y Li(u", ks =0, ()
=1

; 1
Yrp € Vi, u,u"t e VNgg

@ EIM = non-linear fluxes and scheme Li(u", u)
@ POD = create the RB space and span the time evolution
@ Greedy = span the parameter space
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Offline Algorithm: PODEIM-Greedy '

INITIALIZATION:
@ EIMon L(U", po,t") forn < N,
® RB = POD({U"(po)}n%)
ITERATION:

@ Greedy algorithm spanning over the parameter space Py, with an
error indicator ¢(U(u)) where U(u) € RY x R

@ Choose worst parameter as p* = argmaxe(U(u))
HEPy,

@ Apply POD on time evolution of selected solution
POD 44 = POD ({U" (")},
@ Update the RB with RB = POD (RB U POD .4q)
@ Update EIM basis function with
EIMpace = EIMpace U EIM({L(U™, p*,t")})2)
'B. Haasdonk and M. Ohlberger, in Hyperbolic problems: theory, numerics and

applications, vol. 67, Amer. Math. Soc., 2009.
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Online algorithm: PODEIM—-Greedy

Solve the smaller system:

NgrB NrB NEIM
D () = () rs + Y Y (LU w)IREi(fi)¥hs =0
=1 i=1 j=1

@ Ilrp(f;) are the projection on RB of the EIM functions: offline

7;(L(U™, p)) are inexpensive to compute, but depend on the
method (for RD ~ O(d))

MOR cost O(N:NrpNgiy) vs FOM cost O(NN)
Gain if Ngg, Ngrmy < N
Error estimator
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e Advection dominated problems in MOR
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Travelling wave, time evolution solution

atu+3xu =0

FOM solutions

0.8 1.0

Figure: Solution of advection equation with wave IC
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Travelling wave, POD

13 modes of POD for FOM with tolerance = 1e-05
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Figure: Solution of advection equation with wave IC
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Travelling shock, time evolution solution, little diffusion

Original solution

1.0
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Figure: Solution of advection equation with shock IC
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Travelling shock, POD, little diffusion

21modes of POD for original with tol = 1e-05
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Figure: POD of time evolution of advection equation with shock IC
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Travelling shock, time evolution solution, no diffusion

FOM solutions
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Figure: Solution of advection equation with shock IC
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Travelling shock, POD, no diffusion

245 modes of POD for FOM with tolerance = 1e-05
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Figure: POD of time evolution of advection equation with shock IC
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Common problems and properties

@ As many basis functions as positions of the shock
@ Slow decay of Kolmogorov N—width

;= inf inf —
dn(S,V) v}vncwfféggé%,v”f ql|

@ Non linear dependency leads to big EIM and RB space

@ 1/2 parameters problem (highly non linear dependence on
parameters)
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e Solutions
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Solutions or partial solutions

Some possibilities to incorporate the advection into RB framework
@ Freezing Ohlberger, M. and Rave, S.
@ Shifted POD Reiss, J., Schulze, P., Sesterhenn, J. and Mehrmann, V.
@ Lagrangian basis method Mojgani, R. and Balajewicz, M.
@ Advection modes by optimal mass transport lollo, A. and Lombardi, D.
o

Calibration (also 2D non—periodic boundaries) Cagniart, N., Stamm, B. and
Maday, Y., Crisovan, R. and Abgrall, R.

Online adaptive bases and samplings Peherstorfer, B.
Transport Reversal Rim, D., Moe, S. and LeVeque R. J.
Registration method Taddei, T.

Preprocessing reduced basis Karatzas,E., Nonino, M., Ballarin, F., Rozza, G.
and Maday, Y.

Manifold learning via Neural Network Carlberg, K. and Lee, K.; Lye, K., Mishra
S. and Ray, D.; Fresca, S., Dedé, L. and Manzoni, A.

@ Dynamic Modes Lu, H. and Tartakovsky, D. M.
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Transfomation of the domain

Let’s suppose that there exists a geometry map
T:OXR—>Q (5)

@ T(,)eCi{OxR,Q),
@ 3771:0 x Q — Rsuchthat T-1(9,7(,y)) =y fory € R and
T, T71(0,2)) = x forx € Q,
o T I(,)ect(®xQR).
Moreover, suppose that there exists a calibration map

0:P x[0,tf] > O

@ 0(,pu) €CH{([0,t7],0) forall pe P,
© un(T(0(t, p),y), t, ) = 0(y), YpeP,te0,tf,yeR
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Transformation map for MOR

Examples: 6 is the point of maximum height or of steepest solution.

R

@ Translation:
T0,y) =y+60—-0.5
T-Y0,z) =2 —-0+0.5
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Transformation map for MOR

Examples: 6 is the point of maximum height or of steepest solution.

R

@ Translation:
T0,y) =y+60—-0.5
T-Y0,2) =2 —-60+05

@ Dilatation:
0
T(0:y) = mo=t),+1=0 r
_ z(0—
T71(0,7) = 5y
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Transformation map for MOR

Examples: 6 is the point of maximum height or of steepest solution.

@ Translation:

@ Dilatation:

@ Higher degree polynomials
@ Gordon-Hall

(21, 92) (&2, 92) (23, 92) (11,‘1,12) (S(yz;u),yz)(zs,‘yz)

QL QR 4 QL

(Z1,91) (Z2,91) (23, 91) (z1,97 3T
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Transformation examples

Translation (for periodic BC): T~ (u,z) = = — 0(u,t) + 0.5

10 Solution of FOM (blue) and of calibrated solution (red)
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Figure: Calibrated and original solutions for traveling wave
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POD of calibrated solutions

Translation (for periodic BC): T~ (u,z) = = — 0(u,t) + 0.5

252 modes of POD for calibrated solutions with tolerance = 1e-05

20

15
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-5 L L s s
0.0 0.2 0.4 0.6 0.8 1.0

Figure: POD of calibrated solutions for traveling wave
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Transformation examples

Dilatation (for other BCs): T-1(0,z) = x(g(,ffﬁ
10 Original solution
\ timestep=0
\ timestep=97
osl timestep=194
timestep=291
timestep=388
timestep=485
0.6 timestep=582
timestep=679
timestep=776
0.4l timestep=873
timestep=970
0.2}
0'%.0 02 0.8 1.0

Figure: Original solutions for traveling shock
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Transformation examples

Dilatation (for other BCs): T-1(0,x) = «

1.0
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Figure: Calibrated solutions for traveling shock
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POD of calibrated solutions

Dilatation (for other BCs): T (6, z) = = g5’75=5

5 3modes of POD for exact reference with tol = 1e-05

— mode 0
0 #} — mode 1}
— mode 2
sl
=10}
—15}
—20l
=25}
30}
_35 . . . .
0.0 0.2 0.4 0.6 0.8 1.0

Figure: POD of calibrated solutions for travelling shock
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© ALE formulation
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Arbitrary Lagrangian—Eulerian formulation

d d
JE— 7F p—
@t ) + - Fu(e, b p), 1) =0
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Arbitrary Lagrangian—Eulerian formulation

T = T(e(tv l'l')v y): U(ya t, N) = U(T(e(t7 M)? y)7 t M) = 'U,(.%', t, H’)
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Arbitrary Lagrangian—Eulerian formulation

T = T(e(tv l'l')v y): U(ya t, N) = U(T(e(t7 M)? y)7 t M) = 'U,(.%', t, H’)

d d
%U(yv t? IJ’) _&U(T(a(tv IJ')? y)a tv H)
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Arbitrary Lagrangian—Eulerian formulation

T = T(e(tv l'l')v y): U(ya t, N) = U(T(e(t7 M)? y)7 t M) = 'U,(.%', t, H’)

d d
%U(yv t? IJ’) _&U(T(‘g(tv IJ')? y)a tv H)

=0pu(z,t, p) + Ozul(z,t, N)w

dt
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Arbitrary Lagrangian—Eulerian formulation

T = T(e(tv l'l')v y): U(ya t, N) = U(T(e(t7 M)? y)7 t M) = 'U,(.%', t, H’)

Loyt ) =L DO, 1)), )

dt _dtu
=0wu(x,t, p) + Opu(z,t, u)dT(g((ti’t“)’y)
d d dT(0(t, 1), y)
—— —F d dT(0(t, 1), y)
(b, ), ) + S—ul, ) >
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Arbitrary Lagrangian—Eulerian formulation

7“’(377757”) + %F( (.Z',t, l'l’)a ”’) =0
T = T(e(tv l'l')v y): U(ya t, N) = U(T(e(t7 M)? y)7 t M) = 'U,(.%', t, H’)

%U(yv 7“) j[’ (T(e(t7“)7y),t,ﬂ)

ar(t, 1), y)
dt

= %F(U(l‘,tv#)aﬂ) d (ZL' t p,)

dr
dy d dy d

-2 0F t oyt
iz dy (v(y,t, 1), 1 )+d i v(y,t, )

=0wu(x,t, ) + Opu(z,t, p)

dT(0(t, 1), y)

dt

dT(0(t, 1), y)
dt
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Arbitrary Lagrangian—Eulerian formulation

dy d dy dvdT

(v, t) + === F(v, 1) — —= == ——

at’ dx dy Cdx dy ot

With ALE formulation we can apply the EIM procedure with points on
the reference domain R.
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Arbitrary Lagrangian—Eulerian formulation

dy d dy dvoT

(W) + = = F(o, ) — - = ——

at’ dx dy Cdx dy ot

With ALE formulation we can apply the EIM procedure with points on
the reference domain R.
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Implication of ALE formulation

@ We must know T'(0(t, ), y)

o Offline phase: detect some interesting points (maxima, steepest
gradient)

o Offline phase: optimize the transformation in some sense (T.
Taddei, Ohlberger et al.)

e Online phase: predict the value of the transformation (regression/
machine learning techniques (RNN) / projections)

@ Compute the Jacobian of the transformation dy and the new flux

d; = increasing computational costs also in onllne phase
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Learning of 6

@ Offline: optimization process on a training sample
@ Generation of a regression map

Piecewise linear regression for every timestep ¢"
@ If parameter domain is a grid = Easy, fast

@ Non-structured parameter domain = Different algorithms, may be
costly

@ Precise if |P,| ~ s with s big enough
@ May not catch the nonlinear behavior and produce unreasonable
results
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Learning of 6

@ Offline: optimization process on a training sample
@ Generation of a regression map

Polynomial regression

~ > Ba t'YOHu (6)

|| <p

@ Hyperparameter p

@ Risk of overfitting

@ Can easily catch the nonlinear behavior

@ Number of coefficients grows exponentially with p
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Learning of 6

Neural networks
@ Why? Naturally nonlinear, we may not have a structured dictionary
@ Which one? Multi-layer-perceptron, recursive neural network
(RNN)

Multilayer perceptron
18t hidden layer L hidden layer

SR
N
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Learning of 6

Neural networks
@ Why? Naturally nonlinear, we may not have a structured dictionary

@ Which one? Multi-layer-perceptron, recursive neural network
(RNN)

Multilayer perceptron

@ Many hyperparameters: N layers ([4,10]), M,, nodes ([6, 20])
@ Not so precise, error ~ 20 cells
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Review of the algorithm

INITIALIZATION:
@ Compute or optimize 6(u,t™) for some p, € P and n < N,
@ Build the regression map 6 : P x Rt — R¢
@ EIMon L(U", po, t™, 0(po,t™)) for n < Ny
® RB = POD({U"(1o)}2y)
ITERATION:
@ Greedy algorithm spanning over the parameter space Py, with an
error indicator «(U (u, 1", 0(,t"))) where U € RV

@ Choose worst parameter as pu* = arg r;)lax e(U(p))
S
@ Apply POD on time evolution of selel::teg solution
PODgy4q = POD <{U"(H*)}gé1)
@ Update the RB with RB = POD (RB U POD u44)
@ Update EIM basis function with
ETMpace = EIMgpaee U EIM({L(U™, p*, ", 0(p*, 7))}V )
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e Results
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Advection: traveling wave

ug + pouy =0, D = [0, 1], Thnax = 0.6, periodic BC

o, 1) = e~
o ~ U([0,2]), 1 ~ U([500,1500]), o ~ U([0.1,0.3])

Without calibration

With calibration: Regressions

D. Torlo (UZH)

10 Neural network
Piecewise Interpolation
10* —- Poly degl
-+ Poly deg2
107 —— Poly deg3
-~ Poly deg4
10! Poly deg5
Poly deg6

—— Threshold 5dx
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Advection: traveling wave

ug + pouy =0, D = [0, 1], Thnax = 0.6, periodic BC

uo(x7 “) — 6—/11($—/.L2)2

o ~ U([0,2]), 1 ~ U([500, 1500]), p2 ~ U([0.1,0.3])

Without calibration

With calibration: Poly2

Error of greedy algorithm

10°
1071
2102
5
1073
—— Max error indicator
—— Max error
—— Average error
104

20 25 30 35 40 a5
Dimension Reduced Basis

50

Error of greedy algorithm

u
~

—— Max error indicator
~—— Max error
—— Average error

1.0 15 2.0 25 3.0 35 4.0
Dimension Reduced Basis
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Advection: traveling wave

ug + pouy =0, D = [0, 1], Thnax = 0.6, periodic BC
uo(z, p) = e~ (@—p2)?

o ~ U([0,2]), 1 ~ U([500, 1500]), p2 ~ U([0.1,0.3])

Without calibration With calibration: ANN

Error of greedy algorithm Error of greedy algorithm

1073
—— Max error indicator \ — Max error indicator
~—— Max error ~—— Max error
—— Average error —— Average error
107
20 25 30 35 40 s 50 2 4 6 8 10 12
Dimension Reduced Basis Dimension Reduced Basis
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Advection: traveling wave

ug + pougy =0, D = [0, 1], Trnae = 0.6, periodic BC

wo(, ) = emlah)’

10 ~ U([0,2]), 1 ~ U([500, 1500]), 2 ~ U([0.1,0.3])

Without calibration

With calibration: Poly2

RB dim 52

EIM dim 54
FOM time 191s
RB time 24 s
RB/FOM time | 12%

RB dim 4
EIM dim 7
FOM time 516 s
RB time 18 s
RB/FOM time | 3%
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Advection: traveling wave

ug + pougy =0, D = [0, 1], Trnae = 0.6, periodic BC

wo(, ) = emlah)’

10 ~ U([0,2]), 1 ~ U([500, 1500]), 2 ~ U([0.1,0.3])

Without calibration

With calibration: ANN

RB dim 52

EIM dim 54
FOM time 191s
RB time 24 s
RB/FOM time | 12%

RB dim 12

EIM dim 20
FOM time 516 s
RB time 38s
RB/FOM time | 7%
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Advection: traveling wave

ug + pouy =0, D = [0, 1], Thnax = 0.6, periodic BC
UQ(:L', “) — e_ﬂl(m_/-‘Q)Q
jio ~ U([0,2]), i1 ~ U500, 1500]), iz ~ U([0.1,0.3])

1.0 —— FOM t=0.0000 10 —— FOM t=0.0000
RB t=0.0000 RB t=0.0000
—— FOMt=0.1199 —— FOM t=0.1500
T I N T | N S RB t=0.1199 wsd Il e RB t=0.1500
—— FOM t=0.2399 —— FOM t=0.3000
-+ RB t=0.2399 - RBt=0.3000
06 FOM t=0.3598 06 FOM t=0.4500
RB t=0.3508 - RB t=0.4500
FOM t=0.4798 FOM t=0.6000
RB t=0.4798 RB t=0.6000
0.4 —— FOM t=0.5997 0.4
RB t=0.5997
02 0.2
0.0 0.0
0.0 0.2 0.4 06 08 1.0 0.0 0.2 0.4 0.6 08 10
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ug + pouy =0, D = [0, 1], Thnax = 0.6, periodic BC

uo(x7 “) — 6—/11($—/.L2)2

o ~ U([0,2]), 1 ~ U([500, 1500]), p2 ~ U([0.1,0.3])

Without calibration

With calibration:

Advection: traveling wave

ANN

1.0 —— FOM t=0.0000
RB t=0.0000
—— FOMt=0.1199
T I N T | N S RB t=0.1199
—— FOM t=0.2399
-+ RB t=0.2399
06 FOM t=0.3598
RB t=0.3508
FOM t=0.4798
RB t=0.4798
0.4 —— FOM t=0.5997
RB t=0.5997
02
0.0
0.0 0.2 0.4 06 08 1.0
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0.8

0.6

0.4

0.2

0.0

—— FOM t=0.0000
RB t=0.0000
—— FOM t=0.1499
- RB t=0.1499
—— FOM t=0.2998
- RB t=0.2998
FOM t=0.4497
RB t=0.4497
FOM t=0.5996
RB t=0.5996
0.0 0.2 0.4 0.6 08 1.0
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Advection: traveling shock

ug + pougy = 0, D = [0, 1], Trnae = 1.5, Dirichlet BC

o ifz < 0.35 + 005
UO(QZ',H) = 0 else

po ~ U([0,2]), p1, p2 ~ U([=1,1])

Without calibration With calibration: Poly2

=3 { =% Max error indicator —»— Max error indicator
Max error Max error

—— Average error o | — Average error

0 10 20 50 60 2 4 6 8 10 12 14 16

30 40
Dimension Reduced Basis Dimension Reduced Basis
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Advection: traveling shock

ug + pouy =0, D = [0,1], Tnae = 1.5, Dirichlet BC
1 if £ < 0.35+0.05u2

uO(xvu) =
0 else

HONU([072])7 11, 12 NU([—].,].])

Without calibration With calibration: Poly2
RB dim 64 RB dim 17
EIM dim 124 EIM dim 22

FOM time 49 s FOM time 125 s
RB time 9s RB time 6s
RB/FOM time | 18% RB/FOM time | 5%
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Advection: traveling shock

ug + pougy = 0, D = [0, 1], Trnae = 1.5, Dirichlet BC
11 if x < 0.35+ 0.05u2
0 else

po ~ U([0,2]), p1, p2 ~ U([=1,1])

uo(a:,u) =

01
—— FOMt=0.0000 . = FOM t=0.0000
00 RB t=0.0000 06 " RB t=0.0000
—— FOMt=0.0299 —— FOM t=0.0375
B L RB t=0.0375
17 — Fomt=0.0598 05 —— FOM t=0.0750
“oo RBt=0.0598 “t RB t=0.0750
-0.2 FOM t=0.0897 04 FOM t=0.1125
RB t=0.0897 - - RBt=0.1125
-03 FOM t=0.1196 FOM t=0.1500
RB t=0.1196 03 RB t=0.1500
~0.41 — FOM t=0.1495
RB t=0.1495 02
-05
-0.6 o ‘R‘
[—3
~07 o0y  —
0.0 0.2 0.4 06 08 10 00 02 04 056 08 10
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Burgers oscillation

ug + po(u?/2), = 0, D = [0, 1], Trnae = 0.6, Dirichlet BC
uo(z, ) = sin(2m(z + 0.1y ))e~E0+2012)(@=05) (1 4 ( 5442)
Ho ~ Z/{([O, 2])5 H1 ~ Z/[([O, 1])’ K2, 3 ~ Z/{([—l, 1])

Without calibration With calibration: Poly3

2 | = Max error indicator
Max error
—— Average error

—— Average error

0 20 40 60 80 100
Dimension Reduced Basis Dimension Reduced Basis
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Burgers oscillation

ug + pio(u?/2), =0, D = [0, 1], Tinae = 0.6, Dirichlet BC
uo(z, ) = sin(2m(z + 0.1p1 ) ) (E0+2082)(@=05)* (1 4 () 5447)
Ho ~ U([O, 2])7 B~ Z/[([O, 1])7 M2, 3 ~ U([—l, 1])

Without calibration?

With calibration: Poly3

RB dim 153
EIM dim 335
FOM time 119s
RB time 50s
RB/FOM time | 42%

RB dim 50

EIM dim 60
FOM time 314s
RB time 35s
RB/FOM time | 11%

2t does not reach the requested tolerance 103

D. Torlo (UZH)
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Burgers oscillation

ug + po(u?/2), = 0, D = [0, 1], Trnae = 0.6, Dirichlet BC
uo(z, ) = sin(2m(z + 0.1y ))e~E0+2012)(@=05) (1 4 ( 5442)
Ho ~ Z/{([O, 2])5 H1 ~ Z/[([O, 1])’ K2, 3 ~ Z/{([—l, 1])

0.14{ — FOM t=0.0000
RB t=0.0000
—— FOMt=0.1198 0.0
0121 ... RBt=0.1198
—— FOM t=0.2397
0.109 -+ RBt=0.2397
FOM t=0.3595 -0.2
0.08 RB £=03595 —— FOM t=0.0000
FOM t=0.4793 - RB t=0.0000
[ RB t=0.4793 —— FOM t=0.1500
0.06 ¥ — FOM t=0.5991 —041 ... RBt=0.1500
RB t=0.5991 —— FOM t=0.3000
0.04 ~++ RB t=0.3000
06 FOM t=0.4500
002 : RB t=0.4500
FOM t=0.6000
RB t=0.6000
0.00
034 036 . . . 0.0 0.2 0.4 06 08 10

D. Torlo (UZH) MOR for advection dominated problems 36/42



Burgers sine

ug + po(u?/2)z =0, D = [0, 7], Thnae = 0.15, periodic BC
ug(z, p) = [sin(z + p1)| + 0.1
Ko ~ Z/[([O, 2])7 H1 ~ Z/[([O, W])

Without calibration With calibration: Poly3

rrrrrrrr
—— Average error

25 5.0 75 100 125 150 175
Dimension Reduced Basis
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Burgers sine

uy + po(u?/2), = 0, D = [0, 7], Trnaz = 0.15, periodic BC

ug(z, p) = [sin(z + p1)| + 0.1
Ho NU([O,Q]), M1 NU([O,W])

Without calibration

With calibration: Poly3

RB dim failed

EIM dim >600

FOM time 167 s
RB time 0
RB/FOM time 00

D. Torlo (UZH)

RB dim 19

EIM dim 41
FOM time 444 s
RB time 53s
RB/FOM time | 11%
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Burgers sine

ug + po(u?/2)z =0, D = [0, 7], Thnae = 0.15, periodic BC
ug(z, p) = [sin(z + p1)| + 0.1
Ko ~ Z/[([O, 2])7 H1 ~ Z/[([O, W])

Without calibration With calibration: Poly3

—— FOM t=0.0000
0.6 RB t=0.0000
—— FOMt=0.3748
- RBt=0.3748
0.4{ — FOMt=0.7496
o RB=0.7496

FOM t=1.1245
RB t=1.1245
FOM t=1.4993
RB t=1.4993
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Buckley-Leverett equation

2
u
0, Oy =0, D =10,1], Tynez = 0.25, periodic BC
e u? + po(1 — u?) 0.1] P
uo(x, ) = 0.5+ 0.2u1 + 0.3y sin(2w(x — p1 — 0.5))

po ~ U([0.001,2]), pr ~U([0.1,1])

Without calibration With calibration: pwL
10!
10°
o FIH=358
=262 10
g 8
& &
V7 = i1 // 107 43
icator 1073 { =~ Max error indicator
lax error \/ Max error
—— Average error ~—— Average error
5 10 15 20 25 30 35 0 5 10 15 20 25
Dimension Reduced Basis Dimension Reduced Basis
38/42
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Buckley-Leverett equation

U2

u? + po(1 — u?)

(9tu + ax

=0, D =10,1], Thnae = 0.25, periodic BC

uo(z, ) = 0.5+ 0.2u1 + 0.3u1 sin(2w(z — pg — 0.5))

1o ~ U(10.001,2]), iy ~U([0.1,1])

Without calibration?

With calibration: pwL

RB dim 16
EIM dim 270
FOM time 190 s
RB time 69 s
RB/FOM time | 36%

RB dim 25

EIM dim 45
FOM time 462 s
RB time 79s
RB/FOM time | 17%

2t does not reach the requested tolerance 103
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Buckley-Leverett equation

u2

u? + po(1 — u?)
uo(x, ) = 0.5+ 0.2u1 + 0.3y sin(2w(x — p1 — 0.5))

Opu + Oy =0, D =10,1], Tyhae = 0.25, periodic BC

Without calibration With calibration: pwL
0:6251 — FoM t=0.0000 00
RB t=0.0000 :
0.600{ — FOM t=0.0500
-+ RBt=0.0500 \ 08
—— FOMt=0.1000
05757 ... Ret=0.1000 AN
FOM t=0.1500 \ /
0.550 RBt=01500 0.74 —FOM t=0.0000
FOM t=0.2000 RB t=0.0000
0.525 RB t=0.2000 —— FOM t=0.0625
—— FOM t=0.2500 0.6 RB t=0.0625
RB t=0.2500 —— FOM t=0.1249
0.500 e RB=0.1249
0s FOM t=0.1874
0.475 - RBt=0.1874
FOM t=0.2499
; RB t=0.2499
0.450 0.4
0.0 0.2 04 06 08 10 0.0 02 0.4 0.6 08 1.0
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e Possible extensions and limitations
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Extensions and limitations

Extensions
@ More dimensions
@ Systems of equations
@ Non crossing multiple shocks or waves

Limitations

@ Crossing shocks or waves and Riemann’s problem for systems of
equations
e Problem: ideal transformation becomes degenerate when two
shocks collide
e Solution: remeshing/ categorization and use of different RB spaces
@ More D transformation can be challenging to be described with
few parameters

D. Torlo (UZH) MOR for advection dominated problems 40/42



Perspectives
@ Extend the algorithm to systems and 2D tests

@ Extend the algorithm to more complicated transformations for
many non—crossing shocks

@ Developing a RNN to predict the 6 values in the online phase

Search me: Google Scholar, arXiv (preprint)
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MOR for advection dominated problems

Thank you for the attention!
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Residual Distribution

@ High order

@ FE based

@ Compact stencil

@ Explicit

@ Can recast some other FV, FE, FD, DG schemes?

2R. Abgrall. Computational Methods in Applied Mathematics; 2018.
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Residual Distribution

@ High order
@ FE based
@ Compact stencil
@ Explicit
@ Can recast some other FV, FE, FD, DG schemes?
oU+V-FU)=0 (7
Vi = {U € L*(Q,,RP)n (), Ulg € P*, YK € Q). (8)

U = Z Uspo = Z ZUO'(PO"K (

cE€D N KeQyp oeK

~

O
~

2R. Abgrall. Computational Methods in Applied Mathematics; 2018.
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Residual Distribution - Spatial Discretization

@ Define VK € Qy, a fluctuation term (total residual)
¢f = [ V-F(U)dx
@ Define a nodal residual ¢X Vo € K :

¢f =" o, VK e, (10)

ceK

© The resulting scheme is

Ut —UF+ At Y 9K =0, Vo€ Dy (11)
KloeK
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Residual Distribution

@ High order

@ Easy to code

@ FE based

@ Compact stencil

@ No need of Riemann solver

@ No need of conservative variables

@ Can recast some other FV, FE schemes
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Residual Distribution

@ High order

@ Easy to code

@ FE based

@ Compact stencil

@ No need of Riemann solver

@ No need of conservative variables

@ Can recast some other FV, FE schemes

KU +V-AU)=SU) (12)
Vi ={U € L*(Q,,RP)n (), Ul e PF YK e Q). (13)

Up = Z Uspo = Z ZUO<PU|K (14)

o€Dyr KeQp oeK
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Residual Distribution - Spatial Discretization

Focus on steady case.
@ Define VK € Qy, a fluctuation term (total residual)
of = [ V- A(U) - S(U)dx
@ Define a nodal residual ¢ Vo € K :

¢ =D o, VK e, (15)

ceK

Often done assigning ¢X = X ¢X, where must hold that

> 8K =1d (16)
ceK
© The resulting scheme is
Y ¢X =0, VoeDy. (17)

KloeK

This will be called residual distribution scheme.
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Residual distribution - Choice of the scheme

How to split total residuals into nodal residuals = choice of the
scheme.

K@) = [ 0 (9 AW~ SO + ey~ TF).

e edge €K

. ol Lk (I)J((,LxF -1
B4 (Up,) = max @7,0 Z max oK ,0 , (18)

jeK

UfZ/Uh, ag = max (ps (VAU) -n.)),
K

@K
K,LzF |’
Diex 127

oF = KoK+ S on? / VU, - [Vipo]dT.
eledge of K ¢

07" = (1-0)87 ¢y + 0,7, 0=
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Error estimator

Additional hypothesis:
@ Id+ AtL is Liptschitz continuous with constant C' > 0,
@ There are Ny,;,, extra functions and functionals that capture the
evolution of the solutions. (experimentally not so strict),
@ Initial conditions are exactly represented in the reduced basis RB.

Total error estimator:

@ EIM error, estimated by other N},;,, basis functions f and
functional 7 iterating the EIM procedure after the stop, cost
O(Ngia)»

@ RB error given by the Lipschitz constant times residual of the
small system,

@ additionally one can add the projection error of the initial condition
when not in RB.
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Empirical interpolation method (EIM)

INPUT: £(U", s, %), for p € Pp, n < N,

OUTPUT: EIM = (m, fi)r %™ where functions f; € RV and
7, € (RN (Examples of 7;, are point evaluations)

@ Greedy iterative procedure

@ At each step chooses the worst approximated function via an error
estimator £vorst = arg max 1L — SN (L) ]

@ Maximise the functlonal 7 on the function £werst
7.chosen = arg max |T(£worst)‘
T

@ FIM = EIM U (Tchosenyﬁworst)
@ Stop when error is smaller than a tolerance
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Proper orthogonal decomposition (POD)

INPUT: Collection of functions {f;}}_,

OUTPUT: Reduced basis spaces

RB = arg min Z;yﬂ”fj*PU(fj)”Z
Uldim(U)=Npop

@ Based on SVD
@ Prescribed tolerance to stop the algorithm
@ Global optimizer of the problem
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Greedy algorithm

INPUT: Collection of functions {f;}}_,
OUTPUT: Reduced basis space RB
@ There is an error estimator (normally cheap)
erB(f) ~f —Pre(f)l|

@ lteratively choose the worst represented function
frorst = argmaxerp(f)
f

@ Add fworst to the RB space
@ Stop up to a certain tolerance

D. Torlo (UZH) MOR for advection dominated problems 42/42



	MOR for hyperbolic problem
	Advection dominated problems in MOR
	Solutions
	ALE formulation
	Results
	Possible extensions and limitations

