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P. Offner & D. Torlo (UZH) mPDeC modified Patankar Deferred Correction



Production—Destruction system

Consider production-destruction systems (PDS)
dtci:Pi(c)_Di(C)v izla""I7 PZ(C) :Zﬁzlpi7j(c)7
c(t = 0) = co, Di(e) = Y5_ dij(c),

where
pij(c),dij(c) >0,  Vi,jelI, VYeceR",

Applications: Chemical reactions, biological systems, population evolutions and PDEs.
Example: SIRD

dS = —p5L

did = B3 — I — 61
diR=~I

diD = 61
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Production—Destruction system

Consider production-destruction systems (PDS)

dic; = Pi(c) — Di(c), i=1,....1,  Pic)=3i_1pij(c), )
c(t =0) = cy, Dj(c) = Zgl‘zl di,j(c),
where
pij(e).dij(e) 20, Vijel, VeeR"

Property 1: Conservation

I I
S =Y ), vt=0
i=1 i=1
< pij(c) =dji(c), Vi,jel, VeeR™.
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Production—Destruction system

Consider production-destruction systems (PDS)

dtci:R:(C)—Di(C), izl,...,I, ]DZ(C) :Zj’:lpiaj(c)’ (1)
I
c(t =0) = co, Di(c) = 321 dij(c),
where
pij(c),dij(c) >0, Vi,jel, VeeR™.

Property 2: Positivity

If P;, D; Lipschitz, and if when ¢; — 0 = D;(c) - 0 =
¢i(0) >0Vie I = ¢i(t) >0VieIVt>D0.
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Production—Destruction system

Consider production-destruction systems (PDS)

{dtci:PZ-(c)—Di(c), i=1,...I, Pc)=Y1pijle),

: (1)
c(t =0) = cop, Dj(c) = Zj:l dij(c),
where
pij(c),dij(c) >0, Vi,jel, VeeR™.
Goal:

@ One step method

@ Unconditionally positive

@ Unconditionally conservative
@ High order accurate
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Solvers

Explicit Euler Implicit Euler

@ ¢l =c" + At (P(c") — @ c'tl — ¢ + At (P(c"“) — D(c”“))
@ Conservative @ Conservative & positive
@ First order @ First order
@ Not unconditionally positive, if At is @ Expensive to be solved/not unique
too big... CFL conditions | solution: Nonlinear solvers!!!
Patankar trick
ol @ Not conservative

=+ At <Pi(0") - Dz’(C”)lcn> e First order

Di(c") o . @ Positive
<1 T Atc?> ¢ =c + AR @ Implicit, but easy
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Solvers

Modified Patankar (mP)
Burchard, Deleersnijder & Meister

n+1 n+1
c” c
G =AY i) = dige) 2
j G5 K
M(c?)c™ ! = ¢ where M is
mig(c") =14+ At Yl B o1

mh](cn):_Atl%;n)’ Z,j:l,,[,l?é]

@ Conservative

@ First order

@ Positive

@ Linear system at each timestep

@ Extension to RK2 and RK3 (Burchard,
Deleersnijder, Meister, Kopecz)

@ Extension to PDEs (Huang, Zhao, Shu)
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e Deferred Correction
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Deferred Correction discretization

We should discretize our variable on [t?,t"!] in M substeps (c™™).

c” cn+1
[ 2 ° ° ° ° o
" tn+1

Figure: Subtimeintervals

Then, we can rewrite c™ = c¥ + Lﬁm P(c(s)) — D(c(s)) ds.
Equispaced points = order = M + 1.
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Deferred Correction discretization

We should discretize our variable on [t?, " '] in M substeps (c™™).

c? c! c™ cM
@ * ° ° ° o
£0 t! e tM

Figure: Subtimeintervals

Then, we can rewrite ¢™ = ¢® + ﬁﬁm P(c(s)) —D(c(s)) ds.
Equispaced points = order = M + 1.
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DeC operators

E=P-D
52(c0,...,cM) = L2%(c) :=

cM_ 0 ftt[)M E(c(s))ds

@ Implicit RK
@ Order of accuracy > M + 1
@ Difficult to solve directly
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DeC operators

£3c0,..., M)y =L2%(c) =

(

M
cM — 0 - Atz OME(cT)
r=0

M
cl—c— Atz 6L E(c")

\ r=0

@ Implicit RK
@ Order of accuracy > M + 1
@ Difficult to solve directly
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DeC operators

L3, M)y =L%c) =
( M
CM—CO—AtZ@{wE(CT) £1(C0,...,CM) :El(g) =
r=0 cM — - AtBME(D)
M . 1 0 1 0
cl—c0— AtZG,{E(cT) c —c’ — AtfE(c”)
\ r=0
o Implicit RK ° F|rst.o.rder accurate
@ Explicit or easy to solve

@ Order of accuracy > M + 1 .
@ Difficult to solve directly
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Deferred Correction

How to combine two methods keeping the accuracy of the second and the stability and

simplicity of the first one?

@ L!(c) = 0, first order accuracy,
easily invertible.

) = c(t"), k=0,...,K,

M @ L?(c) = 0, high order M + 1.

DeC Theorem
@ L! coercive

e L! — 2 Lipschitz t!
DeC converges and min(K, M + 1) is the order of 40
accuracy.
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Deferred Correction

How to combine two methods keeping the accuracy of the second and the stability and

simplicity of the first one?

@ L!(c) = 0, first order accuracy,
easily invertible.

) = c(t"), k=0,...,K,

M @ L?(c) = 0, high order M + 1.

DeC Theorem
@ L! coercive
e L' — £? Lipschitz

DeC converges and min(K, M + 1) is the order of

accuracy.
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Deferred Correction

How to combine two methods keeping the accuracy of the second and the stability and
simplicity of the first one?
@ L!(c) = 0, first order accuracy,

CO,(k) — C(tn), k=0,... K, eaSily invertible.
Cm,(O) — C(tn) m=1.... M (] ,C2(g) =0, hlgh order M + 1.
(
DeC Theorem
@ L! coercive 1 @1
@ L' — 2 Lipschitz 2 N G
DeC converges and min(K, M + 1) is the order of 40 9(,2),’? S
accuracy. 0 1 9 K
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Deferred Correction

How to combine two methods keeping the accuracy of the second and the stability and
simplicity of the first one?
@ L!(c) = 0, first order accuracy,

CO,(k) — C(tn), k=0,... K, eaSily invertible.
Cm,(O) — C(tn) m=1.... M (] ,C2(g) =0, hlgh order M + 1.
L™y = £ (V) — 2P Yy with k =1,..., K. o | | ”7'4@)};4
L we

DeC Theorem 2 P

@ [! coercive ck).1

@ L' — 2 Lipschitz t! B A
DeC converges and min(K, M + 1) is the order of 40 L Q(If)jo
accuracy.
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Deferred Correction

How to combine two methods keeping the accuracy of the second and the stability and
simplicity of the first one?
@ L!(c) = 0, first order accuracy,

CO,(k) — C(tn), k=0,... K, eaSily invertible.
Cm,(O) — C(tn) m=1.... M (] ,C2(g) =0, hlgh order M + 1.
£He®) = cHe* ) — L2ty with k= 1,... K. Y gt
L ez
DeC Theorem 2 ¢
@ L! coercive cF).1
o L' — £? Lipschitz T
DeC converges and min(K, M + 1) is the order of | J I S A I clf)0
accuracy.
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Explicit DeC

If we write explicitly the DeC step we see that

£ (") =L
Rm_ & — At E; (%)

(2

1,m — 27m —
J(eY) L () =
k

ch=m _ & — At E;(c?)

7

M
— L D ALY OB (D) =

r=0
o (5)
cz(»k)’m =+ Atz 0" E;(cF D7) =
r=0
M
(M = i(t7) + ALY 9By
r=0
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Explicit DeC

If we write explicitly the DeC step we see that

£y = £ (e*Y) - £MEeMY) =

(2

Cz(k‘),m_ C?_ AtﬁvnEi(CO) — Cgk’fl)ym o C? o AtﬂnLEZ_(CO)

M
— im0y AtY O E(cF ) =
r=0
(5)
M
cgk)’m =+ Atz O E;(c* D7) =

r=0

M
B = () + ALY O Ey(e*DT)

%
r=0
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Ingredients

@ We want to use the DeC for high order accuracy
@ We want to recast positivity and conservation
@ We will use the Patankar trick

@ We want an implicit method (to get positivity), but only linearly implicit (no nonlinear
solvers)

@ We have to modify £? using the trick
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© Modified Patankar DeC (mPDeC)
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Modified Patankar £2

Modify the operator £? according to the Patankar trick!

L3I MY )=Lie )=
( M I
oM QU AL S 023 (i) — d; j(c"D) ).
r=0 Jj=1
M I
(=1 _ D=1_ py 5 g1 Z(pl.7j(cr,(k—1)) — d (kD) ) 7
\ r=0 7=1
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Modified Patankar £2

Modify the operator £? according to the Patankar trick!

EZZ(CO,(k—l) o M,(k—l) O,(k) o M,(k)) _ E%(g(k_l),g(k)) —
7 - M (F) AM.(k)
CZM,(k 1) 0 ,(k—1) _ At Z 9MZ< ( J(k— 1))ﬁ _ dl,]( r(k 1))cﬂ}(kl)> ,
r=0 j 7

Ov(kfl)

— At

1,(k—1
(htk=1)

Ms

r=0

75>

1,(k)

RRO) Nt
( j(c (k= 1)) 1_,](1%1) _divj(cr’(k 1))Clc,l<1c1)>7
] ‘i

Jj=1
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Modified Patankar £2

Modify the operator £2 according to the Patankar trick!
E?(CO’(k_l)a e 7CM’(k_1)7 CO’(k)a e 7CM’(k)) = E?(g(k_1)7g(k)) =

M,(k=1)  0,(k—1) A ! Y Y
s\ s\ M 5 k—1 /( ',i,G,,-/ ) k—1 / (3, ‘,97: )
= -G — At Z 07' Z bi 5 (CT ( ))c’]\l?(k—l) —d; ,]( m( )) C?\J.(?cﬂ) )

k3
r=0 j=1 ~+(G.i.08) +(4,3,0M)

(k)

- M T 1 , (k)
k1) ng(k’—l)_ INDIE Z( i(c r,(k— 1)) ,me)) —d; ;(c e (k= 1)) ,<(1 /e>>> :

1
r=0 =1 Y(3i,0%) Y (i,5,0%)

\

where v(a,b,0) = aif > 0 and v(a,b,) = bif < 0.
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Modified Patankar DeC (mPDeC)

Reminder: initial states c?’(k) are identical for any correction (k)
DeC Patankar can be rewrittenfor k =1,... , K, m=1,...,M and Vi € I into

£y (e®) — £ (e® D) + L2 >> 0

m7 m k‘ 1 (751, k—1 Y%7,

) —AtZe,,Z pijle T — d (e ))W =0.
j=1 Co(5,i.0m) € (i,5,0m)

@ Conservation
@ Positivity
@ High order accuracy
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Conservation

The mPDeC scheme is unconditionally conservative for all substages, i.e.,

1

LA )

=1 =1

forallk=1,..., Kandm =0,..., M.
Using formulation (6), we can easily see that V&, m

LRGSO

iel il

Lo R o
_ m (k=1 YUss0) 5 e (B—1)y (50,07 _
=At Z Zer pij(e )iy~ didlc ) k1) | =
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Conservation

The mPDeC scheme is unconditionally conservative for all substages, i.e.,

1

LA )

=1 =1

forallk=1,..., Kandm =0,..., M.
Using formulation (6), we can easily see that V&, m

LACIS

el 1€l
Y i m
_ m (s (B=1)\ YG50) S e (k—=1)y _Y(6,5,07" _
—At Z Z 0,’. d_%z(c )4m,(k—1) dz,] (C ( )771’1,,(]{:—1) =
Z’]zl r=0 ’Y(]?lve?) 7(27]79;{”‘)
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Conservation

The mPDeC scheme is unconditionally conservative for all substages, i.e.,

1

LA )

=1 =1

forallk=1,..., Kandm =0,..., M.
Using formulation (6), we can easily see that V&, m

OLACES

i€l iel
Y i) i
_ m o (ar (k=) 2(5,05") g e (k—1) Y (50,07 _
=At Y >0 [ dijle )L — (D) I ) — o,
Z’]:l =0 7(17]70?) ’Y(Zv]vez‘n)
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Positivity

At each step (m, k) implicit linear system with mass matrix
M(c™ = 1% =
1 + At z Z (k 1) ( 1 l(cr’(kil))X{ez‘n,>O} - pi}l(CT’(kil))X{91‘n,<O}) fOf Z :]
0=
e m (pig (" D)xqops0y = iy (") xop<op) fori # j
r=0 "j
@ Diagonally dominant by columns

@ Invertible
eM1>0
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High order accuracy

Let c* be the solution of the £? operator, i.e., £?(c*, c*) = 0.
@ Coercivity operator L£!: ||£!(c) — L (c*)|| > Cil|ec — c*||

@ Lipschitz continuity operator £ — £2:
11 () = £2(c®Y, M) — £1(c*) + L2(c*, ¢*)]| < CLAt|chD — ¢,

Intermediate steps for Lipschitz continuity
o ¢k =0 4 AtG(cm’(k_l))c0

®)
o =y = 1+ Ath g + O(AtF)

g
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Proof of DeC

1e®) — e*|| <Coll£! (™)) — £(c")]| = (7)
:COH‘CI(Q(kfl)) - £2(9(k71)7§(k)) - ﬁl(g*) + ‘62(9*79*)” < (8)
<OAt*Y — ¢ (9)

After K iterations
™) — ¢*|| < CK ALK — ¢*|. (10)
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Outline

e Numerics
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with
p12(c) = doi(c) =c2, p21(c)=dipa(c)=5cy

and p;;(c) = d;;(c) = 0fori =1,2.
Analytical solution is

er(t) = é (1 + 253 exp(—6t)> and es(t) = 1 — e (8). (12)
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Linear Test Case

10

c1_02
c2_02
cl+c2+c3_02
— - -¢1.05
— - -c2_05
— - - cl+c2+c3_05
------- Refcl
------- Refc2

Concentration

1 1

1.0 15

Time

Figure: Second and fifth order methods together with the reference solution (12)
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Linear test: Convergence

Error of different methods

Order of different methods

dec 2
order 2
b dec 3
order 3
dec 4
order 4
dec 5
r dec 2 - order 5
order 2 3 — ™ dec 6
dec 3 6 7777””””——7”,,,,7 order 6
order 3 e
L dec 4
order 4 3r
dec5 e
order 5 \\\s‘\
dec 6 —
L order 6 2k T
I e
L L L L L L L L L L
107200 10178 10150 10125 107100 1018 1016 1014 1012 1010
Delta t Delta t

Figure: Second to sixth order error decay and slope of the errors
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Nonlinear test

A =-eE
ch(t) =22l _030(1), (13)

cs(t) = 0.3ea(t)
with initial condition ¢ = (9.98,0.01,0.01)%.
The PDS system in the matrix formulation can be expressed by

c1(t)ea(t)

p2,1(c) = di2(c) = a1’

p3,2(c) = da3(c) = 0.3ca(t)

and p; j(c) = d; j(c) = 0 for all other combinations of i and ;.
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Nonlinear test

Nonlinear test case

100
= ——c1.02
A\ y —c2 02
) K — 302
751 N\ 7 —— cl¥c2+c3 02
0
A / — - -c1.06
s \ ; — . -c2.06
g L\ / — 306
= \ ]". p — - - cl+c2+c3_06
S 501 VX Refcl
o SN e Refc2
§ M ; \ ------ Refc3
N
25 e
1/ )
g7 Xy
3 ==
0.0 : - .
0 10 20 30
Time

Figure: Second order and sixth order methods together with the reference solution (SSPRK104)
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Nonlinear test: Convergence

Error of different methods Error of different methods
dec 2
102 - order 2
dec 3
order 3
dec 4
10°° order 4
dec 5
. dec 2 . order 5
S .6 order 2 O 4 s dec 6
@ cr dec 3 ] T order 6
order 3
dec4 T~
order 4 T
10100 | decs B -
order 5 \\,,\
dec 6 T
10125 |- order 6
2 —\
L L L L L L L L L L
10—25 10—20 10 15 10-10 10 225 10—200 10 175 10° 150 10 125 10 1.00
Delta t Delta t

Figure: Second to sixth order error behaviors and slopes of the errors
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Robertson test

cy(t) = 10%cy(t)es(t) — 0.04¢q (2)
cy(t) = 0.04c1 (t) — 10%co(t)e3(t) — 3 - 107 co()? (14)
y(t) = 3-107¢y(t)?

with initial conditions ¢ = (1,0, 0).
The time interval of interest is [1076, 10'°]. The PDS for (14) reads

51(c) = 10%ca(t)cs(t), p2,1(c) = dia(c) = 0.04e1(t),
2’3(C) 3- 0702( )

pi2(c) =d
p32(c) =d
and zero for the other combinations.

We use exponential timesteps to better catch the behaviour of the solution
At =2 AL
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Robertson test

Robertson Test case

1.00
——c1.02
— 10M4*c2_02
—— 302
0.75 —— cl+c2+c3_02
— - -¢1.05
S — - - 10"4*c2_05
= — - -¢3_05
F= — - - cl+c2+c3_05
goso- K e Refcl
c | gY e 1074*Refc2
s | X | Refc3
@]
0.25
0.00 1 1 1 n
10°° 10° 10° 10%°

Time

Figure: Second and fifth order solutions and references
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e Outlook
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Extensions:
@ Shu-Osher formulation of RK
@ Stiff source terms
@ Stability analysis
@ Shallow water equation
@ Euler equations
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If you want to check out the code, it’s really easy (~ 150 lines), in Julia, on git.
https://git.math.uzh.ch/abgrall_group/
deferred-correction-patankar—-scheme

Thank you!
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