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Tl oM ¢ RMHDX (M) it p> M.
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Efficient DeC into RK framework

DeCdu S:M.(p_1)+1_w

c 5 d@ u@ gD . g D A dim
0 0 &
Bo | g o u® 1
o |z Z8 0 o u® >
gl zh oz 0 u® 3
grY I Z 0 oz o 0 | uM M-t
s |z o o ZM o |u™
b [ Z55Y o 0 ZI [ uMe |
Z(P) o eP H(FP-1) ER(p+1)XP, ifp=1,...,M,
T leM ¢ R(M+1)><(M+1)’ if p> M.
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Computational costs reduction: RK stages

Equispaced Gauss-Lobatto

P M DeC | DeCu | DeCdu P | M || DeC | DeCu | DeCdu
2 1 2 2 2 2 1 2 2 2
3 2 5 5 4 3 2 5 5 4
4 3 10 9 7 4 2 7 7 6
5 4 17 14 11 5 3 13 12 10
6 5 26 20 16 6 3 16 15 13
7 6 37 27 22 7 4 25 22 19
8 7 50 35 29 8 4 29 26 23
9 8 65 44 37 9 5 41 35 31
10| 9 82 54 46 10 | b 46 40 36
11 | 10 101 65 56 11 | 6 61 51 46
12 | 11 122 7 67 12 6 67 57 52
13 | 12 145 90 79 13 | 7 85 70 64




Stability Properties

DeC-DeCu-DeCdu

The stability function of DeC, DeCu, DeCdu of
order P for any nodes distribution is

2 [?

z V4

R(z)=1+z+2! i
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Adaptive DeC

How can we exploit the increasing order of accuracy?
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Adaptive DeC

How can we exploit the increasing order of accuracy?

Adaptive order DeC

o Set tolerance ¢ Order o(atl) o(ar?) oatd) o(att) o) o(atd)
o Check at each iteration if ||g(”) — g(pfl)H <e th

e Stop at a certain order when tolerance is
reached

tht1
Iteration o—"1T—"2—"3—"—%—7

17/ 24 D. Torlo



Adaptive DeC

How can we exploit the increasing order of accuracy?

Adaptive order DeC

e Set tolerance & Order o(at!) o(ar?) oatd) o(att) o) o(atd)
o Check at each iteration if ||g(”) — g(pfl)H <e t

e Stop at a certain order when tolerance is
reached

. Saving on useless iterations

tht1
. Reach the needed order for tolerance Iteration 0 1 2 3 4 5

. Sub-optimal (waste of few stages)
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ODE test: Vibrating system

my” + ry’ 4+ ky = F cos(Qt + ¢),

Equispaced

107! 10°
At

DeC(3)
DeC(4)
DeC(5)
DeC(6)
DeC(7)
DeC(8)
DeC(9)

y(0)=A,  y(0)=B.

Gauss-Lobatto

107! 10°
At

DeC —, DeCu ——, DeCdu — - —, adaptive in grey/black
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ODE test: Vibrating system

Error

" ’ /
my” + ry’ + ky = F cos(Qt + ¢), y(0) = A, y'(0) = B.
Equispaced Gauss-Lobatto
107! 107!
1073 4 10-3 4
1075 A 10-5 4
DeC(3)
10-7 DeC(4) 1077 4
DeC(5) 5
10-9 4 DeC(6) £ 104
DeC(7)
10-11 4 DeC(8) 1071 4
DeC(9)
10-13 10-13 4
10715 4 10-15 4
103 10-2 10- 10 102
Computational time Computational time
DeC —, DeCu ——, DeCdu — - —, adaptive in grey/black
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ODE test: Vibrating system

my” + ry’ 4+ ky = F cos(Qt + ¢), y(0) = A, y'(0) = B.

Equispaced Gauss-Lobatto
T T —T
14 == bDeCu-equi - % - bDeCu-GL e
—o&— bDeCdu-equi —o—bDeCdu-GL
—+— sDeCu-equi 12 H —*+— sDeCu-GL |
12 H - = sDeCdu-equi — ®. . sDeCdu-GL
©n w0
=1 =i — —
S 10 - B 5 10
Q @ . -
= 8 I il = 8
6 . 6 o
Lo | | |
10-* 10° 1071 100
At At
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ODE test: Vibrating system

my” + ry’ 4+ ky = F cos(Qt + ¢), y(0) = A, y'(0) = B.

. uss-
Equispaced Gauss-Lobatto
9 —— o 137‘““‘ ‘”7‘57
E---f-B---—-m-----m----"8 || g ppeCdud : B W g —-ETT
o---1-®----- o g -0 —@— bDeCdu5
——— bDeCdu6 B e G
———— — — —— bDeCdu7 1.2+ |
=% ~ @ - bDeCdus . - _o-—-—- o——— o ___
T B e — | B -5 e
9 B B
% *——o —0 o ——O 1.1 -
(% . —_— —
N e e | o o o
1l . | 1r .= o m |
L | N L
107! 10° 1071 10°
At At
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Residual Distributions and DeC

Residual Distribution (RD)
» Originally somehow Finte Volume
¢ Finite Element

e Runge Kutta + Mass matrix

M
correction (Rémi + Mario) Ci?(u) — / pipidx(u — u?) + AtZQTZq)Ik(Ur)
e DeC + RD (Rémi 2017) Q r=0 K

AN

e Qu+V-F(u)=0

Vi = {u € C(Q) : U|K € Pm}

Ox(u) = [, V- Flu)dx £57(u) = / (U — o) + AtE™ S o(u?)
Oje(u) = [, pi(x)V-F(u)dx+ST;(u) o

NOT method of lines
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DeCu for RD
DeC for RD

M
/ (p,-dx(u,f"’(p) — u;"’("_l)) = / (p,-(pjdX(u;n’(p) — )+ AtZ@:" ZCD;((U"(”_I))
K K
r=0 K

EZT(”(p))_LkT(”(p_I))

Lzﬁ(u(pfl))
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DeCu for RD

DeC for RD

M
/ <p,-dx(u,f"’(p) — u,f"’("_l)) = / @;(pjdx(ujf"’(p) — )+ AtZQ;" Z¢£<(u"(p_1))
K K
r=0 K

LlA”’:,'(u(P))—ﬂkZ’(u(P—l))

gz”:}(u(pfl))

DeCu for RD

M
ot ® = im0 0) = [ a0 < )+ D0 S 0l )
K K
r=0 K

~~

L Lo e (p—
EREPI=ER =) LM (o)
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DeCu for RD
DeC for RD

M
/ prdx(u?) — ™Yy = / (,DiQDjdX(U;n’(p) — )+ AtZe;” Zq);((ur,(p—l))
K S r=0 K

LZT(u(P))_LkZ’(u(p—l))

Lz”:}(u(pfl))

DeCu for RD

M
ot ® = im0 0) = [ a0 < )+ D0 S 0l )
K ] r=0 K

~~

L7 (ulP)— L7 (u (= 1)) 2 (o)

Computational cost

Depend date evaluation, | fi luati *DeC O~ (P-1)M+1

] —
€pendas on updaate evaluation, less on Tlux evaluations o BeCy € & (P _ l)M + 1_ M(/\g 1)
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Test PDE: linear advection equation

Oru+0xu=0
u(0, x) = cos(27x)

Convergence
104
— B2
10°° — P2
— PGL2
— 3
5 10 — B3
3 — PGL3
o —— PGL4
10-10 order 2
- order3
- order 4
10-12 - order 5
10-14
102 10°
Nesements
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103

1073

107°

1071

DeC —
DeCu ——

Computational Time

10! 10° 10! 10? 10°
Computational time

B2
P2
PGL2
P3
B3
PGL3
PGL4



Test PDE: linear advection equation

Oru+0xu=0
u(0, x) = cos(27x)
Speed up
1.8 —— T e s
R T
—%— B3
P3
o 1.6} || --e-rGL3
= ~ @ -PGL4
el
g
A 14l .
1.2 & ————. ' T —

102 103

Nelements
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Summary and perspectives

Summary

e DeC
o Efficient DeC

e Increasing order of reconstruction with
iterations

o Great Speed up

e Not too big implementation in a DeC
code (Remi’s birthday present)

o Adaptive with tolerance
e DeC and RD for PDEs



https://arxiv.org/abs/2210.02976

Summary and perspectives

Summary Perspectives
e DeC e Increasing spatial discretizations order
o Efficient DeC o IMEX
e Increasing order of reconstruction with ~ « ADER
iterations o Adaptive with other criteria

o Great Speed up

e Not too big implementation in a DeC
code (Remi’s birthday present)

o Adaptive with tolerance
e DeC and RD for PDEs
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Summary and perspectives

Summary Perspectives

e DeC e Increasing spatial discretizations order
o Efficient DeC o IMEX
e Increasing order of reconstruction with ~ « ADER

iterations o Adaptive with other criteria
o Great Speed up
e Not too big implementation in a DeC THANK YOU!

code (Remi’s birthday present)
o Adaptive with tolerance S
e DeC and RD for PDEs L. Micalizzi, D. Torlo. A new efficient explicit

Deferred Correction framework: analysis and
applications to hyperbolic PDEs and adaptivity.
arXiv:2210.02976.
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Test PDE: shallow water equations

h hu
2 (P40 () =
hu hu® + Sh bDeCu ——

IC = moving vortex

Convergence Computational Time
1072 1077
107 107 %
- Z
I =3 5 — B2 |51
—a H e 8
=10 ieonr B )
1075 107
107 10t 2 ? 10°
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Many DeCs

Which sub-time-interval?

t° Big DeC (bDeC)
a LA, ... u™) = La(u) =
M
u" —u® — [ G(u(s))ds
) :
t ‘ : ;
| u™ —u’ — f:o G(u(s))ds
tm—l‘ .
’ 1
o u' —u® — [ G(u(s))ds
I
I
M l . Parallel subtimesteps
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Many DeCs

Which sub-time-interval?

Small DeC (sDeC)

£
LA, u™) = LA(u) =
t' (uM — M-t f::_l G(u(s))ds
t* : m
u™ —umt - f;nfl G(u(s))ds
=1 .
(vt —u® — ftf,l G(u(s))ds

. Serial subtimesteps

=
3

m——— - - - =
——

. More accurate
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Many DeCs

Which sub-time-interval? Which sub-time-nodes?

tO

tl

24/ 24

Small DeC (sDeC)
KZA(UO, e, uM) = Ei(g) o=

(uM — M- — ft:_l G(u(s))ds

t

+m

u™ —umt - ftmfl G(u(s))ds

1

(vt —u® — ftf, G(u(s))ds

. Serial subtimesteps

‘ More accurate

D. Torlo Efficient explicit DeC

Equispaced
. Easy to implement
. Accuracy M + 1



Many DeCs

Which sub-time-interval? Which sub-time-nodes?

tO

tl

24/ 24

Small DeC (sDeC)
KZA(UO, e, uM) = Ei(g) o=

(uM — M- — ft:_l G(u(s))ds

t

+m

u™ —umt - ftmfl G(u(s))ds

1

(vt —u® — ftf, G(u(s))ds

. Serial subtimesteps

‘ More accurate

D. Torlo Efficient explicit DeC

0
t
il

Equispaced
. Easy to implement
. Accuracy M + 1

Gauss-Lobatto

. Accuracy 2M

. Less standard polynomials in time
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