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Friedrichs’ Systems 1958° Unify physics
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Motivation

Friedrichs’ Systems 1958° Unify physics

e A model for transonic flows e Historical effort to find one general model

e Both elliptic and hyperbolic regimes o Still research on unification of models

o A hyperbolic model for viscous Newtonian
flows?: Euler, Navier-Stokes, non Newtonian
fluids, solid deformation.?

Hyperbolic model e Hyperbolic equations generalize many other
models

e First order derivatives o General relativity €

e Extra variables (with or without physical

e One hyperbolic model

. ?]. Peshkov, E. Romenski. Continuum Mech.
meanmg) Thermodyn. 28, (2016).
® Preserve causality principle and finite speed bS. K. Godunov, E. Romenski. Journal of App. Mech.
e and Technical Physics, 16(6), (1972).
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Friedrichs' System in Brief and Goals

What are Friedrichs’ systems?

e Hyperbolic systems (first order PDEs)

Also elliptic = extra variables

e Linear systems

Admissible boundary conditions: technical,
but natural and elegant
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Friedrichs’ m in Brief an |

What can we solve with Friedrichs’ Systems?
What are Friedrichs’ systems? e Linear systems (today)

e Hyperbolic systems (first order PDEs) °
e Also elliptic = extra variables Z
e Linear systems Z
e Admissible boundary conditions: technical, o
but natural and elegant °

o

Wave equations

Diffusion equations
Advection-diffusion-reaction equations
Div-grad problems

Linear elasticity

Curl-curl problems as Maxwell's equations
Mangeto-hydrodynamics

Klein-Gordon
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What can we solve with Friedrichs’ Systems?
What are Friedrichs’ systems? e Linear systems (today)

e Hyperbolic systems (first order PDEs) °
e Also elliptic = extra variables Z
e Linear systems Z
e Admissible boundary conditions: technical, o
but natural and elegant °

o

What we want to do

o Use Discontinuous Galerkin (DG) to solve FS
e Exploit linearity of the problem to ROM
e Simple Galerkin projection for ROM

e A posteriori error estimator for Greedy

Wave equations

Diffusion equations
Advection-diffusion-reaction equations
Div-grad problems

Linear elasticity

Curl-curl problems as Maxwell's equations
Mangeto-hydrodynamics

Klein-Gordon
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Friedrichs’ m_in Brief an I
What can we solve with Friedrichs’ Systems?
What are Friedrichs’ systems? e Linear systems (today)

e Hyperbolic systems (first order PDEs) ° \S/_?f"e _eq“ationt-"j
ITfusion equations

Advection-diffusion-reaction equations
Div-grad problems

Linear elasticity

Curl-curl problems as Maxwell's equations
Mangeto-hydrodynamics

Klein-Gordon

T ——

o Use Discontinuous Galerkin (DG) to solve FS

Also elliptic = extra variables

e Linear systems

Admissible boundary conditions: technical,
but natural and elegant

O O O O 0O O ©°O

e Nonlinear problems (in future linearized Euler

e Exploit linearity of the problem to ROM with hyper reduction)
* Simple Galerkin projection for ROM e Advection dominated problems and slow
e A posteriori error estimator for Greedy Kolmogorov N-width decay (in future with

calibration techniques)
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Friedrichs' Systems?!

QcRr? geometrical domain

d geometrical dimension,

m system dimension,

A e [L=°(@Q)]™™, k=0,...,d,
A= (AT ae inQ, k=1,...,d,

d
A+ (AT = A" > 2l > 0.

k=1

!D. A. Di Pietro and A. Ern. Mathematical aspects of discontinuous Galerkin methods, volume 69. Springer Science &
Business Media, 2011.
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QcRr? geometrical domain

d
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m system dimension, k=1
A e [L®(Q™ ™, k=0,...,d, J
[L7(2)] D= an_Ak, on 09,

A= (AT ae inQ, k=1,...,d, —

d
A+ (AT = A" > 2l > 0.

k=1

M boundary field nonnegative,
R™ = ker(D — M) + ker(D + M).
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Friedrichs' Systems?!

Q C RY geometrical domain
g

d
d geometrical dimension, A=A+ Z A oy,
m system dimension, k=1
oo mxm d

A€ [LZ(@I™", k=0,....d, D=3 nA, on o9
A=A ae inQ k=1,...,d, —

d
A%+ (AT - Z OeA" > 2410lm > 0. Friedrichs' System

k=1

Az =f, in Q,
M boundary field nonnegative, (D—-M)z=0, ondQ.

R™ = ker(D — M) + ker(D + M).

ID. A. Di Pietro and A. Ern. Mathematical aspects of discontinuous Galerkin methods, volume 69. Springer Science &
Business Media, 2011.




Example: Advection-Diffusion-Reaction

—V - (kVu)+6-Vu+pu=r

1
,u—§V~52uo>07 ne[L“]dXd,n2mold>0.
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Example: Advection-Diffusion-Reaction

—V - (kVu)+5-Vu+pu=r
1
,u—§V~52uo>07 ne[L“]dXd,n2noﬂd>0.
Introduce an extra variable v = —kVu, so that z = (Z) is our
unknown.

-1
0o_ |k 04,1 k| Oad e _ (0
ol 4 A P A ©)
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Example: Advection-Diffusion-Reaction

—V - (kVu)+5-Vu+pu=r
1
,u—§V~52uo>07 ne[L‘X’]dXd,nZnoHd>0.
Introduce an extra variable v = —kVu, so that z = (Z) is our
unknown.
=il
04,1 K Odd € 0
A= (N T A= | ,  f=
[Ol,d 7 } (e)” Bk r
d Kk lv+Vu=0
Az = f — Aoz—i-z Az = f — -
— +V-v+pB-Vu=r
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Example: Advection-Diffusion-Reaction

Boundary operator

—V - (kVu)+B-Vu+pu=r J
1 oo K 04 n
,u—EV-BZ/Ao>O7 k€ [L®]7* Kk > Kolg > 0. DZkZ:nkA :[nt ﬁ'n]
-1
Introduce an extra variable v = —kVu, so that z = (Z) is our Dirichlet homogeneous
unknown. 0 “n
=l 3]
A0 — K1 041 Sk — Odd € F— (O
O1g |’ ()" Bi|’ r
Robin/Neumann: v - n = ~yu
d _q B M= 0Od,d n }
Az:f<:>.A°z+Z.A"8kz:f<:> wovEvu=0 {—"t 2y+pB-n
— +V-v+p5-Vu=r

with v = (8- n)~ inflow/outflow.
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Example: Linear Elasticity

o — ﬁlktr(g)ﬂdﬂ — %(VU - (VU)T) =0,
-IV-(c+o")+tau=r,

a,A>0 (A ~ compressibility, o« for hypotesis, can be relaxed).

D. Torlo  MOR for Friedrichs’ system
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Example: Linear Elasticity

o — H%tr(a)ﬂd,d — %(VU - (VU)T) =0,
-IV-(c+o")+tau=r,

a,A>0 (A ~ compressibility, @ for hypotesis, can be relaxed).
Computing the trace of the first equation

o= %(Vu +(Vu)) AT - 0)lu.

o lewe— 752 Opq « |02 &k 0
= ; . = ; f=
A 0d7d2 a]Id,d ’ A (gk)T Od,d ’ r
1
Zij), k) = 650kt g[l:‘j],l =5 (0 + dudjk)
D. Torlo

MOR for Friedrick

8/ 33



Example: Linear Elasticity

Boundary operator

o — d+ktr(a)]1d d — *(VU - (VU) ) 0, . OdZ d2 N
_2V (c4+oc")+au=r, W= an'A 04,4
a,A>0 (A ~ compressibility, @ for hypotesis, can be relaxed).

N¢ = —5("®§+€®")
Computing the trace of the first equation
Dirichlet homogeneous

= %(Vu + (Vo)) + ANV - u)lgq.

_ |0z —
M= {NT 0d,d:|
o lewe— 752 Opq k_ |[O0pa EF (0
AR (g ally 4 A= (EDT 044’ f= r Robin/Neumann
1
Z(i, ik = 0Ok, g[lfj],/ =73 (6wt + 6udji) M= 0d2,d; N
—N 2’}/Hd,d
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Example: rl-curl Maxwell’ jon

pH+V X E=r,
GE-VxH=g,

w,o > 0.

D. Torlo MOR for Friedrichs’ system:
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Example: Curl-curl (steady Maxwell's equations)

cE—-V xH=g,
w,o > 0.

0 laa Od,d K 040 R- r
= ’ ’ = P f =
A |:Od7d U]Id,d]’ A {(Rk)T Oda|’ g

R = ey (Levi-Civita tensor)

{MH—i—VxE:r,

Boundary operator

d
_ Z k_ |O0ga T
D= 2 nk.A = |:TT Od,d

TE:=nXx¢E

Homogeneous Dirichlet on  Homogeneous Dirichlet on
] tangential of electric field  tangential of magnetic field

M= |:0d,d —T] M= |:0d,d T }

TT 044 ~TT 044
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Friedrichs' Systems Properties

Well posedness??

We have to introduce _
e Operator A and its formal dual A

e Extension to graph space with forms a and a*
e D from A, A

e Cone formalism to include BC

Given (A, A), D, M, a, a* + hypotheses, then the
problem
a(z,y) =(f,y)Vy eV

is well-posed and the solution satisfy the strong
form in the weak sense.

°D. A. Di Pietro and A. Ern. Mathematical aspects of
discontinuous Galerkin methods, volume 69. Springer Science
& Business Media, 2011

bK. O. Friedrichs. Commun Pure Appl Math,

1313335418, 1958, o



Friedrichs' Systems Properties

Well posedness?? Why interested in Friedrichs’ Systems?
We have to introduce e One model = many models
e Operator A and its formal dual A e One method = tons of models
e Extension to graph space with forms a and a* e Symmetry matrices
e Dfrom A A o structure preserving (e.g. entropy solutions
' for Euler)
e Cone formalism to include BC o Easier to be solved

Existence of ultraweak form + Conformal
methods = isometry, error = residual

Theorem

Given (A, A), D, M, a, a* + hypotheses, then the

Y e Error estimates also for hyperbolic

a(z,y) = (f,y)Vy e V o Large(r) matrices = ROM

is well-posed and the solution satisfy the strong
form in the weak sense.

°D. A. Di Pietro and A. Ern. Mathematical aspects of
discontinuous Galerkin methods, volume 69. Springer Science
& Business Media, 2011

bK. O. Friedrichs. Commun Pure Appl Math,
11(3):1%?}’3%3—418, 1958.
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DG for Friedrichs' Systems

DG discretization

= [P5(TR)]"
an(z, yn) ==
S (Azmem +3 O (M =Dz
TET FeFb
— > (Delzl {2y
lFes]
| Z SPZ, yh)i2(F) Z w21, [ye]).
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DG for Friedrichs' Systems

SIS

° [IP (777)] e Consistent, coercive
® Inf-sup stability

ah(Z,yh) = an(zn, Yn

. llzelll S sup h|f|yhh||| )
Y Az )i +5 D (M =D)z,ym) a5 70
T Fer VI = B2+ Ry 3+ b7 (|40 || o o,
= > (Ol )iz TET,

FeF] * Boundness an(w, ys) < |[|wl||-llysll| with
I = 1y + > B By + 1Yo ry)
TeTh

Error estimate [z — zu||| < CH*+1/2




DG for Friedrichs' Systems

DG discretization

e Stable
High Order Accurate

o Linear discretization of the linear operators

Easy parallel implementation of the system assembly

Affine decomposition easy to exploit

o Implemented in deal.II®

2deal:i.i.org

PORRTRMM D Toric MO for Priedrichs systems


dealii.org
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Galerkin Projection for Friedrichs' Systems FOM

ROM discretization of parametric Friedrichs' system

e FOM problem: an(z, yn; ) = (F(1), yn) 12 Vyn € Vi
e Vgg <= POD or Greedy

e Projection on Vgg: zgg = ZJ’.V:Rf 2z FE with {z/JJRB}J'.V:Rf a basis of Vgs

an(zre, Ui ) = (F(), %) e forall j=1,..., Nrs.

e Parametric affine decomposition:

Naﬂ‘ine Na ffine
an(zyim) =Y Oe(macn(z,y),  (Fu)y) =D 0i(w)(fey),
£=1 =1

e Reduced problem: find Z{?B such that

Nrs Naffine affme

ZZRB ) ZQg(u aen( 1,b,RB ijB 295 w)( fz,wj forall j=1,..., Ngs.
=il
D. Torlo

MOR for Friedrict
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A posteriori error estimator in [?

Error bound

o en(p) := zn(1t) — zre(1t), Riesz residual representing vector Py = F — Azgg in L, coercivity

B
sl < ;ﬁ"z Ao ra()

Effectiveness error estimator

Boundness of a5 depends on norm ||| - |||+, hence, very bad estimates (we are working on that)

Cheap computation of the error estimator

N fine Naffine Nrg
thy == F — Azrg = Z 05 (1) Fe — Z Ok (1) Ak ZzﬂslﬁfB
=1 k=1 n=1

SORRTRMM D Toric MO for Priedrichs systems
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Compressible Linear Elasticity: Problem

u = (a, \) € ([100,1000], [100, 1000])
rT =(0,-1,0)

{a - ﬁtr(a)]ld,d - %(Vu +(Vu)") =0,

—IVi(e+o)+au=r, Domain Q a cylindrical shell along the z-axis
with inner radius 1, outer radius 3 and height 10

Boundary Conditions

rDZGQﬂ{ZZO} I’N=8§2\I'D

Mixed boundary conditions:

(M(o,u), (T, V))v’,v =

IORRTRMM D Toric 1O for Priedrichs systems



Compressible Linear Elasticity: Error Decay

L2 error

10! 4 —— Energy error

—— Error estimator

—— Error energy estimator
100 4

ROM dimension

Figure: Error decay for different number of reduced basis Ngg (each component) for || - ||> and || - || = an(-, -1 1)
and their estimators

D. Torlo MOR for Friec
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Compressible Linear Elasticity: Speed-up

—— Speed up
104 4
6x 103
4x103
2 3 4 5 6 7 8 9 10

ROM dimension

Figure: Speed up factor for different number of reduced basis Ngg




mpressible Linear Elasticity: Explorin rameter

® Energy error %
X Energy error estimator *
107t XX
X XXX
X XX XX X%
x X XX XX g
X Xy X X
X %K XX
>g;<§§ X X X
X X X X x
. X % X X X X
5107 e X %
& ° XX
:
.
°
°
[ [ ]
1073 4 ! S L 4
o o Ny 0
*%e o © 3 e
()
° . oo
LA (] P
T T T T v
200 400 600 800 1000

Parameter alpha_tilde

Figure: Error in energy norm and its estimator on a test set with respect to A\ for Ngg = 4

21/ 33 D. Torlo MOR for Friedrichs’ system



u Magnitude
3604 2 4 6

' Do '

—

Figure: Simulation for o = 888.9, A = 839.8, FOM left ROM (Ngg = 4) right




u Magnitude
8.1e+00

Figure: Simulation for o = 324.3, A = 878.4, FOM left ROM (Ngg = 4) right




Curl-Curl (Maxwell): Problem

Maxwell equations in the stationary regime

Q is a torus with radii r = 0.5 and R =2 Boundary conditions

pH+VXE\ _ [ r B [0 T
<JE—VXH>_<g>’ vxeq, nxE=0 M—|:7—T 0]

pe€f05,2], o€[05,3]. TéE=nx§  VEeR.

H 1 2xy —8y?\/x2 4+ 22 + \/x2 + Z2(—12(x% + z2) — 15) + 32(x2 + z?) 2xy
exact (x) = = V2122 4(x2 + 22) VxT+ 22 )

m

z X 2
) = (FFm 0~ 7rem) (r2_y2‘ (R=v5+) )

The source terms are defined consequently as

F(X) = 07 g(X) = UEexact -V x Hexact- (1)

D. Torlo MOR for Friedrichs’ system:
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Curl-Curl (Maxwell): Problem

E Magnitude
3.5e-10 0.040.060.08 0.1 0.120.140.160.18 0.2 0.22 2.5e-01
|

l | | | |
2.9e-02 02 03 04 05 06 07 08 091.0e+0
H Magnitude

Figure: Simulation for o = p =1
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Curl-Curl (Maxwell): Error Decay

Feas —— L2 error
-‘-~---__~ —— Energy error
10744 ~'==\ —==- Error estimator
‘ —==- Error energy estimator
10—5 4
1076 4
1077 4
2 3 4 5 6 7 8 9 10
ROM dimension
Figure: Error decay for different number of reduced basis Ngg (each component) for || - ||> and || - || = an(-, -1 1)

and their estimators
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Curl-Curl (Maxwell): Speed-up

2x 104 —— Speed up

10% 4

i i T T i i i i T
2 3 4 5 6 7 8 9 10
ROM dimension

Figure: Speed up factor for different number of reduced basis Ngg




rl-Curl (Maxwell): Explorin rameter

X ® Energy error x
% % Energy error estimator XK X
4%
X X X
X
XK XX
X
s °
2
IS )
w *_o0%
o'..
L0
° ..-
°
°
T T T T T T
0.5 1.0 15 2.0 2.5 3.0

Parameter mu

Figure: Error in energy norm and its estimator on a test set with respect to u for Ngg = 4
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E Magnitude
4.7e-10 02 04 52e01

H I’{Aognirude
1.5e-01 05 1 1.5 1.8e+00

D e

Figure: Simulation for o = 0.994, u = 1.94, FOM left ROM (Ngg = 4) right

E Magnitude
4.7e-10 02 04 5.2e01

A
» Y
T
HI{Ac:ngude
1.5e-01 0.5 1.5 1.8e+00




E Magnitude E Magnitude
4.7e-10 02 04 52e01 4.7e-10 02 04 5.2e01
|

H r\:ﬂognirude H r\:ﬂc:gnﬁude
1.5 1.8e+00 1.5 1.8e+00

Figure: Simulation for o = 0.529, u = 0.745, FOM left ROM (Ngg = 4) right
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Summary and perspectives

Summary Perspectives
o Friedrichs’ Systems o Error estimator in energy norm (very
e Linear hyperbolic problems similar)
o Generalize many models e Ultraweak formulation to obtain a

better error estimator (=residual)

Extra variables

e Discretization DG

ROM with Galerkin projection
Error estimator(s)

o Linearized nonlinear systems (Euler)

e Slow Kolmogorov Ngg-width decay

e Time-dependent systems

Great speed-up

D. Torlo  MOR for Friedri
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DG for Friedrichs' Systems

DG discretization

o V= [P5(TH)]" o AX|7 € [ (T))™™
e Hence, D|7 := ZZ:1 nr AT on OT e Define a unique Df for every face F
o De[z%] =0

ai (z,yn) == > (Az,yn)izr) +§ > (M=D)z,yi)izry = Y, (Dell, f{ynl) iz

TETh FeFb Fes]

o Consistent and coercive: .
af) (yn, yn) > pollynl [ + §|yhlﬁ4

Well-posed discrete problem (not optimal convergence rate)

Stabilization an(z, y») := af (z, yn) + su(z, yr)

so(z,ym) = Y (SEz,yw)iaey + Y (Shl], Dyad)ezgey
Fer) [FE]
D. Torlo

MOR for Friedr
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DG for Friedrichs’ Systems

DG discretization

° g,
o Consistent, coercive
o Inf-sup stability

llzl]  sup 24z 5}
yoro yall
VI = 1yl + Iy + 2 + > br ZAkaky
TETh L2(T)

© Boundness ay(w, yn) < [[[wl]«|llyall| with
2 _ 2 p=l
NIyllE = HIylli® + > (7 IvliZ gy + lIliZ2or)
TEThH

e Error estimate
1z = zu|ll < inf [||z — yalll«
Yh€Vh

lllz = zull| S Coh*2

D. Torlo MOR for Friedr
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DG for Friedrichs' Systems

DG discretization

e Stable
High Order Accurate

o Linear discretization of the linear operators

Easy parallel implementation of the system assembly

Affine decomposition easy to exploit

o Implemented in deal.II®

3deal:i.i.org

BORPPR ©- "o MOR for Friearichs systems


dealii.org

ROM methods

PoD_______ | Greedy algorithm

* = training set of 4 e = training set of
* Compute zy(u) Vp €= e Start with random p° € = and Vig := z,(u°)
* Compute the SVD of Z the snapshot matrix e Compute the maximum of the error estimator
* Retain the largest singular values 3 and Now = Maxye=z Ao ra(fr)

vectors W (using a tolerance or a fixed o While AR > tol

number) o p* = argmax,e=z Ao ()

Set Vrg := W o Vgg = Vre ® zp(1*)




A posteriori error estimator

Error bound

en(p) := zn(p) — zre(n)
(un, vh)2 == ZTGT;, fT upvpdx

rre(yn) == (f, yn) — an(zre (1), yn) = (f, yn) — an(zre (1), ya)—(f, yn) + an(zn (1), y») = an(en(k), yn)
Let 755 be the Riesz representing vector in (-, )2 of rig(-), i.e.,

ris(yn) = (Thg, yh)2

Recall that
an(enen) > ) (Aen, en)ia(r > piollenll?
TETh

1 1 1, 1.
llen()lI2 < —an(en(p), en(); 1) = —rhg(en(p)) = — (Phg, en(1))2 < —||Phgll2len(1)]l2
Lo ) ) )

|IPRell2

llen(u)l]2 < =: Ao .re()
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||Pks]l2
llen(u)]]2 < Zi =: Ao re(p)
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A posteriori error estimator

Effectiveness error estimator

Boundness of a5 depends on norm ||| - |||+, hence, very bad estimates (we are working on that)
Cheap computation of the error estimator
Nl fine Naffine Nrs
Phg = F — Azgg = Z 06 (1) Fe — Z Ok (1) Ak ZZEBwa
=1 n=1
17hs13
affme Naffine Ngg afflne Naffine Nrg
Z 0 (n)Fe — Z Ou(m)AK | > zRevh® Z 67 (1)F, — Z Os()As | Y zRewh?
n=1 m=1 3
Naffine NrB
= D> Okl zhe0s(1)zs (A, AUn®), +
k,s=1 n,m=1 —_—

offline

online
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