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@ Residual Distribution
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Residual Distribution’

Finite Element Setting

e High order OutVe - fu) = S(u)
@ FE based

@ Compact stencil

@ Can recast some other FV, FE, GF, DG
schemes?

Vi = {u € C%(Q), u|lx € PP, VK € Q}

=D wee(®)= ) D uopo()

og€Dyp, KeQy, oeK

'R. Abgrall. Some remarks about conservation for residual distribution schemes. Computational Methods in Applied
Mathematics, 2018. DOI: https://doi.org/10.1515/cmam-2017-0056.

D. Torlo (Sapienza) RD for kinetic 4/39



Residual Distribution - Spatial Discretization

@ Define VK € Q, a fluctuation term (total residual) ¢** = [,. V- f(u) — S(u)dx
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Residual Distribution - Spatial Discretization

@ Define VK € €, a fluctuation term (total residual) ¢ = [,. V- f(u) — S(u)dx
@ Define nodal residuals ¢X Vo € K : o* =3 0K, VK € Q.
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Residual Distribution - Spatial Discretization

@ Define VK € €, a fluctuation term (total residual) ¢ = [,. V- f(u) — S(u)dx
@ Define nodal residuals ¢X Vo € K : o* =3 0K, VK € Q.
© The resulting scheme is W,0,u, + YKok ¢K =0, Vo € Dy, with

Wo = ZK|aeK Jic po(2)da.

A
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Residual distribution mass interpretation

What are we actually evolving in time? 3=, o [x o (2)dzus =2 3 ke Wa tle = Wott,

1
8tuU+W Z oK (u) = 0.

7 KloeK
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Examples of residual distribution splittings

Central scheme

oK = /K 0o (V- F(u) — S(u)) dz

V.
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Examples of residual distribution splittings

oK = /K 0o (V- F(u) — S(u)) dz

v

Rusanov scheme

o I=/K<pg (V~f(u)—S(u))dx+a(ug—ﬁK) J

A

.
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Examples of residual distribution splittings

oK = /K 0o (V- F(u) — S(u)) dz

Rusanov scheme

o I=/K<pg (V~f(u)—S(u))dx+a(ug—ﬁK) J

V

.

oK = /K o (V- F(u) — S(u)) dz

+ho /K Vo ds(w)r (V - f(u) — S(w)) do .

V
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Examples of residual distribution splittings

Central scheme
oK ::/K% (V- F(u) — S(w)) dz Jump stabilization

v

o5 = | 0o (V- fu) — S(u))de
Rusanov scheme /K‘p ( )

+20 [ [T llvuldy
o 1:/KQDG(V-f(U)—S(u))dﬂc—!—a(ug—ﬁK) J

V

oK = /K o (V- F(u) — S(u)) dz

+ho /K Vo ds(w)r (V - f(u) — S(w)) do .

V
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Examples of residual distribution splittings

Central scheme
oK ::/K% (V- F(u) — S(w)) dz Jump stabilization

V

Rusanov scheme

oK = /K 00 (V - f(u) - S(u)) da

—|—h26’/ Voo [Vu]dy
OK
85 = /K% (V- Flu) — S(u)) d -+ o (uy — )
Discontinuous Galerkin
¢s = / —Vo - f(1) — poS(u)dz

oK = /K 00 (V- f(u) - S(u)) dz

-
+ho /K Vo ds(w)r (V - f(u) — S(w)) do .
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@ FVvisRD
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Examples of Rusanov in residual distribution in 1D with P!

We = Ax

08 1= [ 00w+ mage o0 () (s — 7

1 i+d i—1
atui+E <¢i+2 +¢i 2) =0

L St un
o+ 5 ([ pousdnt max pl0uf(w) s - B

i

1 = Ui +Ui—1\\
+ Ar </zl1 ¢i0s f (u) dx +J_EI{IZ_133_<1} P(Ou f(us))(ui — 2)) =0
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Examples of Rusanov in residual distribution in 1D with P!

Wy = Ax

¢f:=:/;¢w6%f@0dw4—gg§f%3ufﬁu)ﬂuo-ﬁK)

L (it 43 _
atui‘FE(Qf?i + ¢, ) =0
Bl (f(uz'+1) = flw) |

o~ max | p(0f (1) (s — 1))

2 je{ii+1} 2

-- Aix (—f(ui) _2f(ui’1) + max p(0uf (uy)) (ui - che = +2ui71 )) =0
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Examples of Rusanov in residual distribution in 1D with P!

We = Az
PE = /K Y00z f(u)dz + %%‘P(auf(uj))(ug —ak)
L (git3 Lg% =
8”“""5(457; + ¢, )—0
8tui + i <M e

x| p(0uf (1) =100 )+ L0

Az 2 je{ii+1} 2 Ax
L f(w) = fuioa) Wi —wimr ) f(us)
+ Az ( 2 +j€§r;3>fl}p(8uf(u])) 2 Ax 0
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Examples of Rusanov in residual distribution in 1D with P!

W, = Az
$o = /K o 0c f (u)de + max p(Ou f (u;)) (4o — a’)
o+ 37 (7 +07H) =0
e e R L IES S
+ o (L) e g ) - L) o
oo+ g (LI e pt0 ) )
- ﬁ (% - je?ggfl}p(auf(ug-))ui _Qui‘l> =0
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General conservative FV into a RD P! scheme on triangles

C. 2 CS

In Finite Volume scheme

1 .
8t7.to- -+ Wo_ Z fnfa/ (Ua-, 'LLG-/) = 0
KloceK
o’'eK|o'#o
a numerical flux is defined such that conservation is preserved
fn(quv ui) = *f—n(uia u+)

with consistency property

Falu,u) = f(u) .
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General conservative FV into a RD P! scheme on triangles

1 N Cy Cs
8t’ug + Wg Z fnag, (UU,Ug/) =0
KloceK
o' €K|o'#o
Properties
|nA| |BO| nAB+nBc+nc,4—0
nk, = —nk ZUEK =0 C
L >k, -
n} = 2(nf{ +nfe) Kioex 0
o' €K|o'#0
anK (u0'7ua’)_ ank (u0'7u0’)_ Zné{o" f(uo)
Kloek °° Kloek °° KloeK
o' €K|o'#o o' €K|o'#o o' €K|o'#o
= Z an (UDWUO")if(uU) na’o‘)
KloceK
o' €K|o'#o
o5 = > (far, (e ue) = fluq) i)
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General conservative FV into a RD P! scheme on triangles

Properties/Definitions

85 = B (fug, (worve) = fur) 0 ) k| |

o' eK| K K

o'#o no[’{a’ = _III(U’U =
[x Voodz = —nk ny =2(nap + niac)
fn(u+7u_) = _f—ﬂ(u_7u+)

Conservation in RD

Sk =3 > (fur, (U uo) = f(us) -0k

ceK oceK g'eK|a/7éa
nk
== 3 fu) T = Y [ f(a) Vs
ceK ceK K
= [ Vf'(u)dx
K
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Summary FV is RD

@ Start from a FV on dual mesh

@ Define nodal residuals as ¢X := > (an (Uosuor) — f(ug) - nf,{,/)
q i
o' #o

@ Conservation property holds 3= - 6% (u) = [ Vf(u)dx = ¢* (u)
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What are we looking for?
Goal: FV formulation

We start from residual distribution
K 615“(7 + W /Z fo o’ - O
Do + 7= D by ( A #
K\UEK fa,a’(u7u7u7"'vu):f(u)'nmff"
K _ h a a
> 05 (w) = /K V4 (u) = 5(u)ds. WNETE fr s (1) = for o7 (try s Uy Uy - - Uy ) IS @
oeK  multidimensional numerical flux that might depend
on all DOFs in K.

What we have to do

Disaggregate the nodal residuals into numerical fluxes. We have many more unknowns than
equations! “Easy task”, but we should check that the problem is solvable!
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RD to FV

For every element K, we want to find
fa,a’ = 7.]?0/,(7

for all connected o, o’ such that

S fur @) = o) = > 6K ()

o'#o KloeK

Hence, we define an order of the connections [o, ¢’] so

that

= f{,, -y if[o,0']is ordered,
fE, = f{a - if [0',0] is ordered.

Eg. f i =—fx = fﬁl4} as [1,4] is ordered.
1,4 4,1 )

D. Torlo (Sapienza)
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P2 element

Note that here all the 6 DoFs contribute
to each nodal residual, even if far away,
hence also to the numerical fluxes.
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RD to FV

This can be recast into a linear algebra problem

Zgoa.f{a(r’}—(po Z ¢

KlceK

P2 element

where

1 if[o,0'] is ordered,
€o,00 = § —1 if [0/, 0] is ordered,
0  if 0,0’ not connected.

Unknowns are only direct connected edges [o,0’]. In

matrix form is .
Af = ¢, Note that here all the 6 DoFs contribute

to each nodal residual, even if far away,

with A the matrix of the incidence matrix of the graph hence also to the numerical fluxes.

which is rectangular of size (#DoFs) x (#edges).
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RD to FV

P2 element

Af = ¢

Consider L = AAT, the graph Laplacian matrix, which

is square of size (#DoFs) x (#DoFs).

@ [ has rank (#DoFs) — 1 as the kernel is spanned

by the vector of all ones 1 and its image is

span(1)*.
@ Define L~ using the restriction of
L : span(1)* — span(1)*.

o f = ATL-1¢ is a solution of the problem, as ¢ is

in the image of A due to conservation.

D. Torlo (Sapienza)
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Note that here all the 6 DoFs contribute
to each nodal residual, even if far away,
hence also to the numerical fluxes.
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@ Kinetic Models
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Kinetic Models

Kinetic relaxation models by D. Aregba-Driollet and R. Natalini?.

u
Hyperbolic limit equation QCRP — REK D Ay

D
ut—l-zamdAd(u) =0, u:Q—RE
d=1

Relaxation system

(M(Pfe)—f), ff:Q—RE

™ | =

D

FE4+D  Raba, f =
d=1

Pfe —wu, P(M(u))=u, PAM(u)= Ag(u).

2D. Aregba-Driollet and R. Natalini. Discrete kinetic schemes for multidimensional systems of conservation laws. SIAM
J. Numer. Anal., 37(6):1973-2004, 2000.
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Scalar 1D example: Jin—Xin system

Letu:R — Rand A(u) = a(u) witha: R — R.
Limit equation

(1) ug + a(u), = 0.
Now, let f = (f1, f2) with Pf = f1, A = <f2 (1)> M () = u, Ma(u) = alu).
So that

D
€ e _ f f _1 - o fi=fi
ft +dZ:1Ad8mdf —<f;>t+az (AQj-l)—e(M(Pf)—f)_(a(flE_fz)

Oufi +0:f2=0
Onfo+ N0 fr = IS
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Whitham’s subcharacteristic conditions: Jin—Xin

Oif1 +0:f2=0
Oufa + N0, fr = “hlf

€

fo=a(f1) —e (Ocfo + N0uf1)
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Whitham’s subcharacteristic conditions: Jin—Xin

Oif1 +0:f2=0
Oufa + N0, fr = “hlf

€

fo=a(f1) —e (Ocfo + N0uf1)
atfl + 6aca(f1) - 5830 (atf2 + )\28xf1) =0
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Whitham’s subcharacteristic conditions: Jin—Xin

Oif1 +0:f2=0
Oufa + N0, fr = “hlf

fo=a(f1) —e (Ocfo + N0uf1)
atfl + 6aca(f1) - 5830 (atf2 + )\28xf1) =0
Ocf1 + Ovalfr) = €0s (a'(f1)0f1 + A20uf1) + O(?) = 0
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Whitham’s subcharacteristic conditions: Jin—Xin

Oif1 +0:f2=0
Oufa + N0, fr = “hlf

€

fa=a(f1) — e (Oufa+ N0 f1)

Ofr+ 0za(fr) — €0y (Ofo + N20uf1) =0

Ofr + 0palfr) — €0, (a'(f1)Ofr + N20uf1) + O(?)
Oufr + Oralfr) — €0, (—d'(f1)0nf2 + N20uf1) + Ole

D. Torlo (Sapienza) RD for kinetic
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Whitham’s subcharacteristic conditions: Jin—Xin

Oufi +0,f2=0
Opfa+ N0, f1 =

a(fi)=fa
1>

fo=a(f1) —e (Ocfo + N0uf1)

Ot f1 + Oza(f1) —
Ouf1 + 0za(f1) —
Oif1 + Ora(f1) —
Oi f1 + Oza(f1) —

D. Torlo (Sapienza)

€0, (3tf2+)\28 f1) =0

0u (d/(f1)0uf1 + N0 f1) + O(e7)
3m( f13f2+>\23 f1) +O(e?
8;,( a (f1)0uf1 + N0, f1)

RD for kinetic
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Whitham’s subcharacteristic conditions: Jin—Xin

{atfl +0ufa=0

Oufa + N0, f1 = 7a(f127f2
fo=a(f1) —¢ (atf2 + N0, f1)

Ot f1 + Oza(f1) —
Ocfr + Ova(fr) — €0 (a
Ouf1 + Oza(fr) — €0a (—
Ouf1 + Ogal(f1) — (
Oif1 + Ora(f1) —

(

0y (Oefo + A20,f1) =0

"(fO)O 1+ X20uf1) +O(e?) =0
' (f1)0uf2 + N20pf1) + O(%) =
a'(f1)a (f1)0 fr + A\*0, f1)

d(f1)?+ A\ 0if1 + O(?) =

So the stability condition to be dissipative is

()

)\2 Z a/(f1)2

D. Torlo (Sapienza)
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Chapman—Enskog

Relaxation system Define u® = Pf<, vf = PAyf°
D
1 € D g —
f 4D Madeu £ = < (M(PFO) = £9), Ou® + 312 0r, 5 = 0
@=L Oy + 20521 Ou, (PAGA; ) = 2 (Aa(u®) — v)),

P(M(u) = u, PAM () = Ay(u).
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Chapman—Enskog

Relaxation system Define uf = Pf*, o5 = PAyf
D
1 . D
f 4D Madeu £ = < (M(PFO) = £9), Ou® + 312 0r, 5 = 0
d=1 Oy + >, 0 j(PAdAj £5) = L(Aq(uf

P(M(u) = u, PAM () = Ay(u).

Chapman—Enskog: Taylor expansion in ¢

D
v = Ag(uf) — ¢ (8,51)2 +3 4, PAdAjM(uf))) +O(e?),

j=1

D
Opu + ) Oy, Ag(uf
d=1

HMU

(Z Baj(u®)0y; ’U,E) + 0(£?)

with By (u) := PAgA; M’ (u) — A;l( u)Aj(u) € R®*® vd,j=1,...,D.

D. Torlo (Sapienza) RD for kinetic
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Whitham’s condition®

Chapman Enskog

D

D D
Opu® + Z aIdAd(ue) =€ Z Oz, Z By (’Ufg)(‘?@j’u‘E + 0(52),
=i

d=1 d=1

Right hand side must be diffusive.

Whitham’s subcharacteristic condition

D
Bja = PAaA; M (u) — Ay(w)Ajw), > (Byéj €a)

7,d=1

3D. Aregba-Driollet and R. Natalini. Discrete kinetic schemes for multidimensional systems of conservation laws. SIAM
J. Numer. Anal., 37(6):1973-2004, 2000.
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Kinetic model
Kinetic Model
D 1
f£ 43 Madn, f* = — (M(Pf) = 7),

d=1 M P
P(M(uw)) =u, PAgM(u)= Ai(u).

O CRP —— RE 7D Ay

RL D Aq

We have to find M, P, A that respect previous conditions.

Model choices

@ L =N x K with P= (Ig,...,Ix) N blocks of identity matrices in R¥. (see Lattice
Boltzmann) = f,, ¢ RE withn=1,..., N

o Ag=diag(A?,... A) A =2PIk, for A eR.
With this formalism we can rewrite the model as

@) {atfz + S AP O, fo =L (M (w) = f5),  Yn=1,...N

N
us = En:l fZ
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Kinetic model — DRM

Diagonal Relaxation Method (DRM)
@ N=D-+1
@ Take A > 0 and

Mg j=d
AP =Mk j=D+1
0 else

{MD+1(U) = (U 4 5 T Ad(“)> /(D+1)
M;(u) = =L A;(u) + Mpy(u)

Important: we have to choose A according to Whitham’s subcharacteristic condition.
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Example of DMR model

u:QCR—-R, D=1,N=2 f:R—R?
Limit equation

(4) ug +a(u), =0

(5) A

u _ a(u)
Dodh | PI=fith
2 2\

Kinetic model is

©®) Oufi = Nufi = ¢ (Dgh — IR -
ath + )\ame = % # + a(le:':fZ) _ f2
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e Time Discretization

D. Torlo (Sapienza) RD for kinetic 25/39



IMEX discretization - Kinetic model

Stiff source term =- unstable for ¢ < At = IMEX approach:
IMplicit for stiff source term, EXplicit for advection term and bathymetry source

(7) fnJrl,s _ fn,e

At +A3zf =

M | =

(M(an+1,e) o fn+1,5) .
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IMEX discretization - Kinetic model

Stiff source term =- unstable for ¢ < At = IMEX approach:
IMplicit for stiff source term, EXplicit for advection term and bathymetry source

(7) fnJrl,s _ fn,e

At +A3zf =

(M(an+1,e) o fn+1,5) .

M | =

How to treat non-linear implicit functions?
Recall: PM(u) = v and Pf¢ = uf, so

un—i—l,s n,e

—Uu

(8) i+ PAOSE =0

Find u"*t1¢ = P f7tLe and substitute it in the Maxwellian in (7).
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IMEX discretization - Kinetic model

Stiff source term =- unstable for ¢ < At = IMEX approach:
IMplicit for stiff source term, EXplicit for advection term and bathymetry source

(7) fnJrl,s _ fn,e

At +A3zf =

(M(anJrl,a) . fn+1,5) .

M | =

How to treat non-linear implicit functions?
Recall: PM(u) = v and Pf¢ = uf, so

un—i—l,s n,e

—Uu

(8) i+ PAOSE =0

Find " t1< = P f7*1 and substitute it in the Maxwellian in (7).
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IMEX discretization - Kinetic model

Stiff source term =- unstable for ¢ < At = IMEX approach:
IMplicit for stiff source term, EXplicit for advection term and bathymetry source

(7) fnJrl,s _ fn,e

At +A3zf =

(M(anJrl,a) . fn+1,5) .

M | =

How to treat non-linear implicit functions?
Recall: PM(u) = v and Pf¢ = uf, so

un—i—l,s n,e

—Uu

(8) i+ PAOSE =0

Find " t1< = P f7*1 and substitute it in the Maxwellian in (7).
@ IMEX formulation is first order accurate =: £!
o IMEX formulation is asymptotic preserving (AP) (as ¢ — 0 we recast limit hyperbolic)
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Deferred Correction*

Moo M
fmoe tm
ftoe 4t
o e 0

4A. Dutt, L. Greengard, and V. Rokhlin. BIT Numerical Mathematics, 40(2):241—-266, 2000.
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Deferred Correction*
EUETE—— 1

o IMEX

@ First order accurate

@ Mass lumping

@ Computationally explicit

L2(f) =0

@ Order M +1

@ Quadrature in timestep
@ Nonlinearly implicit

@ Implicit Runge—Kutta

4A. Dutt, L. Greengard, and V. Rokhlin. BIT Numerical Mathematics, 40(2):241—266, 2000.
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Deferred Correction*

How to combine two methods keeping the accuracy of the second and the stability and simplicity of

the first one?

f07(k) = f(tn)v kzov"‘va El(f) =0
fm,(O o ( n) -1..... M o IMEX
’ T First order accurate
By = 1=y _ £2(f0-1y } < | °
L) = ( ) (£ )k < @ Mass lumping
DeC Theorem @ Computationally explicit

@ L! coercive

@ L' — £? Lipschitz
DeC order accuracy min(K, M + 1).
AP Theorem
L' AP = DeC AP

L2(f) =
@ Order M +1
@ Quadrature in timestep
@ Nonlinearly implicit
@ Implicit Runge—Kutta

4A. Dutt, L. Greengard, and V. Rokhlin. BIT Numerical Mathematics, 40(2):241—-266, 2000.
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Deferred Correction®

How to combine two methods keeping the accuracy of the second and the stability and simplicity of

' ?
the first one? @ Ll(f) =0, first order accuracy,

O = "), k=0,...,K, easily invertible. A
o= e, =1,....,.M @ L2(f) =0, high order M + 1.
_ 0),M
£ (") =" ”)fcz(fk k<Ko JgOM
DeC Theorem ifm) 2! | | | A A
@ L! coercive ¢ —f
@ L' — £? Lipschitz ) o1
DeC order accuracy min(K, M + 1). o (O e o X
(0),0 t
AP Theorem* 40 icnsl I A I
L' AP = DeC AP 0 1 2 k K O @ 40

5R. Abgrall, and D.T.. SIAM Journal on Scientific Computing, 42(3):B816—-B845, 2020.

D. Torlo (Sapienza) RD for kinetic 28/39



Deferred Correction®

How to combine two methods keeping the accuracy of the second and the stability and simplicity of

the first one? .
e L'(f) =0, first order accuracy,
OO = ), k=0,...,K, easily invertible. M g g
fm,(O =ft"), m=1,...,.M °£2(i)=0,highorderM--1,
(f(k)) ﬁl( (k— 1)) 752(f(k—1)) E< K. y f(l),M
S v = M ——F -7
DeC Theorem if(l) , b gm
@ L! coercive 2 e+
@ L' — £? Lipschitz 1 F
DeC order accuracy min(K, M + 1). th . 1
(1),0 t
AP Theorem* 0 foel
£! AP — DeC AP 0 ) 5 " X o6 p

5R. Abgrall, and D.T.. SIAM Journal on Scientific Computing, 42(3):B816—-B845, 2020.
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Deferred Correction®

How to combine two methods keeping the accuracy of the second and the stability and simplicity of

i ?
the ;':i;[ one: . @ L'(f) =0, first order accuracy, " u
fEe= "), k=0,..., K, easily invertible. f t
fO = f@™), m=1,....M ® L3(f) =0, high order M + 1.
_ 2),M
(f(k)) ,Cl( (k— 1)) 7£2(i(k 1)),k <K. " %’fji{ N
DeC Theorem ! ! 2! ! fmoe
e L! coercive A S
e L' — £? Lipschitz ) 2
DeC order accuracy min(K, M + 1). O A /i X
(2),0 t
AP Theorem* 40 U
L' AP = DeC AP 0 1 2 kK fO @ 10

5R. Abgrall, and D.T.. SIAM Journal on Scientific Computing, 42(3):B816—-B845, 2020.
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Deferred Correction®

How to combine two methods keeping the accuracy of the second and the stability and simplicity of

the first one? @ Ll(f) =0, first order accuracy,
fO = "), k=0,... K, easily invertible. e M
fO = f@™), m=1,....M @ L2(f) =0, high order M + 1.
CUM) =Lt -2t k<K, A
DeC Theorem pk).2 ! fmoe
@ L' coercive t? . A
e L' — £? Lipschitz fR),1
DeC order accuracy min(K, M + 1). t! T p )
AP Theorem* 40 I '
L' AP = DeC AP 0 1 2 k K O @ 40

5R. Abgrall, and D.T.. SIAM Journal on Scientific Computing, 42(3):B816—-B845, 2020.
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Deferred Correction®

How to combine two methods keeping the accuracy of the second and the stability and simplicity of

i ?
the ;Ig[ one: . @ L'(f) =0, first order accuracy, "
o= 1), k=0, K, easily invertible. f

foO=fm), m=1,.... M o £2(f) =0, high order M + 1.
(k) s (k=1)y _ p2( =D 1 < | FUE)M
o R N -
DeC Theorem ; ! ! ! o2 f
@ L! coercive L e i
e L' — £? Lipschitz ) FUEO
DeC order accuracy min(K, M + 1). N I )
4 a0 f
AP Theorem o 1o
o 1 2 k K £

L1 AP — DeC AP

5R. Abgrall, and D.T.. SIAM Journal on Scientific Computing, 42(3):B816—-B845, 2020.
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RK vs DeC

Explicit DeC can be rewritten into Explicit Runge Kutta stages with (r — 1)2 + 1 stages (with a
correction due to the lumping of the mass matrix)

| Runge Kutta | Deferred Correction
Coefficients | Specific V order General algorithm
Stages r<s<r? s=(r—12%+1or(r—1|r)
Mass matrix Full Lumped
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e Numerical tests
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Numerical tests: Linear advection for convergence

u+u, =0, xze€l0,1, te€l[0,T],T=0.12, wup(z)= 6_80(:6_0'4)2,
outflow BC, A = 1.5, ¢ = 1071°, 6, = 1, 6, = 5 (derivative stabilization).

100 Convergence of u . Orders of u
=—a Bl +—+ Bl
107" - - order 2 5.0 — B2
oo B2 +—+ B3
1072H — — order 3 15
e B3
10 order 4 10
L L35
& t
© 100 © 30
10°° 25
o ’0 M
10° 15
10*‘;0(, o 102 10° o % % i ) 0 P
N log10(epsilon)
(a) Scalar 1D convergence (b) Order varying relaxation parameter
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Numerical tests: Euler equation

Next simulations will be over the Euler equation

p pv
(9) vl +| p?+p | =0, x€[0,1],t € [0,T]

p is the density, v the speed, p the pressure and FE the total energy. The system is closed by the
equation of state

_ b 1 2
(10) E—77_1+2pv.
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Numerical tests: Sod shock test

v =1.4, T = 0.16, outflow BC, ¢ = 1072, A = 2, CFL = 0.2.
ForB! 9, =1,forB26, =1, §, =0.5, for B2 6, = 2.5, 6 = 4.

po = Ljg o5 (x) + 0111051 (2), vo=0, po=Lpos(z)+0.125115 ().

Density ,Sod test ,N=64 Density ,Sod test ,N=256
1.0 / 1.0
0.8 0.8
0.6 ‘,“‘ 0.6
0.4 0.4
— Bl — Bl
02f| — B2 02 — B2
— B3 — B3
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
(@) N =64 (b) N = 256
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Numerical tests 2D: DMR test

Double mach reflection test: initial conditions

PO 8

vo | _ | 825 | o < 005
Vo 0

Po 116.5

00 1.4

“o if £ > —0.05.
Vo 0

Po 1

T =02, ¢ = 1079, A = 15, CFL = 0.1,
N = 19248 triangular elements.

For B19; = 0.1, for B26; = 0.01, 0y =
0.0001, for B3 1 = 0.005, 2 = 0.0001.

X-Axis
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Numerical tests 2D: DMR test

[ -
1.400
Max: 18.02
Mir: 1.400

Contour
Var U1

Max: 18.02
Min: 1.400

0.0 0.5 1.0 1.5 2.0 2.5

Figure: Density of DMR test B'

Torlo (Sapienza) RD for kinetic




Numerical tests 2D: DMR test

—6.124

1.400
Max: 20.30
Mir: 1.400 2.0+

Contour
Var U1

I
o
v
3

~

w
|

|
o
S
=]
~
o

|

Max: 20.30
Min: 1.400

Figure: Density of DMR test B>
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Numerical tests 2D: DMR test

—6.205

1.400
Max: 20.62
Mir: 1.400 2.

Contour
Var U1

o
o=
3
~

~
=
S
~

Max: 20.62
Min: 1.400

Figure: Density of DMR test B*
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o Conclusion and perspective
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Conclusion and perspective

Summary

@ Residual distribution: framework to define many method

@ Residual distribution: connection to finite volume

@ Kinetic Models for hyperbolic problems

@ Chapman—Enskog: diffusion with Whitham’s subcharacteristic
condition

@ Discretization:

e IMEX in time
@ Residual distribution
o Deferred Correction

D. Torlo (Sapienza) RD for kinetic

Perspective
e MOOD
@ Entropy stability

@ More robust RD
choices

Similar projects

@ Kinetic models for
SW with Source
terms

@ Well balancing
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IMEX DeC RD

Thank you for the attention!




Shallow water equations

Modify the kinetic relaxation models by D. Aregba-Driollet and R. Natalini
Hyperbolic limit equation is

5 QCRP —— RE D Ay, S
up + Z@wdAd(u)—&—S(u) =0, u:Q—RE
d=1

M P
ht + (hv)m =0
(hv); + (hv? + £h2),+ghb, =0 RE D Ay
Relaxation system

D
FE+) Mado, f7 == (M(Pf?) = f), f7:Q—RE
d=1

m | =

Pf® —u, PM(u)=u, PAMu)=Aiu).
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Shallow water equations

Modify the kinetic relaxation models by D. Aregba-Driollet and R. Natalini
Hyperbolic limit equation is

B QCRP —— RE D Ay, S
ut—i—Z@IdAd(u)—&—S(u) =0, u:Q—RE
d=1

M P
ht + (h’())z =0
(hv)e + (hv? + £(h? = b%))+g(h + b)b, =0 RED Ag
Relaxation system

D
FE+) Mado, f7 == (M(Pf?) = f), f7:Q—RE
d=1

m | =

Pf® —u, PM(u)=u, PAMu)=Aiu).
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Shallow water equations

Modify the kinetic relaxation models by D. Aregba-Driollet and R. Natalini
Hyperbolic limit equation is

5 QCRP —— RE D Ag, S
ut + Z@mdAd(u)—&—S(u) =0, u:Q—RE

d=1 M P
ht + (h’U)w =0 ~
(hv)¢ + (hv? + 4(h? — b*))g+9(h + b)b, =0 RE D Ay, S
Relaxation system
1

i+ ZAdamf +5(f) =

3
d=1

i (fl)
(M(Pfe) - f), f:Q—=RF S(f): (f)
Pf—u, P(M(u)=u, PAM(u)=Aqu), PS(f)=S(Pf), PAS(f)=S(PAf).

D. Torlo (Sapienza) RD for kinetic
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Other properties

@ Asymptotic preserving: Chapman—-Enskog
@ Well balancedness: lake at rest steady state preservation

e Choice of a different form of the SW equation, so that the discretizations of the flux and the source
match whenv =0

@ Depth non-negativity
o Wet and dry elements
@ Hybrid elements -> Modify the bathymetry to have positive DoFs
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Simulations: Subcritical Flow

20 2025
15 2.000
1.0 1975
1.950
05 9
1.925]
0.0
0 10 1 0 2
12050 —a 0.020
act q
12025 0.015
42000 0.010
41975
0.005
41950
0.00
41925

0 5 10 15 20
10 15

Figure: Subcritical flow: simulation C*, N = 100 (Iéft) perturbation propégatiné (right)

— 2 .
oy = {0200 (LR ) e e Bs0) O =2-b0) ¢ (0.1) =442
0, else. q°(0,2) = 4.42 he(25,t) =2
A=6.5, £=10"1, fe(0,z) = M(us(0,z)) T =100

D. Torlo (Sapienza) RD for kinetic 39/39



Simulations: Subcritical Flow

2.0
194 ==

s T — 18
p— ba(hymN —

—— eta C1 N 400 17
1.01 --- eta C2 N 200
16 ..
—:- etaC3N 100
05 eta C3 N 400 15
. 14 AN

4.40 :Z - P —o 1 Vﬂk““
S o — f——- |
Figure: Subcritical flow: simulation with friction C2, N = 100 (left) perturbation propagating (right)
((z=10)/5)* i
ba) = 4 2P (e ) if € Bs(10), he(0,2) =2—b(z)  ¢°(0,1) =4.42
0, else. q°(0,2) = 4.42 h®(25,t) =2

A=6.5, =101, fe(0,2) = M(uf(0,z)) T =100
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Simulations: Subcritical Flow

Convergence of eta mass lump Convergence of ¢ mass lump

10* 10° 107

Figure: Sut;critical flow: convergence for n° = h® + bxand hfv®

— 2 .
) = 0.2 exp (%) . if z € B5(10), hE(0,2) = 2 — b(x) ¢ (0,4) = 4.42
0, else. q°(0,2) = 4.42 h®(25,t) =2
A=6.5, =107 fe(0,z) = M(us(0,z)) T =100
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Simulations: lake at rest

Height, Lake at rest immersed bump test, N=200 1e—14Velocity, Lake at rest immersed bump test, N=200

0.6 15
— C1
-~ bathymetry 1
0.5 oo c2 H
~ bathymetry 2
-- C3
0.4 - bathymetry 3
0.3
0.2
0.1
0.0 : : -1.0
[ 5 10 15 20 25 0 5 10 15 20 25
Figure: Lake at rest with immersed bump test: n° and v® with N = 200
b(z) = (0.2 — 0.05(z — 10)*)L{s<r<12} ¢°(0,t) =0 q—q°“ = O (Nse)
n°(0,2) = 0.5 q°(25,t) =0 T=3
¢°(0,2) =0 A=2 e=10""
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Simulations: lake at rest

b(x) =

0.5 0.5
0.41 — initial eta 0.49 — initial eta
0.3{ — bathymetry 0.3{ — bathymetry
—— etaC1N400T=1.25 —— eta C1N 400 T=3.5
0.2 ==~ etaC2N200T=1.25 0.2 ===~ eta C2 N 200 T=3.5
01d ™" etaC3N400T:1.2; 01d =" etaC3N400T:35/\
0.0 0.0
0 20 25 0 5 10 15 20 25
05107 initial eta 051009 initial eta
0.508 { — eta C1 N 400 T=1.25 0.5075] — etaC1N400T=3.5
0506~ €taC2N200T=125 --- etaC2 N 200 T=3.5
: —:- eta C3N 400 T=1.25 0.5050{ —- eta C3 N 400 T=3.5
0.504
0.5025 4
0.502
0.500 0.5000 4 AV XS
0

(0.2 = 0.05(z — 10)?) Lgc <12}
n°(0,x) =05
qE(O,LL‘) =0
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qe(o’ t)

=0

q°(25,t) =0

A=2

RD for kinetic

Figure: Lake at rest with immersed bump perturbed: n° and v© with N = 200

q—q°" = O (Nge)
T=3

e=10"1"
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Simulations: wet and dry lake at rest

Height, Lake at rest in parabola test, N=64 1e-12 Velocity, Lake at rest in parabola test, N=64
150 -— 6 . -—ca
e e 2
1.25 ——/C3 4 —— C3
1.00 -
2 -
0.75 -
'." -
0.50 0 y
0.25 .
2 -
0.00 -
-
—4 K
-0.25 H
H
H
0.50 —6 .
00 05 10 15 20 25 30 35 4.0 00 05 10 15 20 25 30 35 40

Figure: Lake at rest in parabola test: ° and v* with N = 64
b(z) = (z —2)> - 0.5 q—q°" = O (Nge)
n°(0, ) = max(0.5,b(z)) T=3
=4 e=10""
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h q
25 12
— time=0 — time=0
=== time=1/4T === time=1/4T
2.0 —-= time=1/2T 1.0 —:- time=1/2T
----- time=T seeee time=T
0.8 -~
15 TN
/
/
\
10 0.6 / \
’
/ \
/ \
0.4 / |
0.5 : ! \
/ \
F \
/ \
0.2 H \
0.0 ] K
/ \
! \
0.0 3 B
-0.5
2.0 25 3.0 35 4.0 0.0 0.5 1.0 15 2.0 2.5 3.0 35

0.0 0.5 1.0

Figure: Thacker oscillations in parabola test: n° and hv° with C' and N = 300

b(z) = (x—2)*—0.5

D. Torlo (Sapienza)

7°(0,2) = max(—0.5z + 0.875, b(x))

A=6.5

RD for kinetic

period = 2.0606
T =5-2.0606

e=10"1"

4.0

Simulations: Thacker’s Oscillations
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Simulations: Thacker’s Oscillations

h q
25 12
— time=0 — time=0
=== time=1/4T === time=1/4T
2.0 —-= time=1/2T 1.0 —:- time=1/2T
----- time=T seeee time=T
0.8 -
1.5 PN
/ \,
/ \,
/ N
/
10 0.6 / \
/ \
/ \
‘ \
.4 !
05 0 /! \
/ \
] \
F \
0.2 I} \
0.0 ! \
H \
! \
0.0 L
-0.5
0.0 0.5 1.0 15 2.0 2.5 3.0 35 4.0

0.0 0.5 1.0 15 2.0 2.5 3.0 35 4.0

Figure: Thacker oscillations in parabola test: n° and hv° with C? and N = 300
b(z) = (x—2)*—0.5 period = 2.0606

7°(0,2) = max(—0.5z + 0.875, b(x)) T =5-2.0606
A=6.5 £ = 10714
39/39
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Simulations: Thacker’s Oscillations

25 h 1.2 q
— time=0 — time=0
-=- time=1/4T -=-- time=1/4T
2.0 —-= time=1/2T 1.0 —:- time=1/2T
----- time=T seeee time=T
15 08 PN
l"’ \\\
10 0.6 ‘/ \\
II \\
1’ \
0.5 0.4 ! ‘\
) ; \
H \
0.2 H \
0.0 ] \\
! \
0.0 it ol
-05 )
0.0 0.5 1.0 1.5 2.0 25 3.0 35 4.0 0.0 0.5 1.0 15 2.0 2.5 3.0 35 4.0
Figure: Thacker oscillations in parabola test: n° and hv° with C* and N = 150
b(z) = (z—2)*-05 period = 2.0606
7°(0,2) = max(—0.5z + 0.875, b(x)) T =5-2.0606
A=6.5 e=10"1
RD for kinetic 39/39
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Inclined plane with friction

Downbhill test, N 400, polynomials C2

h
12.04 2.04 =
1.9 el
115 L
184 L
11.04 --- eta smooth 174 L7
—-- eta friction a
1054 —— bathymetry 161 s
154 s
10.04 e
J .
14 L == hsmooth
9.5 134 7 —-= h friction
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Froude
3.0
1o
25
0.8
2.0
~=- Froude smooth
154 061 —- Froude friction
»»»»» critical value
1.0 0.4 S~
054 === qsmooth Tl
—-- q friction 029 e
0.0~ - - - - - - - - - - - - -
0 50 100 150 200 250 300 0 50 100 150 200 250 300

Figure: Subcritical flow: n° and h*v° with C* and N = 400
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n = 0.2515597
T = 1000

e=10""

39/39



Inclined plane with friction

Downbhill test, N 400, polynomials C2

eta h
‘:.\ ~== eta smooth -
\;\\ —:= eta friction 0711
34 SN —— bathymetry \
0.6
\
2 N
0.54 N
\
AN
14 0.4 Y
-=- hsmooth  “~~__
o] 034 —= hfricion  Tv=-l__
0 50 100 150 200 250 300 50 100 150 200 250 300
Froude
3.0 20.0
~=- Froude smooth L
254 17.59 .- Froude friction L
15.04 = critical value e
2.0 12.54 e
151 10,04 e
104 7.54 L
5.01 e
054 -=- th .
qsmoo 25 7
—- gfricion | T ST
0.0~ T T r T r
0 50 100 150

Figure: Supercritical flow: n° and h°v® with C* and N = 400
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200 250 300

0 50 100 150 200 250 300

RD for kinetic

n = 0.067820251
T = 1000

e=10""
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Relaxation as Diffusion

Relaxation as diffusion

@ Smooth problems
@ Sete ~ Atpt!

@ Relaxation term is diffusive in
Chapman—Eskong

@ Pure Galerkin discretization

D. Torlo (Sapienza)

2.025

2.000 A

1.975 4

1.950

1.9254

— initial eta
—— eta C1 N 400 T=0.76
=== eta C2 N 200 T=0.76

15 20 25

0.020 4

0.015 1

0.010 4

0.005 4

0.000

— initial perturbation
—— perturbation C1 N 400 T=0.76
—=- perturbation C2 N 200 T=0.76

1

Figure: Subcritical flow C' N=400, C* N=200. n° and hj —
T = 0.76.

15 20 25

RD for kinetic
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Relaxation as Diffusion

Relaxation as diffusion

@ Smooth problems
@ Sete ~ AtPt!

@ Relaxation term is diffusive in
Chapman—Eskong

@ Pure Galerkin discretization

D. Torlo (Sapienza)

Convergence of h mass lump

51070
g
= - C1
10-74 === order2
—e— C2
=== order 3
—— (3
10794 === order 4
— 4

=== order 5

RD for kinetic

T -
10% 10%

Figure: Subcritical flow C* N=200, C? N=100 and N=400
Perturbations of bump test cases with cubature elements: top to
down n®, hy — h® and ¢%; left T' = 0.76 right T = 2.
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Residual Distribution - Choice of the scheme

(11) LA (17,) = /K o (V- A(Uy) — S(Uy)) da + age(Uy — T2),

where UhK is the average of Uj, over the cell K and o is defined as

(12) o = max (ps (VA(UL) - no)),

ps is the spectral radius.
For monotonicity near strong discontinuities, PSI limiter:

—1
(13) ﬁ ((/ ) = max <7Ff 0) ( E max <j 7 — 0))
7 h (b ’ @K ’
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Residual Distribution - Choice of the scheme

Blending between LxF and PSI:

¢y = (1-0)8; o7 + 025 tr,
14 PK
(14) o 1%

= K,LaF| "
djex 1277

Nodal residual is finally given by

(15) o =gk Y on? / (VU] - [Vip, ]I

eledge of K
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DeC — Proof

Let U™ be the solution of £2(U*) = 0. We know that £'(U*) = £Y(U*) — £L*(U*), so that
) - 2 @) = (£Nu®) - 2U®)) - (L) - L)
= (@) - @) - (E®) - o)
ar[[USHD — U7 <l|et @) — 1) =
=t U®) - 2W®) - (' U*) - L2U)]| <
<aAllU® —U™|).

k+1
U —u| < (2a) 0P —v* < (2a)  JUQ -
a1 (65}

After K iteration we have an error at most of € - ||[U©® — U*||. O
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Friction - Model

O ST + ADL 1% + Sp(f°) + S5(f9)

Opu(z,t) + 0 A(u(z, t))+ _ M(Pf?) — f*
Sp(u(x,t)) + Sy(u(z,t)) =0, B € ’
0 with
Se(u) = . 0
f( ) (Cf(h,Q)q> g (fg) B Cf(hs,qs)(h
Manning’s law f T 0 ’
2/ cr(h%, %) a2
cr(h,q) = 210?3, so that the projection of this source term is
equal to the friction in the SW equations,
with n being Manning’s coefficient. i.e., PSy(f°) = Sy(Pfe), and it verifies also

PASy(f) = Sf(PAf).
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Friction - Implicit Discretization

Implicit Friction, without nonlinear solver.
@ limit equation: PL;, where h=:"*1 explicit and ¢="+!

Kol (5™ = qz™C) + AtB™ Y POR(F10) + AtS™ | K|Sy (ug™™) = 0,
KloeK

e &y, = all the explicit terms

n2|q6,n,m|
£,n,m m o _on
qo— <1 + At/B (h,g—’n7m)10/3> - gq7a-.

@ At,n,hZ™™ > 0 known, solve for the absolute value of ¢&™™

o

| a,n,m| 1+ Atg™ n2|q¢§vn,m| _ |gn |
qa (hg,n,m)lo/g - q,o 1

@ Only 1 positive solution |¢&™™| = ¢&™™.

D. Torlo (Sapienza) RD for kinetic 39/39



Friction - Implicit Discretization

@ Only 1 positive solution |¢&™™| = ¢&™™.
@ Kinetic model

5 g.,'m _ M(P Or_L,'m
Ko |(f™ — f2:0) + Atg™ ( S () 1 Kyl (Sf(f;l’m)'i' w)) =0,

€
KloeK

@ Friction coefficient ¢’ := c¢(hS™™, ¢5™™) known, £7 all the explicit terms,
f,o flle o o p

p (14 227

ay <1+ A5 + Aty ) (usmm)

M
) —Atﬂmu%jté‘g‘:o

hn ,m (1 + Atﬁm
q2 - (1 + Atﬁ + Atﬁmcf:;_n)

Again, also this final step can be computed explicitly and, hence, all the variables f" can be
obtained efficiently.
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Global flux (GF) formulation

@ Cheng et al.,Journal of Scientific Computing, 80 (2019)

Global flux:
obatfiux @ Liu et al., SIAM Journal on Scientific Computing, 42 (2020)

ug + 0p A(u) = S(u)
ut—l-a G( ):

0:G(u) = 0, A(u) — S(u)

/aA 2,5l
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Global flux (GF) formulation

Global flux:

@ Cheng et al.,Journal of Scientific Computing, 80 (2019)

@ Liu et al., SIAM Journal on Scientific Computing, 42 (2020)

RD as GF

up + 0, A(u) = S(u)
Ut+a G( ):
0:G(u) = 0, A(u) — S(u)

/aA u, 5)ds

D. Torlo (Sapienza)

K = [a, b] with p + 1 degrees of freedom

¢ = [ wi(@A(u) + S(u))dz, 0 <i <p,

Yiexwi=1

Oty = ZK i

® Su(u )EIP”’ 1( );

° X(x f Sh(u(s))ds € PP(K),

® 9, E(z) Sn(u(x)),
G(u) := A(u) — %(u).

RD

RD for kinetic
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Equivalence between RD and GF

Search: Global numerical flux GH% fori=0,...,p—1 Update formula

K — 1 — $ 1, , =1,... — 1
d) z+2 Gz 30 ? 13 » P 17 atui _ _A_Z¢f{
(16) ¢ =G1 —Gla), TR
K A ~ A
Pp = ( )~ Gy -3 8u‘:—Gi+%_Gi_%
g AZIJ |

Solution for numerical global flux

@ p + 1 equations p unknowns
@ One linear dependent equation as ¢* = G(b) — G(a)

L =G 1+ oK -
2 -3 i oK =0, Vi

@ Explicit solution G; = G(a) + ¢f; G2 =

39/39
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