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DeC and ADER: arbitrary high order methods

DeC and ADER properties

e One step methods

e Arbitrarily high order

e Used for hyperbolic PDEs
e Based on 2 operators

o [terative methods

e Explicit, implicit, IMEX versions
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DeC and ADER: arbitrary high order methods

DeC/ADER discretization and iterations
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DeC and ADER for ODEs 12
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DeC and ADER for ODEs 12
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e Difficult to solve directly o for Lobatto 2M
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DeC and ADER for ODEs 12
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DeC and ADER for ODEs 12
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ty T Cy Based on weak formulation e Gauss—Lobatto = Lobatto III1C

* Integration by parts e High order of accuracy
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Examples of £?

DeC £? operator
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Examples of £2

DeC £? operator
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Examples of £2

ADER L£? operator
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Examples of £?

A ADER L? operator
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Examples of £2

A ADER L? operator

TG Vme [0,M], L£*"(c) :=cl —cr— (A )miR""G(cp) =0
) M + 1 = 2 Gauss—Lobatto nodes
c;
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Properties of £?

=0

Method DeC ADER
Nodes Equispaced | Gauss—Lobatto || Equispaced | Gauss—Lobatto | Gauss—Legendre
Order M+1 2M M+1 2M 2M + 13
Known method || Collocation Lobatto 1A Lobatto I1C
A—stability C ‘

©:

ADER with modal polynomials of degree p is equivalent to ADER with Lagrange basis functions
defined on points given by the underlying quadrature, if exact, Gauss—Legendre.

Implicit ADER with DG spatial discretization and Rusanov/upwind numerical flux (method of
lines) is unconditionally stable independently on the CFL.

3M. Han Veiga, L. Micalizzi and D. T.. "On improving the efficiency of ADER methods." AMC, 466, page 128426, (2024)

4P. Offner, L. Petri, D.T.. "Analysis for Implicit and Implicit-Explicit ADER and DeC Methods for Ordinary Differential
Equations, Advection-Diffusion and Advection-Dispersion Equations" (2024)
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DeC and ADER operators

DeC operators
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DeC and ADER operators

DeC operators
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Deferred Correction lterative procedure

How to combine two methods keeping the accuracy of the second and the stability and simplicity of the
first one?

e L'(c) = 0, first order accuracy,
easily invertible.

e £%(c) =0, high order Q(= 2M).
c™@ .= c(tn), m=0,....M

£y = 2P V) — £2(cP V) with p=1,...,P. &)

DeC Theorem RIS A I E

o L' coercive with constant O(1)
o L' — [? Lipschitz with constant O(At) PR R N R -

DeC converges and min(P, Q) is the order of accuracy. ! i i i i
| | |

ADER and DeC

bilty implicit and IMEX
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Example of explicit DeC M =2 P =3

2, (€ —cn— At (2G(c)) + 3G(cy) — 5 G(cr)
L(c) = ( 2 —cp— At((éG(c,?) +2G(c}) + éc(cﬁ)))>




Example of explicit DeC M =2 P =3

2, (€ —cn— At (2G(c)) + 3G(cy) — 5 G(cr) 1\ (€ —cn— AtIG(cP)
£le)= (cg_cn_m((gc(cmgc(c:)+gc(c3)))) £{e) ( ; )

2 — ¢, — AtG(c)




Example of explicit DeC M =2 P =3

o= (Fo DD ES) o (B8

ci — e — At (5G(ch) + 56(c;) + 5G(7))

cl(E(P)):Ll(g(P*I))_LZ(E(pfl)% p=1.. . 3.




Example of explicit DeC M =2 P =3

1 5 0 1 1 1 2 1 1 0
2 _[€ —Cn— At (ﬁG(C,—,) + §G(C,—,) — ﬁG(C,,)) 1 C, — Ch — AtEG(Cn)
Gk ( & o — At (L6(cE) + 26(ch) + L6(D) £E@={a-c - ar(c)

L) = L") -2 (cPY),  p=1,....3.

0.0 _ (O1 _ (02 _ (1.0 _ (20 _ (30

*Cpy =cn

abilty implicit and IMEX ADER and DeC




Example of explicit DeC M =2 P =3

1 5 0 1 1 1 2 1 1 0
2 _[€ —Cn— At (ﬁG(C,—,) + §G(C,—,) — ﬁG(Cn)) 1 C, — Ch — AtEG(Cn)
Gk < & o — At (L6(cE) + 26(ch) + L6(D) £E@={a-c - ar(c)

L) = NP ) -LX(PY),  p=1,....3.

0
W@ = O3 _ (02 _ (10 _ 200 _ (30 _ o
w1 0 AtG(M0) = - D~ AtG(c0) -
5 1 1
Pt % At (2 6(°) + 36(c) - 5,6(cY))

D. Torlo  Stabilty implicit and IMEX ADER and DeC

10/ 29



Example of explicit DeC M =2 P =3

1 5 0 1 1 1 2 1 1 0
2 _[€ —Cn— At (ﬁG(C,—,) + §G(C,—,) — ﬁG(Cn)) 1 _ (€ —Ch— AtEG(Cn)
‘@*-<ﬁ_%—Aqgmm+§q¢H¢qﬁ» £E@={a-c - ar(c)

L) = NP ) -LX(PY),  p=1,....3.

0),1 (0),2 (1),0

=C, =C, =C,

NiR O
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N|=

1
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Example of explicit DeC M =2 P =3

£2(c) = ct—c,— At (25—4G(c,9) + 1G(cy) — %G(cﬁ))
=7\ & — e — At (£6(c)) + 5G(cr) + £G(c7))
LI(E(P)) :Ll(g(pfl))_£2(£(i’fl))7 p=1,...,3.

(0),2

0),1
IR

29 =
*xe = ¢, + At%G(cn)

*xcV? = ¢, + AtG(c,)

tabilty implicit and IMEX ADER and DeC
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Example of explicit DeC M =2 P =3

£2e) = (0~ &~ At (56(e) + 16(en) = %6(e1) Loy = (& @~ AG(e)
c ch — & — At (£G(cd) + 5G(ch) + £G(c7)) 2 — ¢, — AtG(c)

£HeP) = L) L2(PY),  p=1,....3

(0),0

o (310 _

0),1
() :Cn _Cn

— O = (@2 _ ()0 _ ()0

),1

*clt ¢+ At%G(cn)

*xeMV? = ¢, + AtG(c,)

@1_ o 1A (3 oy, lemay 1 (1),2)
*Cp ¢ + At 24G(c,, )+3G(c,, ) 24G(c,, )
1
6

=N == O
eI=Ror = o=
[ NW [ =
=
N}
=

52 = o+ At (26(c9) + 26(c) + 26(c?))
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Example of explicit DeC M =2 P =3

£2(c) = <_ At (F6(eh) +16(e) — % G(c>)) ﬁl(c):<cz—cn—

(5G(en) + 2G(Cn) +356(ch))

£HeP) = L) L2(PY),  p=1,....3

w00 — (1 _ (02 _ (10 _ (210 _ (3)0

= Cp
*xe = ¢, + At%G(cn)
*xcM? = ¢, + AtG(c,)

@1 _ Seramoyy Lo @y 1 (1),2)
ot 7c,,-|—At(24G(c,, )+ 36(e) - 2-6(c"?)

w2 = 6+ At (36(c9) + 26(c) + EG(C,(,”’Q))

1
*Cnt1 = c(3) =c,+ At (f

6G( (2), 0)+ G( (2), 1)+ ( '(12),2)>

tabilty implicit and IMEX ADER and DeC

At1G(c))
2 — ¢, — AtG(c)
0
L1
2 2
1|1
L5 1 1
2 24 '23 24
¢ 5 5
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Stability of explicit DeC/ADER

Stability function

¢(a) stability region

All the described DeC/ADER explicit
methods of order P have stability func-

tion given by _
Py E 0
R(z) = Z Fz'.
r=0
BN DeCGLB

Il ADER GLB

Re(a)
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Implicit DeC/ADER

Implicit Recipe

o £ implicit
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Implicit DeC/ADER

Implicit Recipe

o £ implicit

e Fully implicit

£Y(c) = ¢ — ¢, — AtpG(c)
L) :=c—ea—AtAT'RG(e) (= L%(c))
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Implicit DeC/ADER

Implicit Recipe

o £ implicit

e Fully implicit
£Y(c) = ¢ — ¢, — AtpG(c)
£1(£) =C—Ch— AtA_lRG(g) (: Ez((_:)) L',l(g(”)) _ ,Cl(g(p_l)) _ £2(£(p—1))

Linearly implicit (similar to Newton/Rosenbrock)

L'(e) == ¢ — e — AtB(G(cn) + 0:G(en) (€ — €1))
L£Y(c) == c — ¢, — AtA T R (G(cn) 4 9cG(cn) (€ — 1))




Implicit DeC/ADER

£1(£(P)) — £1(£(P*1)) _ [,2(2(/371))

Implicit Recipe

o £! implicit DeC Full Implicit IMDeC

e Fully implicit

£Y(€) := € — ¢ — AtBG(c) ) — ® 1+ AtB (G(cP) - G(cPY))
L) =c—ea—AtAT'RG(c) (= L%(c)) =c,— "V + AteG(cPY)

e Linearly implicit (similar to Newton/Rosenbrock) DeC Linearly Implicit IMDeC-Lin

L(c) = € — & — AtB(G(cn) + 0:G(en)(c — €))
LY(c) == c— ¢, — AtAT'R(G(c,) + 9:G(cn) (€ — €n)) [l — AtBIG(c,)] (P — D)
=c, _‘_:(P—l) + At@G(g(p_l))




Implicit DeC/ADER

elia(p\ — plia(p=1\ /*2/(_-(/371))

This leads to the following RK Butcher tableau

Implicit R
o L1 img -

0] o0
510 B
e Fully it 3 0, i-B B
c 1% o I-B B G )
1 .
£ 6 o o I-B B )
g 816 0 0 -8B B .
o Linearl 2 20 = = =z = = -Lin
1 | & o i o
L (c) o0 o of 6 _g" "
1 =il
L (5) with B, = d,,, 3" for mr=1,..., M and 4, the Kronecker delta. E(p ))

=c,—cv 7 +nroec?’ V)
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Implicit DeC/ADER

Implicit Recipe
o £ implicit
e Fully implicit
£Y(c) == c — ¢ — AtBG(c)
L) =c—ea—AtAT'RG(c) (= L%(c))

e Linearly implicit (similar to Newton/Rosenbrock)

L) == ¢ — ¢ — AtB(G(en) + 9cG(en)(c — €n))
L(c) = c — & — AtAT'R(G(cn) + 0cG(cn) (€ — €))

£1(£(P)) — £1(£(P*1)) _ [,2(2(/371))
ADER Full Implicit IMADER

£h=r?
c? — ¢, — AtAT'RG(cP) =0

ADER Linearly Implicit IMADER-Lin

[l — AtAT' ROG(cy)] (e — cP7V)
—c,— g(P—l) + AtA_lRG(g(P_l))



Implicit DeC/ADER

£Y(c®) = L) — £2(cPY)

L9 -
Plo

0 0 g AR

Kc c? — ¢, — AtAT'RG(cP)) =

g g g Q . (9) < t (c”)=0
| b
Plo 000 Q e

07 0T Q_" c—c)  [I-AATIRAG(c,)] (¢ — V)

=cr— P+ AtATRG(PY)
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Example of IMDeC and IMDeC-Lin

drc = G(c)

IMDeC2 IMDeC2-Lin

©0 _ (01 _ (10 _ (20 _ . 20 — (O _ (10 _ (2.0

*xc=c"" =c¢ ,, =c
*xeM?t = ¢, + AtG(cM) *xeM = ¢, + At0.G(c,) (M — ¢,) + AtG(c,)
xc®t — ¢, + At(G(c(z)’l) - G(c(l)’l)-l- xc®t — ¢, + At(@cG(Cn)(C(z)’l — c(l)’l)-i-
G(cW1) + G(c(l)’o)) G(cW) + G(c(l)*o))
2 2
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Example of IMADER and IMADER-Lin

drc = G(c)

IMADER?2-Lin
IMADER?2 @0 _ (01 _

xc @0 = O = ¢, *xcW0 = ¢, + %(%G(cn)(—c(l)’0 + c(l)’l)

*cMP = ¢, + %(—G(C(l)’o) +G(c) L mr_ gy %&G(cn)(c(l)’0 + ¢t —2¢,) + AtG(c,)
x e = ¢, + %(G(Cm’o) +G(e) @0 %&G(cn)(—c(”’o + ¢t g 0 B
*e®0 = ¢, 1+ BLG(cD) + () + B8 (Lg(e9) 1 6(e)

*xc@t = ¢, + %(G(CQ)’O) + G(c(2)’1)) TGRS %&G(c,,)(c(z)’o +c®@t_ o _ C(l),l)

Waste of resources! + % (G(c(l)’o) + G(c(l)’l))
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Stability of IMDeC

A-Stable?
Stability Regions for IMDeC with eq " Stability Regions for IMDeC with GLB
50
2
ffffff 3
25 25 4
s 5
6
o 7
’ 8
—— 9
10
-25 -25 - i%
—---13
-0 o 10 20 30 20 5 ° 0 10 2 30 m 50
GLB nodes eq nodes

Figure: ImDeC stability region for orders 2 to 13.
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Stability of IMDeC

Almost A-Stable!

3_
2t 2
—————— 3
4
ir —wmimm 5
6
of 7
8
——9
-ir 10
—— 11
-2r —-—12
—---13
-3
—0.05

GLB nodes eq nodes

Figure: Zoomed ImDeC stability region for orders 2 to 7.
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Stability of IMADER

A-Stable? GLB, GLG Yes! Proof °, Equi Not clear

Stability Regions for IMADER with eq o Stability Regions for IMADER with GLB
i 2
e e e O N R S e 3
2| 25 B v 4
Bt S —mmm B
gz ~ P
N
or \ 7
ot ) 8
- 4 ——- 9
ST 10
st st Tpmeeme ki —— 11
—-—12
] —---13
-0 4‘0 5‘0 -0 0 10 20 30 40 50
GLB nodes eq nodes

Figure: INADER stability region for orders 2 to 13.

5p. Offner, L. Petri, D.T.. "Analysis for Implicit and Implicit-Explicit ADER and DeC Methods for Ordinary Differential
Equations, Advection-Diffusion and Advection-Dispersion Equations" (2024)
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IMEX DeC and ADER

0rc = G(c) + S(c) or better ;¢ = G(c)+S - ¢

IMEX Recipe
o £ implicit for S
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IMEX DeC and ADER

0rc = G(c) + S(c) or better ;¢ = G(c)+S - ¢

IMEX Recipe

o £ implicit for S

e Nonlinear implicit

LY(e) = c— e — AtB(S(c) + G(cn))
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IMEX DeC and ADER

0rc = G(c) + S(c) or better ;¢ = G(c)+S - ¢

IMEX Recipe
o £ implicit for S
e Nonlinear implicit
) :=c—c, — AtB(S(c) + G(cn))
LY(c)i=c—c— AtAT'R(S G(c»
(€) =¢c—c (S(e) + G(en)) () = £1(c0D) — £2(-D)

e Linearly IMEX (EIN methods /
Add-and-subtract)

LY(c) = c — & — At (9:S(en)c + G(cn))
LY (c) :=c— ¢, — AtA TR (9:S(cn)e + G(cn))




IMEX DeC and ADER

0rc = G(c) + S(c) or better ;¢ = G(c)+S - ¢

IMEX Recipe LY(cP)) = £}(cP~D) — £2(cP-D)
o £ implicit for S - B -

e Nonlinear implicit

IMEX DeC (nonlinear)

) :=c—c, — AtB(S(c) + G(cn))

L(c) == c— ¢, — AtAT'R(S(c) + G(cn

G-z (S(e) (en)) £(P) _ ‘_:(P—l) + AtB (S(E(P)) _ S(E(P—l)))

—c,— £(P—l) + At@(S(E(P—l)) + G(E(P—l)))

e Linearly IMEX (EIN methods /

Add-and-subtract) =
?) — ¢ + At[BS(g(P))
+(0 - 3)8(c"™") + 06(c V)]

LY(c) = c — & — At (9:S(en)c + G(cn)) -
LY (c) :=c— ¢, — AtA TR (9:S(cn)e + G(cn))




IMEX DeC and ADER

0rc = G(c) + S(c) or better ;¢ = G(c)+S - ¢
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IMEX DeC and ADER

0rc = G(c) + S(c) or better ;¢ = G(c)+S - ¢

o £ implicit for S L) = £Y(cPV) — £2(cPY)
e Nonlinear implicit
)= ¢ — o — AtB(S(c) + G(cn)) IMEX ADER (nonlinear)
L£'(c) :=¢c— ¢, — AtAT'R(S(c) + G(cn))
P — P AtATIR (S(cP)) — S(cPY))
o Linearly IMEX (EIN methods / =cr— P+ AtATR (S(cP V) + G(cPY))

Add-and-subtract) —

L) := ¢ — ¢ — AtB(8:S(€n)c + G(cn)) c? =c, + AtATTR[S(c?) + G(c" V)]
LY (c) :=c— ¢, — AtA TR (9:S(cn)e + G(cn))
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Stability for IMEX methods

How to compute the stability region for IMEX methods? 3;:c = Gc+ Sc, G,Se€C
cni1 = R(AtG, AtS)c, = R(Xg, As)cn R(-,-):C*=C Hard to study {|R| < 1} c C?

Fundsdorter

e \c €iR e Dy :={X¢ €C:|R(Ng,As)| <1,VAs € C}
e AsE€R e D :={Xs €C:|R(X\¢,As)| < 1,VA¢ € So}

. 0 S={zeC:|1+2 <1}
S R(AGAS)HEE € e Quite restrictive

* Not really representative of high o Dg = () often, we are asking essentially more than
order operators A-stability
e Simple for comparisons e Numerical discretization more involved than Minion’s
one

M. L. Minion. Semi-implicit spectral deferred
correc.tion methods for ordinary'differential ?W. Hundsdorfer and J. Verwer. Numerical Solution of
equations. Commun. Math. Sci., 1(3):471-500, 09 Time-Dependent Advection-Diffusion-Reaction Equations. Springer Berlin
2003. Heidelberg, 2003.
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Minion's Approach

IMEX DeC Stability Region with Minion’s approach

Stability Regions for IMEXDeC with GLB
20 e

Stability Regions for IMEXDeC with eq

-20
-25

-20

-15 -10 -5 0 5

Equispaced nodes Gauss—Lobatto nodes
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Minion's Approach

IMEX ADER Stability Region with Minion’s approach

Stability Regions for IMEXADER with eq Stability Regions for IMEXADER with GLB

-20

20 L L ‘
-25

5 -25 -20 -15 -10 -5 0 5

Equispaced nodes Gauss—Lobatto nodes
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Hundsdorfer's Approach

IMEX ADER Stability Region with Dy Hundsdorfer’s approach

4t at
2
—————— 3
2F 2+ 4
-
6
or [ 7
8
— =9
2+ 2k 10
— — 11
—_-—12
—a} —a} —---13
1 1 1 1 1 1 1 1 1 1
-4 -2 0 2 4 -4 -2 0 2 4
Equispaced nodes for order 2 Gauss—Lobatto nodes for orders 2 to 4
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Hundsdorfer's Approach

IMEX DeC Stability Region with D; Hundsdorfer’s approach: Bounded areas

20 20+ /) | 3

t (G t (O

-20F -201 —— 1

| | | | D, A | | —-13

-20 0 20 40 -20 0 20 40

Equispaced nodes Gauss—Lobatto nodes
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Hundsdorfer's Approach

40

20

-20

24/ 29

IMEX ADER Stability Region with D; Hundsdorfer’s approach: Unbounded areas

I

40

20

-20

-20 0 20

Equispaced nodes

D. Torlo

40

-20 0 20 40

Gauss—Lobatto nodes




IMEX Stability Summary

Method H Minion H Do Hundsdorfer [ D1 Hundsdorfer
IMEX DeC equi A(a)—stability a 35 Always unstable .Bounde?d areas
Order 2 strictest stab E\cread5|rég with order
IMEX DeC GLB T Always unstable | - ounded areas
increasing with order
Unlimited areas
. Imost A-stable
IMEX ADER Order 2 stable | 2
equ T raer < stable bounded for orders 5
anc?_8,
IMEX ADER GLB 0 Order 2-4 stable | Jnimited areas

almost A-stable

D. Torlo  Stabilty implicit and IMEX ADER and DeC




Applications

Approximated border values Cy (up to 2
decimals) and E; (up to 1 decimal) for
Gauss—Lobatto methods

Stability of Order DeC ADER

Go Eo Go Eo
0.50 2.5 0.50 | 0.7
1.63 6.1 1.63 | 45
1.04 6.9 1.04 | 4.2
1.74 8.8 1.74 | 7.2
1.60 4.1 1.60 | 4.1
1.94 9.5 1.94 | 85
2.00 | 10.2 2.00 | 9.8

Advection-diffusion /advection-dispersion

o l|dentify relevant parameters, e.g. C = c%,
D=dAy, E=S.

e Draw stability region in plane C — E

e Find stability bounds: if C < G or if E < Eo.

oO~NOOCThA~WN
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Explicit, Implicit, IMEX, nonlinear solvers

Stability analysis

Diffusion — Advection Equation

28/ 29 D. Torlo



Summary and Future Research

Summary Future Research

DeC and ADER e Nonlinear stiff equations
o coefficients for stability (add/subtract)

Explicit, Implicit, IMEX, nonlinear solvers
o Implicit Advection

Stability analysis

Diffusion — Advection Equation
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THANK YOU!

o Offner, P., Petri, L., and Torlo, D. (2025). Analysis for Implicit and
Implicit-Explicit ADER and DeC Methods for Ordinary Differential
Equations, Advection-Diffusion and Advection-Dispersion
Equations. Applied Numerical Mathematics, 212, p. 110-134.

e M. Han Veiga, L. Micalizzi and D. Torlo. (2024). On improving
the efficiency of ADER methods. Applied Mathematics and
Computation, 466, page 128426.

e M. H. Veiga, P. Offner, and D. Torlo. (2021). DeC and ADER:
Similarities, Differences and a Unified Framework. Journal of
Scientific Computing, 87, 2.
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Advection — diffusion problems

Ottt + a0xu — dOwu =0 a,d>0

e Explicit advection term %Du ~ Atadcu

e Implicit diffusion term %Dgu ~ AtdOwu
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Advection — diffusion problems

Ottt + a0xu — dOwu =0 a,d>0

e Explicit advection term %Du ~ Atadcu
e Implicit diffusion term %EDQU ~ AtdOwu

e Spatial Discretizations

o D upwind FD
o D, central FD

e Von Neumann stability analysis
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Advection — diffusion problems

Ottt + a0xu — dOwu =0 a,d>0

e Explicit advection term %Du ~ Atadcu
e Implicit diffusion term %EDQU ~ AtdOwu

e Spatial Discretizations

o D upwind FD
o D, central FD

e Von Neumann stability analysis

e Many parameters
o At

Ax

a

d

wave number k

O 0O 0 O
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Advection — diffusion problems

Ottt + a0xu — dOwu =0 a,d>0

Von Neumann Analysis

. . . A - ki
* Explicit advection term 70 Du ~ Atad.u o w; = e*9 eigenmodes of the derivative

Implicit diffusion term %}Dzu ~ AtdOwu operators

Spatial Discretizations e Suppose that u] = e™9
o D upwind FD o ol — G(k, Ax, At, a,d)v"

o D, central FD )
e Stable for a given configuration of

Von Neumann stability analysis

Ax, At, a, d if
e Many parameters
o At |G(k, Ax,At,a,d)| <1
Ax
a for all k e N

d
wave number k ® Numerically k = 1,...,1000

O 0O 0 O

abilty implicit and IV




Advection — diffusion problems

Oru + adxu — dOxwu =0 a,d>0

Simplify the parameters
s C=%

e Explicit advection term %Du ~ Atadyu e D= %
e Implicit diffusion term %Dzu ~ AtdOwu e |G| <1Vk

e Spatial Discretizations

o D upwind FD
o Dy central FD

e Von Neumann stability analysis

e Many parameters

o At

o Ax

o a

od

o wave number k

D. Torlo
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Advection — diffusion problems

Oru + adxu — dOxwu =0 a,d>0

Simplify the parameters
A
s C=% cC=w

. ; alt [y, e D— dAt C2 _ 22APAx3 _ 2At
e Explicit advection term 3= Du ~ Atadyu e E=F =205 =%

Implicit diffusion term dAt i Du =~ AtdOwu e |G| <1Vk e |G| <1Vk

Spatial Discretizations 60

o D upwind FD
o D, central FD 5

e Von Neumann stability analysis %0

e Many parameters

o At
o Ax
o a
od 10
o wave number k

10 20 30 a0 50 60

D. Torlo  Stabilty implicit and IMEX ADER and DeC
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C — E Stability Areas for advection—diffusion

Stability region description (often)

o If C =328 < Gy = Stable
o If E < Ey — Stable

2
A E

E:a t§E0<:>AtSLd=ZTOE w
d a?

o Independent on Ax

M. Tan, J. Cheng, and C.-W. Shu. Stability of high order
finite difference schemes with implicit-explicit time-marching
for convection-diffusion and convection-dispersion equations.
International Journal of Numerical Analysis and Modeling,
18(3):362-383, 2021.

D. Torlo
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—E ility plots for IMEX DeC/ADER on advection—diffusion

e Advection Du; = == first order
e 1 —2uty;
e Diffusion Dyu; = “=22%"*1 second order Gauss-Lobatto

e Time orders from 2 to 8

60 - i 6ok

50+ i 50 -
40} 40+ I
4
W3t W3t s
20} 20 -3

10 10

3 5 s 2 15
C
IMEX DeC IMEX ADER

Figure: Stability areas for orders 2 to 8 with Gauss-Lobatto nodes.
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—E ility plots for IMEX DeC/ADER on advection—diffusion

e Advection Du; = == first order
o Diffusion Dyu; = ”f;ﬁﬁ# second order Equispaced

e Time orders from 2 to 8

60 I

60 - i
50 - i 50 -
40+ 40+ I
w w 4

30+ 30+ H
20+ 20+ —
10 10f

1 1 1 1 1 rL b

3 6 9 12 15 3 6 9 12 15

C C
IMEX DeC IMEX ADER

Figure: Stability areas for orders 2 to 8 with equispaced nodes.
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—E ility plots for IMEX DeC/ADER on advection—diffusion

e Advection operators order from 1 to 8

uj_1—2uj+uj41
AX2

e Diffusion Dyu; = second order

e Time order 8

60 - 60l

50+ 5ol
1
40t 40t -
3
iz Mozt 4
5
200 200 —
—-—3

0f —_— 0f

é é ; 1‘2 1‘5
C
IMEX DeC Equispaced IMEX ADER Gauss—Lobatto

Figure: Stability areas for orders 1 to 8 of the advection operator

D. Torlo
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C — E stability plots for IMEX DeC/ADER on advection—diffusion

e Advection Du; = == first order

e Diffusion operators central order in [2,4,6, 8]

e Time order 8

60 60|
50 - sol
40} 40+ R
4
W} W30 5
6
20F 20 -3
10 10}k
3 6 B 2 1 3 6 5 2 1
C C
IMEX DeC Equispaced IMEX ADER Gauss—Lobatto

Figure: Stability areas for orders 2 to 8 of the diffusion operator
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—E ility plots for IMEX DeC/ADER on advection—diffusion

e Advection operator order k
e Diffusion operator order k Gauss—Lobatto

e Time order k from 2 to 8

1
60 sof) |
1
50F1 50+
1
a0 ! a0 2
! 2
w gl W30t 5
6
20} 20} -
10F 10F e -
3 6 9 12 15 3 6 9 12 15
C C
IMEX DeC IMEX ADER

Figure: Stability areas for orders 2 to 8 with Gauss-Lobatto nodes.
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—E ility plots for IMEX DeC/ADER on advection—diffusion

e Advection operator order k
e Diffusion operator order k Equispaced

e Time order k from 2 to 8

60

|
|
|
501
|
MI

|

30F

ONOUIAWN

20

10

IMEX DeC IMEX ADER

Figure: Stability areas for orders 2 to 8 with equispaced nodes.
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C-E stability optimal values

Approximated border values Cy (up to 2

decimals) and E; (up to 1 decimal) for IMEX DeC Gauss—Lobatto
Gauss—Lobatto methods

60 -

]

Order DeC ADER |

G Eo G Ey T

2 050 | 2.5 || 050 | 0.7 401

3 163 | 6.1 || 1.63 | 45 Wty

4 1.04 | 69 || 1.04 | 42 20}

5 174 | 88 || 174 | 7.2 i
6 160 | 41 || 1.60 | 4.1 , , , , :
7 1.94 | 95 1.94 | 85 3 ¢ 12 1

8 2.00 | 10.2 || 2.00 | 9.8
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Advection — dispersion problems

Oru + adxu + bOwxu =0 a,b>0

e Explicit advection term %Du ~ Atadcu

e Implicit diffusion term %Dau ~ AthOwx U
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Advection — dispersion problems

Oru + adxu + bOwxu =0 a,b>0

e Explicit advection term %Du ~ Atadcu

e Implicit diffusion term %Dw ~ AtbOswx U

e Spatial Discretizations

o D upwind FD
o Djs slightly upwinded FD: stencil [—k, k + 1]

e Von Neumann stability analysis
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Advection — dispersion problems

Oru + adxu + bOwxu =0 a,b>0

e Explicit advection term %Du ~ Atadcu

e Implicit diffusion term %Dw ~ AtbOswx U

e Spatial Discretizations
o D upwind FD
o Djs slightly upwinded FD: stencil [—k, k + 1]

e Von Neumann stability analysis

e Many parameters
o At

Ax

a

b

wave number k

O 0O 0 O
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Advection — dispersion problems

Oru + adxu + bOwxu =0 a,b>0

Von Neumann Analysis

e Explicit advection term %Du ~ Atadyu o wj = e eigenmodes of the derivative
e Implicit diffusion term %Dw ~ AthOwx U operators
e Spatial Discretizations e Suppose that u] = e

© D upwind FD o vl = G(k,Ax, At,a,d)v"

o Djs slightly upwinded FD: stencil [—k, k + 1]

. . e Stable for a given configuration of
e Von Neumann stability analysis & =

Ax, At, a, d if
e Many parameters
o At |G(k, Ax, At,a,b)| <1
o Ax
© & for all k € N
o b
o wave number k e Numerically k =1,...,1000

D. Torlo
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Advection — dispersion problems

Oru + adxu + bOwxu =0 a,b>0

Simplify the parameters
c =%

bA
e Explicit advection term %Du ~ Atadyu s B= A—Xst
e Implicit diffusion term %D3U ~ AthOwx U e |G| <1Vk

e Spatial Discretizations
o D upwind FD

500

o Dj slightly upwinded FD: stencil [—k, k + 1] 400
e Von Neumann stability analysis 200
e Many parameters a

o At 200

o Ax

o a 100

o b

o wave number k o

D. Torlo
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Advection — dispersion problems

Oru + adxu + bOwxu =0 a,b>0

Simplify the parameters
aAt
« =% cC=%
bAt o E = % aAtAx3 _ anx®
<1

e Explicit advection term ﬂDu ~ Atadcu * B=3s = bAtAx b
Implicit diffusion term bAt 22- Dsu &= AtbOswx U e |G| <1Vk e |G|

Spatial Discretizations

[
o D upwind FD
o Dj slightly upwinded FD: stencil [—k, k + 1] 0.04
e Von Neumann stability analysis 0.03
e Many parameters a
o At © 0.02
o Ax
© a 0.01
o b
o wave number k
1 2 3 4 5

X ADER and DeC
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C — E Stability Areas for advection—dispersion

IMEX DeC GLB 2
Advection order 1
Dispersion order 3

Stability region description

o If C =22 < Gy = Stable 0.04
e If E < Ey = Stable

0.03
2 &
alAx Eob o
E= < By <= Ax < = - Axo 0.02
a
0.01

o Independent on At
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C — E Stability Areas for advection—dispersion

IMEX DeC GLB 3
Advection order 1
Dispersion order 3

Stability region description

o If C =22 < Gy = Stable 0.04

e If E < Ey = Stable
0.03

C/p

alx? Eob

E= < E <= Ax </ — =1 Acp 0.02
a

0.01
o Independent on At
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C — E Stability Areas for advection—dispersion

IMEX DeC GLB 3
Advection order 1
Dispersion order 3

Stability region description 1072
o If C =22t < Cp = Stable
e If E < Ey = Stable

c/p

alx? Eob

E= §E0<:>AX§ T::AX’O

o Independent on At
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C — E stability plots for IMEX DeC/ADER on advection—diffusion

u

e Advection Du; = == first order

e Dispersion D3u; =
% (—Uj_z —uj—1+ 10Llj — 14Uj+1 + 7Uj+2 — Llj+3) .
third order

Gauss—Lobatto

e Time orders from 2 to 6

10° 10°F .,
3
a a 4
O O 5
6

107° 107°F -

10! 10 100 12 18 10t 10 10! 1° 10 12 18 10t 10
C C
IMEX DeC IMEX ADER

Stability areas for orders 2 to 6 with Gauss-Lobatto nodes.
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C — E stability plots for IMEX DeC/ADER on advection—diffusion

u

e Advection Du; = == first order

e Dispersion D3u; =

% (—Uj_z —uj—1+ 10Llj — 14Uj+1 + Tujyo — Llj+3) . Equispaced
third order
e Time orders from 2 to 6
10° 10°F 5
3
o o 4
g g ‘L H
107° 107 --l\-’—'"‘ﬁ
10! 10° 12)l 12)2 11.13 1;)" 1.05 107! ;)" 1;)l 107 1.03 11.1" 1.05
C C
IMEX DeC IMEX ADER

Stability areas for orders 2 to 6 with equispaced nodes.
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—E ility plots for IMEX DeC/ADER on advection—dispersion

e Advection operator order k

e Diffusion operator order k Gauss—Lobatto
e Time order k from 2 to 6

C/P
C/P
™

10°F 105 —
107! 1(.)" 12)1 12)2 12)3 1(‘1" 1;5 10“5 1(‘10 1;5
C C
IMEX DeC IMEX ADER

Figure: Stability areas for orders 2 to 6 with Gauss-Lobatto nodes.
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—E ility plots for IMEX DeC/ADER on advection—dispersion

e Advection operator order k
e Diffusion operator order k Equispaced
e Time order k from 2 to 6

Cc/p
c/p
oubwN

107 107 )
107! 1(.)" 12)1 12)2 12)3 1(‘1" 1;5 10“5 1Jo° 1;5
C C
IMEX DeC IMEX ADER

Figure: Stability areas for orders 2 to 6 with equispaced nodes.
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