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SUPG

e Streamline upwind Petrov-Galerkin
e Stabilization for Continuous Galerkin Finite Element methods

e Advection dominated problems

SUPG for a of linear hyperbolic conservation laws
0:q + J*0q+ J0,q =0, q: % xRY 5 R,
Take Vi := {p € C(Qn) : | € PX(E)VE € Qu}. SUPG is Vi € (Vif%)® find g € (V{)® such that

0= / (¢ + aAxdxpsign(JS*) + aAyd, psign(JS)) (0:q + S 0xq + S0, q) dx

= / 0(0rq + S 0xq + J0,q)dx + /(Ax@xgo sign(J*) + Ay, sign(J”))0:q dx

+a / AxOcpsign(JS) (S 0cq + S 9yq)dx + a / Ay0dypsign(JS) (S 0«q + ¥ 0yq)dx.




Acoustics equations and involutions

Acoustics equation Involution

The system of linear acoustics possesses
an involution:

Oru+ Okp = 0,
Orv + 0yp = 0, O(Vxy)=V x0v=-VxVp=0,

O¢p + Oxu+ Oyv =0,
Equilibria

Ov+ Vp =0,
Otp+V-v=0,
V.-v=0

:0iq =0, -
A {pECER

0:q+ J0xq+S0,qg=0

u ) 0 0 1 0 0 0 Other equations sharing div-free
g=|v], JS'=( 00 0], F=(0 0 1 ). FEEIHH
1 0 O 0 1 0
SW, Euler, Maxwell, low Mach
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Typical problems

4.1 Low Mach number limit 81

Figure 4.1: Simulation results for a vortex setup for t = 0,1,2,3 (from left to right). Colour coded
is vu® + v? Top row: Euler equations. Bottom row: Acoustic equations. 1

!Barsukow, W. Low Mach number finite volume methods for the acoustic and Euler equations, Ph.D. thesis, 2018.
2Finite Volume Upwind numerical flux simulations.
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Typical problems: SUPG

Let's try with SUPG.

atu - (9xP
/ (¢ + aAxdxpsign(JS*) + aAyd,psign(J”)) O:v + Oyp dx =0
3tP = axu aF ByV
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Typical problems: SUPG

Let's try with SUPG.

atu - (9xP
/ (¢ + aAxdxpsign(JS*) + aAyd,psign(J”)) O:v + Oyp dx =0
3tP = axu aF ByV

/cp(afu + Okp) + aAx Oxp(0ep + Ot + Dy v) =0

/cp(afv + 9yp) + aly dy(dep + Dt + Jyv) =0

/cp(@tp + Dot + Oy v) + alx Oxp(Oru + Oip) + aly 8yp(div + dyp) = 0
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Typical problems: SUPG

SUPG p, Q*, N, = N, =20 exact p, Q*, N, = N, =10

e Cartesian grid

e CG-FEM p le=5+1 ,
1.0 ) 1.0
e SUPG 12
0.81 08 0.8
Test 0.6 04 0.6
0.0
e Vortex v 041 "y 041
e p= 1 0.2 -0.8 0.2
. -12
e Long time 0.0 N 001
simulation 00 02 04 06 08 10 -
T =100
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Why also SUPG?

ldeal | SUPG formulation

e At equilibrium 0:q =0

/go(atu + 0xp) + alx Oxp(Oep + Ot + Jyv) =0
/ (Bev + Byp) + aby Byp(Bup + Dt + 0,v) = 0

/(p(atp + D+ O v)+

alAx Oxp(Oru + 0xp) + aly Oy p(d:v + Oyp) =0
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ldeal | SUPG formulation
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Why also SUPG?

ldeal | SUPG formulation

e At equilibrium 0:q =0

e p=ceR

e V-v=0

e [¢Vp=0 Ve VS

o [Vp-Vp=0 VpeV
0f<pV-g:0 V(pGVh’fo
o [VoV - v=0 Vpe Vi

/go(atu + 0xp) + alx Oxp(Oep + Ot + Jyv) =0
/cp(atv + 0yp) + aly 8,¢(0:p + Oxu+ dyv) =0

/(p(atp + D+ O v)+

alAx Oxp(Oru + 0xp) + aly Oy p(d:v + Oyp) =0
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Why also SUPG?
ideal | SUPG formulation

e At equilibrium 0:q =0

ep=ceR /go(atu-l-axp)+an8X<p(8tp+2)Xu+E)yv)=0
e V.-v=0 . .

e [oVp=0 Voe VE /‘P(atv + 0yp) + aly 8,¢(0:p + Oxu+ dyv) =0
© Ve Vp=0 Voe Vi /cp(atp+0xu+0yv)+

0f<pV~g:0 V(pev,fo

« [VoV-v=0 ¥pe Ve alAx Oxp(Oru + Oxp) + aly 0,p(d:v + dyp) =0

Practice

We just know that the combination of the operators is equal to 0.
Moreover, we would like to know the relation between the following

ker [/ p(Oxu+ dyv)dx Ve € V,fo] 04 ker [/ Oxp(Oxu + dyv)dx Vo € V,,',(o .




How to solve the problem?

Recipe?

e 2D operators with more recognizable
kernels

e Recast 2D operators to 1D operators to
easily study their kernels

e Divergence operator that should be a
Kronecher product of operators
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How to solve the problem?

Global Flux

e 2D operators with more recognizable Reminder of what is Global Flux 1D (for balance laws)
kernels 8:U + 8:F(U) = S(U)
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easily study their kernels G(U) := F(U) — / S(V)

e Divergence operator that should be a

Kronecher product of operators 6:U+8.6(U)=0
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Global Flux SUPG for acoustics

Define ox(x, y) := fy}; u(x,s)ds and o, (x, y) := f; v(s,y)ds, with o, 0, € VI(Q), & 0.+ .

8:U +,G(U) =0

/cp(atu + 0xp) + alAx Oxp(Oep + 0.0, P) =0

/go(atv + 0yp) + aly d,p(dep + 0.0, D) =0

/cp(@tp + 0.0, D) + alx Ocp(Oeu + Oxp) + aly yp(dtv + dyp) =0




Global Flux SUPG

Global Flux SUPG for acoustics

Define ox(x,y) := fy}; u(x,s)ds and o, (x,y) == fx); v(s, y)ds, with o, o, € V().

/@(8tu + 0xp) + alAx Oxp(Oep + 0.0, D (0. v)) =0
/(p(atv + 9yp) + aly 8,p(dep + 0.0, P(u. v)) =0

/cp(atp + 0.0, D(1. v)) + alx Oxp(Oru + Oxp) + aly 0y p(div + dyp) =0

Changes in equilibrium Discrete operators on Cartesian grid

. f3x¢3x6y¢ =Di® D, ¢ ° (Dx)ij = f¢,-(x)6x¢j(x)dx
Z(ﬁf =0 o [ 0,00.0,® = D, 2 D} o (D2)j = J 0ui(x) Oy (x)dx
—=>8,8y(0x +0y) =0 o [d:8,® = D ® D,® o (15 = [7 ()

=ox+a,=f(x)+gy)

o &= [Tudy + [ vdx o« &=1Id, ® lu+ h ®Id,v




Properties summary

K
® u,v,p,ox,0,,P €V,
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Properties summary

K
® u,v,p,ox,0,,P €V,

Equilibria
e p=Candu,v:

7 =4
¢,.j=/ u(x;,y)dy-l—/ v(x, yj)dx

Yo X0

e b;=fitg
° & — djg — Do + Py = 0 for all /, j
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Properties summary

Dissipation of spurious modes
. v, p 0wy, & € VS

e Divergence operator D, ® D, has spurious

S equilibria
Equilibria
e Df ® D, or Dy ® Dj dissipate essentially all

e p=Cand u,v: spurious equilibria (we have a proof)
Yj &
0= [ wtn)dr [ vt
% x0
o O, =f+g e |t is “possible” to compute the discrete

involution, but not so nice
° & — djg — Do + Py = 0 for all /, j
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FEM and quadrature

FEM details

e Lagrangian basis functions
e Gauss—Lobatto nodes for quadrature

o Gauss—Lobatto nodes for basis function

e Tensor product/Kronecher product to 2D
structures
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FEM and quadrature

T —

e Lagrangian basis functions

e Deferred Correction

e Gauss—Lobatto nodes for quadrature e Arbitarily high order

o Gauss—Lobatto nodes for basis function 5 Bltat
e Tensor product/Kronecher product to 2D

structures

e Diagonal mass matrix
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FEM and quadrature

T —

e Lagrangian basis functions e Deferred Correction

e Gauss—Lobatto nodes for quadrature e Arbitarily high order

o Gauss—Lobatto nodes for basis function - Bl

e Tensor product/Kronecher product to 2D
structures

SUPG-GF FEM discretization

¢ =Id«®hu+ L ®Id, v
0 =My ® M,0:u+ Dy @ Myp + aAx (D* ® M,d:p + D; @ D,l,u+ DI, @ D,v),
0 =M, ® Myd:v + M« ® Dyp + aly (M« ® Dd:p + Dx @ D} lyu+ Dilx ® D)v),
0 =M, ® M,d:p + Dy ® Dylyu + Dyl @ Dyv+

a (Ax D* @ MyOru+ Ay My @ D*0pv + (Ax D ® My + Ay M, ® D))p) .

e Diagonal mass matrix

D. Torlo  Divergence-free pi
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FEM and quadrature

T —

e Lagrangian basis functions o Deferred Correction

e Gauss—Lobatto nodes for quadrature - At [ e

o Gauss—Lobatto nodes for basis function - Bl
e Tensor product/Kronecher product to 2D
structures

SUPG-GF FEM discretization

¢ =Id®hu+ L ®Id, v
0 =My ® M,0:u+ Dx @ Myp + aAx (D* ® M,d:p + D; @ D,®(u,v)),
0 =M, ® Myd:v + Mx ® Dyp + aly (M« ® D’8:p + Dx @ Dy®(u,v)),
0 =M, ® M,0:p + Dx ® D, d(u, v)+
o (Ax D* ® MyOru+ Ay M @ D*0pv + (Ax D ® My + Ay M, ® D))p) .

e Diagonal mass matrix

D. Torlo  Divergence-free pi
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Smooth nonstationary test: oblique flow

Safety check!

Convergence of method on nonstationary problem with exact solution

u(x,y,t) = —% (cos(a&(x,y) + ct) — cos(aé(x, y) — ct)) cos(6),
V(Xay7 t) = _2_1c (cos(aﬁ(x,y) + Ct) - COS(O[E(X,_)/) - Ct)) Sin(0)7
p(x,y,t) = 5 (cos(aé(x,y) + ct) + cos(aé(x,y) — ct)),
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Smooth nonstationary test: oblique flow

Safety check!

T T T T T
—-#—- SUPG2
— - SUPG-GF2
-1 ———— order 2 —
10 —--8—- SUPG3
— - SUPG-GF3
3 ——— order 3
'46 ——A—.- SUPG4
N 10—4 - — 4 — SUPG-GF4 | |
o ——— order 4
b — == SUPG5
w - = - SUPG-GF5
N ———— order 5
= 10—7 [ ——4—- SUPG6 |
— =+ — SUPG-GF6
———— order 6
—5—- SUPG7
— = — SUPG-GF7
— order 7
10 10 |- [ [ .

Figure: Oblique flow: convergence of L2 error of u with respect to the number of elements in x




Simulation of vortex

u(x,y) = f(p(x,y) - (¥ — yo)
V(X7y) = —f(p(X7y)) : (X - XO)
p(va) =1

(x=x0)?+(y—»0)?
o

with ro = 0.45 the radius of the support.

1
f — D~ve 21-p) __&
(p) =2y ﬂ/mu_py

with g =9.81, y =0.2if p < 1, else 0.

with p(x,y) =

T =100

D. Torlo  Divergence-free prese
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Simulation of vortex: Q. N, = N, =10

SUPG-GF ||v[|, p SUPG |lv|, p exact [|v||, p
0.3000 0.3000 1.0 4 0.3000
0.2667 0.2667 0.2667
0.2333 0.2333 0.8 0.2333
0.2000 0.2000 0.2000
0.1667 01667 0°] 0.1667
0.1333 0.1333 0al 0.1333
0.1000 0.1000 0.1000
0.0667 0.0667 0.2 0.0667
0.0333 0.0333 0.0333
0.0000 0.0000 0.0 L/ 0.0000
00 02 04 06 08 10
le-11+1 P le-8+1

32 1ol 4.5 P le-14+1 00

2.4

16 0.8

0.8 0.6

-0.0

o8 0.4+ 0.000

-1.6 0.24

—-2.4

0.0
-3.2
0.0 0.2 0.4 0.6 0.8 1.0




Simulation of vortex: Q. N, = N, =20

SUPG-GF ||v[|, p SUPG |lv|, p exact [|v||, p
0.3000 0.3000 0.3000
0.2667 0.2667 0.2667
0.2333 0.2333 0.2333
0.2000 0.2000 0.2000
0.1667 0.1667 0.1667
0.1333 0.1333 0.1333
0.1000 0.1000 0.1000
0.0667 0.0667 0.0667
0.0333 0.0333 0.0333
0.0000 0.0000 0.0000
. p le-1041 oo o P le-5+1 ) o [ le-14tl L oo
075
08 050 0.8
06 025 06
-0.00
04 —025 044 0.000
02 -050 024
-0.75
0.0 0.0
00 02 04 06 08 10 e




Simulation of vortex: Q2

N, = N, =10

0.8

0.6

04

0.2

0.0

SUPG-GF ||v[|, p

0.3000
0.2667
0.2333
0.2000
0.1667
0.1333
0.1000
0.0667
0.0333
0.0000

P le-13+1

12

SUPG ||v|

P

0.3000
0.2667
0.2333
0.2000
0.1667
0.1333
0.1000
0.0667
0.0333
0.0000

P le-8+1

exact [|v||, p

P le-14+1

0.3000
0.2667
0.2333
0.2000
0.1667
0.1333
0.1000
0.0667
0.0333
0.0000

2.509

0.000



Simulation of vortex: errors

= 5 T —
4] Fo® ] S
2 Fow O~ e 1073 | h o |
— ~ e 1 S
g 1073 S~ ML E .
A = ~ |
2 i - 1
a —4
10 E = 1 =5 | —
) F 3 0 --e—- SUPG3
€ = k. — - SUPG-GF3
o [| —-=—- SUPG2 O ————  order2
é 107° | - a- SUPG-GF2 SO m o 2 || order3
[F| —— order 2 Y = 107 [ ——— order 4 -
C T | L T T T
10'° 10 10%5 10
N N

Figure: Smooth vortex: convergence of L? error of u with respect to the number of elements in x




Simulation of vortex: errors

Norm of Divergence

———- SUPG4
— - — SUPG-GF4
——— order 4
—8 | | ——— order5
10 T L T TT
1
10

N

10—

10~°

o
e S

SR
—%—- SUPG5
— = — SUPG-GF5

order 4
order 5
order 6

10?

|
101.5

N

Figure: Smooth vortex: convergence of L? error of u with respect to the number of elements in x



Vortex simulation: divergence error

]PI,N:4O PZ,N:20

> -1 =
S \ ———- SUPG 10 &_\ E—
I} S Bl SUPG-GF \\-\_\__ o SUIiG—GF
% 1075 i \\ ———————————————————— | 10_8 — \\ T —|
a0 N .
a) 10—10*\ I =1 10~ b Na——

0 50 100 0 50 100

Time Time

P, N =10
10°? B ———- SUPG
P~ |- - - supeGF
10—9 - - . =] —
10-16 L et et |
0 0 50 100
Time

Figure: Norm of discrete divergence of u for SUPG (dxu + 8y v) and SUPG-GF (8x9y(ox + o)) simulations

with respect to time for different orders




Vortex perturbation

Pressure perturbation

* Gaussian centered in x, = (0.4,0.43)

scaling coefficient rp = 0.1

radius p(x) = /|[x — x,|l/r0

B
(Sp()_() — ce 21—pX) ,

final time T = 0.35
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Vortex perturbation

Non Global Flux Global Flux
0.00064 0.00016
0.00056 0.00014
0.00048 0.00012
0.00040 0.00010
0.00032 0.00008
0.00024 0.00006
0.00016 0.00004
0.00008 0.00002
: : : : : : 0.00000 : : : : : : 0.00000
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure: Perturbation(e = 1073) test. Plot of lueqg — up

optimization process. P! with 80 x 80 cells and 6561 dofs.

|, with U, the equilibrium obtained with a cheap




Vortex perturbation

Non Global Flux Global Flux
0.00056 0.00016
0.00048 0.00014
0.00012
0.00040
0.00010
0.00032
0.00008
0.00024
0.00006
0.00016
0.00004
0.00008 0.00002
: : : : : : 0.00000 : : : : : : 0.00000
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure: Perturbation(e = 1073) test. Plot of lueqg — u,ll, with u,, the equilibrium obtained with a cheap

optimization process. P3 with 13 x 13 cells and 1600 dofs.




Vortex perturbation

Non Global Flux Global Flux
0.000175 0.00016
0.000150 0.00014
0.00012
0.000125
0.00010
0.000100
0.00008
0.000075
0.00006
0.000050
0.00004
0.000025 0.00002
: : : : : : 0.000000 : : : : : : 0.00000
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure: Perturbation(e = 1073) test. Plot of lueqg — u,ll, with u,, the equilibrium obtained with a cheap

optimization process. P3 with 26 x 26 cells and 6241 dofs.




Other models

Acoustic with Coriolis Acoustic with source term

u P 0 —v u P 0 0
O |lv|+o([O0])+0, |p|+c| u | =0 Ot |lv|+o[0])+0[p|+[0] =0
p u v 0 P u v s
Stommel Gyre

Otp = — divu

Ou = —gradp + ¢u™ — Ru+7
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Extensions

Triangular meshes
® Haven't tried yet

2. g q . L[y X
o Other stabilizations (0SS, CIP) ° !n pr|nhC|pIIe, wetcan still define ¢ : f u+ f v
in each elemen

e Other equations
< e Question: will it be that effective?

e Kernels? Maybe difficult to write, still working
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THANKS!!
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Detailed definition of Global Flux SUPG

Definition of o, o,

Cartesian grid, Lagrangian basis functions in Lobatto points (x;, y;) in each direction.

So, ¢i(xk) = di and ¥;(ye) = Jje and

ya
o4 ot w2t 3t Ut
y3
003 ul3 w23 o3 3
Y2
002 ub2 2?2 w32 2
y1
o1 ubd 21 o1 utl
Yo
u0,0 u1,0 u2,0 u3,0 u4,0
o ——o —o  —o o
X0 X1 X2 X3 X4

u(x,y) =D sl y)ud =" gi(x)es(y)u’
i i
u(x, yy) = u™

a(x,y) =D $i(x)i(y)ol

i

O-X(XH .yJ) = o->i<7j

ox(x,y) = / " u(x, 5)ds

Yo
Y,

7l = Us) = [l s)as = St [ woyas it
k¢ Yo

Yo

So, even if both o, u € V[, in quadrature points, we have that exactly u(xi,y;) = fy{)’ ox(xi,y)dy.




Myth buster

Global Flux is not global!

e In principle ox(x,y) = fy}; u(x, s)ds should be integrated from the beginning (bottom) of the
domain yg!
e In practice we always use 050, 0«(x, y) integrated in one cell!!!!

ox(x,y) = / " u(x, 5)ds = / " u(x,)ds + / " u(x,5)ds

yB ¥B Yo
—_———

constant in one cell!

e So,

whatever constant we bring from outside the cell, is canceled out

y Y0 y y
Oyox(x,y) = 8y/ u(x,s)ds = By/ u(x,s)ds + By/ u(x,s)ds = 8y/ u(x, s)ds

yB YB Yo Yo

erving Global Flux SUPG
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Why SUPG-GF works so better?

Clearly divergence-free preserving

e Which divergence? 0,9, (ox + o) = 0x0, (fy u(x,s)ds + fx v(s,y)ds) = Oxu+ Oyv
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Why SUPG-GF works so better?

Clearly divergence-free preserving

o Which divergence? 0,9, (ox + o) = 0x0, (fy u(x, s)ds + fx v(s,y)ds) = Oxu+ Oyv

Norm of Divergence
=
o
S

1073 | —=—- FEM2 =~
|- m- FEM-GF2 o0
- order 2 -
C T | | |
10+° 10 10*°
N

Figure: Smooth vortex: convergence of divergence operator on exact IC with respect to the number of elements
in x
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Why SUPG-GF works so better?

Clearly divergence-free preserving

o Which divergence? 0,9, (ox + o) = 0x0, (fy u(x, s)ds + fx v(s,y)ds) = Oxu+ Oyv

I
g 1077 xo Fao_
g Froo 1073 T
5
A
2
o 5
- —6

5 10 10
IS ——+—- FEM6 —-5-- FEM7
= — -+ — FEM-GF6 ~ - - FEM-GF7
Zo order 5 order 6

order 6 + order 7

10-8 | 107° : \ \ =
100.5 101 10145 100.5 101 101.5
N N

Figure: Smooth vortex: convergence of divergence operator on exact IC with respect to the number of elements

in x
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Why SUPG-GF works so better?

Clearly divergence-free preserving

e Which divergence? 0.0, (0x + ) ~ 8x0, ([ u(x,s)ds + [* v(s,y)ds) = Oxu+ Oyv
e If we know that 940, (ox + o,) = 0 and p = c then equilibrium
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Why SUPG-GF works so better?

Matrix formulation
New operators kernels (De)ii= #:()0x05()e (D3)i:= [ 0xi(x)0(x)x

b =0,+0, =0, +0, ® € RIK+D)X(NyK+1)
_ X~ To(NeK—1) % (Nx K+1)
/ (%, y)0:0y (®)dxdy = 0 voe v, (Px®D)®=0 DD €R
2y (D ®D,)® =0 Dy, D € RMWH-1x(NyK+1)
/ Oxp(x, y)0x0y (P)dxdy =0 Yo € Vio (Dx®Dy)® =0
Qp

K
/Q 9y p(x, ¥)0x0, (®)dxdy =0 MR K ernels of Kronecher products
h

M, @ My® =0+
M, = 0Vj or M,®" = 0Vi

We can pass from the study of the 2D operators to the 1D operators!
Reminder: before it was not possible because we had a combination of operators D,u + D,v = 0.

D. Torlo  Divergence-free prese
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One dimensional kernels of D, and DX

Kernel of D, Kernel of D}

100 - - . .
104
0.751
0.50 s
0.254
6l
0.004
ol
—0.251
—0.50 1 2
—0.751
0 \
-1.001
OjO OjZ 0i4 OTG OTB 1T0 OTO 0?2 0?4 OTS OTB le
Operators
e Divergence Dy ® D, e Stabilization D} ® Dy, Dy ® D}
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One dimensional kernels of D, and DX

Kernel of D, Kernel of D}

1.00
0.75 1 201
0.50 1
154
0.254
0.00 1
104
—0.251
-0.50 54
-0.757
o
—1.00 \
OjO OjZ 0i4 OTG OTB 1T0 OTO 0?2 0?4 OTS OTB le
Operators
e Divergence Dy ® D, e Stabilization D} ® Dy, Dy ® D}
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One dimensional kernels of D, and DX

Kernel of D, Kernel of D}

40
1.54
104 301
051
20
0.0
104
-0.5
-1.0 0 e
0.0 0.2 0.4 0.6 0.8 1.0 OTO 0?2 0?4 OTS OTB le

Operators
e Divergence Dy ® D, e Stabilization D} ® Dy, Dy ® D}
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Deferred Correction lterative procedure

How to combine two methods keeping the accuracy of the second and the stability and simplicity of the
first one?

e T'(c) =0, first order accuracy,
easily invertible.

P = ¢(t), p=0,...,P, e T?(c) =0, high order Q.
™ =¢(t)), m=1,...,M o
0,0
TP = TP V) = T2 (P V) with p=1,...,P. " @ —— -
RO

tl
DeC Theorem

e T! coercive with constant O(1) 2 SO
o T! — T2 Lipschitz with constant O(At) ! ! | | }
DeC converges and min(P, Q) is the order of accuracy. L M) l l |

D. Torlo  Divergence-free prese

19/ 19



Deferred Correction lterative procedure

How to combine two methods keeping the accuracy of the second and the stability and simplicity of the
first one?

e T'(c) =0, first order accuracy,
easily invertible.

P = ¢(t), p=0,...,P, e T?(c) =0, high order Q.
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How to combine two methods keeping the accuracy of the second and the stability and simplicity of the
first one?

e T'(c) =0, first order accuracy,
easily invertible.

¥ = ¢(t,), p=0,...,P, * T?(c) =0, high order Q.
™ =¢(t)), m=1,...,M
1 1 1 2 1 c>®
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0,(p
THEP) = THP V) = THP V) with p=1,...,P. 0 et
cb(P

tl
DeC Theorem

e T! coercive with constant O(1) c>)
o T' — T? Lipschitz with constant O(At)

DeC converges and min(P, Q) is the order of accuracy.

D. Torlo  Divergence-free prese

19/ 19



Deferred Correction lterative procedure
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e T'(c) =0, first order accuracy,
easily invertible.

¥ = ¢(t,), p=0,...,P, * T?(c) =0, high order Q.
™ =¢(t)), m=1,...,M
1 1 1 2 1 >
THcP) = TP V) - TP V) withp=1,...,P. O ——T -
cL(P)

tl
DeC Theorem

e T! coercive with constant O(1) P
o T' — T? Lipschitz with constant O(At)

DeC converges and min(P, Q) is the order of accuracy.
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DeC for SUPG

0
Tf’"’(g) =M ML L 1D oM, Z 0" p

At (32)
X p X X m_r
ah(D* ® M, A -|—D ®DIZ€ +DXIX®Der9,v),
T27(q) M®MA——|—M ®Dy Yy 07p
- (3b)
yp V4 m r y mr
ah(M, ® D ¢ +D®DIZ€u+DI®DZ€
T2"(q) /\/1@/\//”A Y ®DIZ€"’U’+DI®DZ€"’
- 0 0 (3¢)
ah(D* @ M, 2 A M @D (Di e M, + M @ D))y 07p)

D. Torlo  Divergence-free preserving Global Flux SUPG
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DeC for SUPG

m _ 0
Tl}”"(i) :MX®Myu Atu +/8me®MyPO» (2a)
1,m Vm_VO m 0
T, (i) =M, ® M, At +8 My ® Dyp", (2b)
m __ 0
Ty"(q) =My @ m, 2 At” + B™(Dy ® Dy lyu® + Dyl @ D,V°). (2¢)
2,m um_UO m r
Tu’ (g)zMx@MyT+Dx®Mer9rP+ (3)
a
m 0
ah(D* @ M, P At” + DI @Dy O+ D@D,y 0V,
m __ 0
2™ (q) :MX®My%+MX®DyZ orp + -
= ’ 3b
m __ 0
ah(MX®Dy%+DX®D§IyZ 07y + Dol DY 07V),
m __ 0
T2"(q) =M, @ M, P At” + D@Dyl Y 070"+ D@D,y 07V + 0
—_ r r 3C
m _ 0 m __ 0
ah(D* @ M~ At“ +M, DY Atv + (DX ® My + M0 D))y 07p).

D. Torlo  Diverg;




Vortex with Coriolis

Acoustic with Coriolis GF for Acoustic with Coriolis

u p 0 —v u (p+oy)
O|v])+0|0)|+0[p]|+ec| v | =0 O lv]+| 9(p—ox) =0
P u v 0 p 0x0y(ox + oy)
FEM change GF-FEM change

T2™(q)+=—crMyx @ Myv™ T3™(q)+=—cr Dl ® Mcv"™
T,f‘"’(g)—i—:chx ® Myu™ T,f""(g)—l—:chX ® D, l,u™

To"(@)+=cra) 07 (M@ D'u" — D* @ M,v')  Tp"(q)+=cra) 07 (M ® Dylyu" — DXl ® Myv')

r r
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Vortex with Coriolis

v(x,y) = f(p(x,y)) - (x = x0),
p(x,y) =1 —cr-g(p(x,y))s

{U(X, y) = —f(p(x,¥)) - (¥ — y0),

p(x,y) = /X2 + y?

f(p) := 20100

_ 2
g(p) == {5

Domain Q = [0, 1]
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Vortex with Coriolis

T T T ‘ T T T ‘ T T T T T T
—-m—- SUPG2
10—2 — @ - SUPG-GF2 —
———— order 2
—-8—- SUPG3
— @ — SUPG-GF3
3 ——— order 3
o _5 —a—- SUPG4 B
o 10 ~ A~ SUPG-GF4
1
o ——— order 4
b — %= SUPGS
w - = — SUPG-GF5
N ——— order5
~ 10°® —a—. SUPGE | |
— -+ — SUPG-GF6
———— order 6
—-5—- SUPG7
- - SUPG-GF7
10_11 order 7 —
Lo Lo | !
10! 10° 10°

Figure: Coriolis vortex: convergence of L2 error of u with respect to the number of elements in x




Vortex with Coriolis

Non Global Flux Global Flux
0.0175 0.0016
10
0.0150 0.0014
08 0.0012
0.0125
0.0010
00100 06
0.0008
0.0075 0.4
0.0006
0.0050
0.2 0.0004
. -2
o.0025 ooz Perturbation(e = 107°) test.
0.0 .
0.0 0.2 0.4 0.6 0.8 1.0 00000 0.0 0.2 0.4 0.6 0.8 1.0 0:0000 PIOt Of ngq - up || ! Wlth Heq the
analytical equilibrium.
Non Global Flux 0.0016 Global Flux 0.0016 3 . 3
’ 10 Top P° with 13 cells, bottom P
0.0014 0.0014 .
with 26 cells.
00012 08 0.0012
00010 0.0010
0.0008 0.0008
0.0006 ¢ 0.0006
00004 5 0.0004
0.0002 0.0002
0.0
. : : : : . 0.0000 . : : : : . 0.0000




Vortex with Coriolis

Non Global Flux

1.01

0.8

0.6

0.4

0.2

0.0

Non Global Flux

1.0

0.8

0.6

0.4

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

0.016

0.014

0.012

0.010

0.008

0.006

0.004

0.002

0.000

0.0008

0.0007

0.0006

0.0005

0.0004

0.0003

0.0002

0.0001

0.0000

0.8

0.6

0.4

0.2

0.0

Global Flux

0.0 0.2 0.4 0.6 0.8 1.0

Global Flux

0.8

0.6

0.4

0.2

0.0

Perturbation(e = 107°) test.

Plot of ||u,, — w,ll, with u,_, the
analytical equilibrium.

Top P? with 13 cells, bottom P?
with 26 cells.




Source term

Consider the source equations

(4)

atH+VP:0,
Otp+V-u=s,

where an equilibrium solution can be found as

p(x,y) = po €R,
H(Xv.y):vl¢1(x7y)+v¢2(xvy)7 (5)
S(X7y) = A¢2(X>y)7

for @1, p2 smooth enough. The first term of the velocity, i.e., Vlgbl(x,y) is analogous to the vortexes
defined in (12) and it is divergence-free, while the second term and the source terms balance each
other. We will consider the smooth steady vortex (12) for the first part of u, while we will use

$a(x,y) 1= e 10l xlE | with x, = (0.65,0.39).

D. Torlo

Divergence-free f
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Source term

Time 100.0025

u v
032 032 P *10.00010
10 10 10
024 024 0.00005
08 08 08
016 016 000000
06 008 o6 008 o6 —0.00005
000 0.00
-0.00010
04 Co0s 04 o0s 04
02 -016 o) -016 o) 000015
~0.24 ~0.24 ~0.00020
00 00 00
-0.32 -032 ~0.00025
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
Time 100.0025
u v _
032 032 P 1e-721 000
10 10 10
024 024 o015
08 08 08
016 016 030
06 0% os 008 os 045
0.00 0.00
-0.60
04 Coos 04 Co0s 04
02 016 g3 016 g3 078
~0.24 ~0.24 -090
00 00 00
-0.32 -0.32 -1.05
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10

Figure: Simulation of vortex with source term at time T = 100 with P! elements and 40 x 40 cells. SUPG
scheme (top) and SUPG-GF scheme (bottom)
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Source term

Time 100.0167

u v P
032 032 1.0024
10 10 10
024 024 1.0016
. o1 08 016 08 1.0008
06 008 o 008 o 1.0000
0.00 0.00 0.9992
o4 —o0s ¢ —o0s %% 09984
02 -016 g2 -016 gy 09976
~0.24 ~0.24 0.9968
00 00 00
-032 -032 0.9960
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
Time 100.0167
u v -
032 032 P lew5tl o0
10 10 10
024 024
-1
08 o1 08 o1 08
008 0.08 -0
06 06 . 06
000 0.00 -5
04 oo 04 Coos 04
-6.0
02 -016 g3 -016 g2
-5
~0.24 ~0.24
00 00 00
-0.32 -032 -9.0
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10

Figure: Simulation of vortex with source term at time T = 100 with P3 elements and 6 x 6 cells. SUPG scheme
(top) and SUPG-GF scheme (bottom)
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Source term

Non Global Flux Global Flux

0.00200 0.00016
1.0
0.00175 0.00014
0.00150 08 0.00012
0.00125 06 0.00010
0.00100 0.00008
0.4
0.00075 0.00006
0.00050 0.00004 ex with Sour
0.00025 0.00002 . —
00 e Perturbation(s = 107?) test
0.00000 0.00000 -
00 02 04 06 08 10 with source term.
Global Flux e Plot of ||u,, —u
0.007 10 0.000175 ||—eq —p ”
e Top P! with 80 x 80 cells
08
0.005 0:000125 e Bottom P° with 13 cells
0.004 06 0.000100
0003 o, 0.000075
0.002 0.000050
0.2
0.001 0.000025
00
- . . - . . 0.000 - . . . . . 0.000000

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0




Stommel Gyre

Parameters

e —Ru friction
e 7 wind forcing
e linearized shallow water equations, with a
Stommel Gyre reference depth hg = 1, and with the gravity
acceleration g =1
® R is constant
e 7 = (—Fcos(my/b),0)

e F constant

Otp = — divu
Ou=—gradp + ¢u™ — Ru+71

e well known steady solution due to Henry
Stommel®

?H. Stommel, The westwards intensification of wind-driven
ocean currents, Trans.Amer.Geophys.Union 29(2), 1948
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Stommel Gyre

Non Global Flux

Non Global Flux
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0.0040
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0.0016

0.0008
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0.00016

0.00014

0.00012
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1.00
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e ion test for SG

e Plot of || gp||

e Top P! with 80 x 80 cells
e=10"°

e Bottom P? with 13 cells
e=10"°

Ueg —



2D Riemann Problem

2D Riemann Problem

e Center x, = (0.5,0.5)
e Domain Q = [0, 1]
e ICs

= v(x) =0,  p(x)=0.

1, ifx>05andy>0.5,
u(x) =
0, else,

e The perpendicular component v has a logarithmic singularity in the center of the RP for all t > 0:

v(x,y,t) = %E <\/(X_7X0)ct+ (¥ — yo) > 7
L(s) := log (@) — _log (%) B % Lo,

D. Torlo  Divergence-fre:
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2D Riemann Problem

Time 0.4000
v P
1ol 0.0006
0908 L :
0.7766 —0.0587
0778
) 06902 o | ~0.1181
0.648
0.6037 01775
0518
) 05173 g4 —0.2368
0388
0.4308 —0.2962
0258 o 41
0.3444 0.4 _0.3556
0127
0:2579 o ~0.4150
~0.003 0 21
01715 -0.4743
~0.133
oo oosso | 0.5337
—0.263 ' . . . . 1 -0.0014 . . . .
00 02 04 06 08 10 00 02 04 06 08 10

Figure: Riemann Problem. Simulation at time T = 0.4 with P2 elements and 50 x 50 cells with SUPG-GF
scheme
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2D Riemann Problem

X ord2 N100 X ord2 N100
~ ot + ord2 N200 + + ord2 N200
0.8 S MV v ord3 N50 v ord3 N50
+ Y4 ¥t * ord5 N25 0.8 )5 X » ord5 N25
S —- exact o g --- exact
v PR SN
Sp
0.6 e
0.6 4 T
x B+
>
0.44
0.44 ke,
0.2 0.24
0.04 0.04
102 10! 102 107!
radius radius

Figure: Riemann Problem. Distribution of the solution v for different elements and meshes. Left SUPG scheme,

right SUPG-GF scheme
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Involution

Analytical involution

Vxov=Vx(Vp)=0
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Involution

Discrete involution

e If linear method of line
8:Q = F(Q) = Q"™ = M(F, Q")

e Operator E such that E- (M(F,Q)) = M(E-F,Q)=0
for all @

Analytical involution
Vxov=Vx(Vp)=0
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Involution

Discrete involution
Analytical involution o |f linear method of line
2:Q = F(Q) = Q"' = M(F,Q")

Vb =V (Vi) =0 « Operator E such that E - (M(F, Q)) = M(E - F, Q) = 0
for all @

2D SUPG Q" involution operator
D, <(Dy)2MX — ?AyD} (AyD; M, + AxD; My)

E:= Dy( — (D)?M, + a2 AxD; ( AyDYM, + AxD:M, )
o (—AxD;(Dy)* My + (Dx)*AyDy M, )
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Involution

Discrete involution

e If linear method of line
2:Q=F(Q) = Q"™ = M(F,Q")

e Operator E such that E- (M(F,Q)) = M(E-F,Q)=0
for all @

Analytical involution
Vxov=Vx(Vp)=0

2D SUPG Q" involution operator

D, <(Dy)2MX — ?AyD} (AyD; M, + AxD; My)
E:= Dy( — (D)?M, + a2 AxD; ( AyDYM, + AxD:M, )
o (—AxD;(Dy)* My + (Dx)*AyDy M, )

2D SUPG QP involution operator

Not feasible
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