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Woater equilibria and perturbations

e | ake at rest perturbation
e Moving stationary wave

e Vortex type stationary solutions
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Equilibria for shallow water equations

Shallow Water Equations /\/_/\s

u h
Oth + Ox(hu) + 8y (hv) =0 —_— U

Oe(hu) + Ox (hu? + &h%) + 0, (huv) = —ghdyb /\/\/_
0:(hv) + 0« (huv) + 0, (hv2 + %hz) = —ghdyb Ib(x,y) r
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Equilibria for shallow water equations

Shallow Water Equations /\/_/\
u h

Oth + Ox(hu) + 8y (hv) =0 —_— U
Oe(hu) + Ox (hu? + &h%) + 0, (huv) = —ghdyb
Oe(hv) + O (huv) + 8y (hv® + &h°) = —ghd, b /Ib\(xj)-\/—
X
o

Lake at rest equilibrium .

Moey) +bley) =m0 ulxy) = vix,y) =0 ——
8, (§h2> - ghBb = ghDyh-+ghB.b = ghByry = 0. §
e
B e |
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Simulation example lake at rest with perturbation

Bathymetry: 0.05 0.25 0.45 0.65 0.85

Equilibria



Simulation example lake at rest with perturbation
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Equilibria for shallow water equations

Shallow Water Equations 1D Stationary waves in 1D

{th + Ok(hu) =0 hu(x) =: q(x) = g
9 (hu) + O« (h”2 + %hz) = —ghdxb and h such that

o, (hu2 n §h2) + ghdb =0

q2
2

q— X X) = X0
sy ) B0 = Q0a) (1)
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Equilibria for shallow water equations

Stationary waves in 1D

hu(x) =: q(x) = @

Och + 0x(hu) =0 and h such that
Oe(hu) + Ox (hu” + &%) = —ghd,b

Shallow Water Equations 1D

o, (hu2 ¥ §h2) + ghdb = 0

Cubic equation solutions

e Supercritical state u > /gh Oy < qzz +h+ b> =0
e Subcritical state u < /gh 22gh
® Negative h _9 —
2gM2(x) + h(x) + b(x) = Q(x0) (1)
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Simulation example moving equilibria non flat bathymetry

Continuous Bathymetry Discontinuous Bathymetry
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Simulation example moving equilibria non flat bathymetry

Continuous Bathymetry Discontinuous Bathymetry
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Equilibria for shallow water equations

Shallow Water Equations (no bathymetry)

Vortices: Div-free solutions

Oth + 0x(hu) + 9, (hv) =0
O¢(hu) + O« (hu2 —+ %hz) + 9y (huv) =0 r=(x—x0)>+(y—y)> 6=arctan (i:—'—){;)

0:(hv) + O« (huv) + 0, (hv2 + §h2) =0 u(r) = —sin(0)we(r) v(r) = cos(8)ug(r)
h(r): h'(r)gr = ud(r)

Other equations

|| ® Euler equations (isentropic)

/ e Linear Acoustic equations
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imulation example of a vortex (for linear
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How can we preserve the equilibria?

Impossible: discretization of data b, of the solutions h, u, v

Exactly with respect to discretization

e Possible E thv Well
Xac e
e Might involve some analytical equation to be solved y X
) o o Balancing
e Requires the knowledge a priori of equilibria type
Better than the underlying method
e Possible
e No need of inverting analytical equations Well Balancing

e No need of a priori knowledge of the equilibrium type
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State of the art techniques (part 1)

Subtract equilbrum

e Know analytical equilibrium e Base Scheme: V™' = V"4 S(V")
e Dedner 20047 and Berberich e Equilibrium: V7 := (h*?, u®, v*7)

2021° e Discrete exact equilibrium residual: S¢9(t") := S(V(t"))
o Well balanced scheme : V" = V" + S(V") — S*(t")

“Dedner, A., Rohde, C., Schupp, B.,
& Wesenberg, M. (2004). Computing
and Visualization in Science, 7(2), 79-96.

b). P. Berberich, P. Chandrashekar,
and C. Klingenberg. Computers &
Fluids, 219:104858, 2021.
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State of the art techniques (part 1)

Subtract equilibrium

e Know analytical equilibrium e Base Scheme: V™' = V"4 S(V")
e Dedner 20047 and Berberich e Equilibrium: V9 := (h%, u®?, v*7)

2021° e Discrete exact equilibrium residual: S(t") := S(V*(t"))
o Well balanced scheme : V" = V" + S(V") — S*(t")

“Dedner, A., Rohde, C., Schupp, B.,
& Wesenberg, M. (2004). Computing

and Visualization in Science, 7(2), 79-96. .
b). P. Berberich, P. Chandrashekar, Propertles
and C. Klingenberg. Computers &
Fluids, 219:104858, 2021. © Ridiculously well balanced: V" = V¥ = V"1 = v
® Know equlibrium a priori
© Lake at rest
® Stationary waves

® 2D vortices
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Example: subtract equilibrium®
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State of the art techniques (part 2)2

Equilibrium reconstruction Procedure

e In every cell solve an ODE ¢ Base Scheme: V™' = V"4 S(V")
at reconstruction/quadrature o Equilibrium: V*#°°F :—=ODE_Solver(1) subject to V"
points, constrained with the e Discrete equilibrium residual: Seq’ODE(t”) = S(Veq’ODE(t"))

state V" (BVP
( : ) o Well balanced scheme : V™ = V" 4 S(V") — §9:9PE(¢n)
o ODE solver either exact or

very accurate

e Malaga school

2Castro, M. J., & Parés, C. (2020). Journal of Scientific Computing, 82(2), 48.
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State of the art techniques (part 2)2

Equilibrium reconstruction Procedure

e In every cell solve an ODE ¢ Base Scheme: V™' = V"4 S(V")
at reconstruction/quadrature o Equilibrium: V*#°°F :—=ODE_Solver(1) subject to V"
points, constrained with the o Discrete equilibrium residual: Seq,ODE(tn) - S(veq,ODE(tn))

state V" (BVP
( _ ) o Well balanced scheme : V™ = V" 4 S(V") — §9:9PE(¢n)
o ODE solver either exact or

very accurate Properties

* Malaga school © Exactly well-balanced V" — \/¢%:0PE — \/n#l _ \/eq,0DE
For all equilibria of one type

Expensive (ODE solver for each cell)

Lake at rest

Stationary waves

® 0 0 6 O

Problem for transcritical flows u = /gh

(@]

2D vortices

2Castro, M. J., & Parés, C. (2020). Journal of Scientific Computing, 82(2), 48.
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State of the art techniques (part 3)3

* For FV schemes e Exactly well-balanced (if (1) analytically invertible else accurate
solver) V" = Ve#0PE —, \yntl —_ yyeq, ODE

e Change the Riemann
problem approximation

e Exploit (1) such that at
equilibrium it is satisfied by
the Riemann problem

e Michel-Dansac 2016

®© For all equilibria of one type

® Computations by hand for Riemann Solver
® Only 1st order, blending with high order
© Lake at rest

© Stationary waves

® Problem for transcritical flows u = \/gh
®

2D vortices

3Michel-Dansac, V., Berthon, C., Clain, S., & Foucher, F. (2016). Computers & Mathematics with Applications, 72(3),
568-593.

1g Moving Equilibria with Global Flu:
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Example: Riemann Problem Change*

2.02 P 4.42001
=+« shifted b
2
SUBCRITICAL 142
1.98 | 1
1.96 |- - A 4.41999 |- —
0 10 20 0 10 20
z T
(a) free surface  and bathymetry b, shifted (b) discharge g

and rescaled

24.00006
2.05 a 24.00004 |-
2 24.00002 - f
SUPERCRITICAL 2
1.95 - 23.99998 |- 7
I — » | 23.99906 | i
0 10 20 23'99994[1 10 20
x x
(a) free surface 7 and bathymetry b, shifted (b) discharge g.

and rescaled

“Ciallella, M., Micalizzi, L., Michel-Dansac, V., Offner, P., & Torlo, D. (2024). arXiv preprint arXiv:2402.12248.




Example: Riemann Problem Change*

F T T T
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SUBCRITICAL QT | 5 pnf
1077 | =
E [ ‘ fifth order | 1015 | ‘ ‘ .
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mesh size mesh size
107 E E [
i 1 0 e
1072 F E S
t second order
Z 100 ) SRR e
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E E 10-11 |- N
1077 ¢ E =
4 -~ - fifth order PR N Wity
L | 1 10-15 L ? indintls J
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mesh size mesh size

“Ciallella, M., Micalizzi, L., Michel-Dansac, V., Offner, P., & Torlo, D. (2024). arXiv preprint arXiv:2402.12248.
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State of the art techniques (part 4)

e Obtain 1 differential
operator for everything

8.V + 8 F(V) = S(V, x)
BV + 8 (F(V) — K(V,x)) =0

e Put together flux and source

o Integrate the forms

e Gascén 20017, Chertock K(V,x):= / S(V(s),s)ds
2022°, Ciallella 2023,
Barsukow 20249

?Gascédn, L., Corberan, J. J. Comput. 2D divergence recipe
Phys. 172(1), 261-297 (2001)

bChertock, A., Kurganov, A., Liu, X.,
Liu, Y., & Wu, T. (2022). Journal of

X0

Scientific Computing, 90, 1-21. _ _ _
“Ciallella, M., Torlo, D., & Ricchiuto, Och + 0xf + 0,8 =0, f=hu, g=hv,
M. (2023). Journal of Scientific Oth+ 0y (F+ G)=0
Computing, 96(2), 53. o «
9Barsukow, W., Ricchiuto, M., & X .
Torlo, D. (2024). arXiv preprint F(X7y) = / f(X7§)d€7 G(X7.y) o= / g(fy)’)dﬁ-
arXiv:2407.10579. Yo X0
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State of the art techniques (part 4)

e Obtain 1 differential ® Well balanced (not exactly)
operator for everything

No need for any analytical equilibria
) [P T e G ) e No need for analytical relation
No further ODE solver

No problems with transcritical points

o Integrate the forms

e Gascén 20017, Chertock
2022°, Ciallella 2023¢,

Barsukow 20249 Explicit methods

Lake at rest
?Gascédn, L., Corberan, J. J. Comput.
Phys. 172(1), 261-297 (2001)
bChertock, A., Kurganov, A., Liu, X.,
Liu, Y., & Wu, T. (2022). Journal of
Scientific Computing, 90, 1-21.
“Ciallella, M., Torlo, D., & Ricchiuto,
M. (2023). Journal of Scientific
Computing, 96(2), 53.
9Barsukow, W., Ricchiuto, M., &
Torlo, D. (2024). arXiv preprint
arXiv:2407.10579.

Stationary waves
2D vortices
Applicable to FV, FEM, DG

© © 0 6 0 @ O @ O

Equilibria with Global Flu:
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Global Flux in 1D for FV 1st order

9:q + 0xf(q) = S(q, x) = drq + 0xG(g,x) =0 L e
x i1 qi
with G(q,x) := f(q) — K(q,x) = f(q) — / S(q(s), s)ds. —Gm2 @1
0 Xi-2 Xi-1 o Xi o Xisl Xiy2

Xi-5/2 Xi-3/2 Xi—1/2 Xit+1/2 Xi+3/2 Xit5/2

FV: q; = fxxj//j q(x)dx

i

D. Torlo  Preserving M with Global Flu:

ving Equilibria
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Global Flux in 1D for FV 1st order

9:q + 0xf(q) = S(q, x) = drq + 0xG(g,x) =0 L e
x i1 i
with G(g,x) := f(q) — K(q,x) = f(q) — / S(q(s), s)ds. @2 G
0 Xi-2 Xi-1 o Xi o Xisl Xit2

Xi—5/2 Xi—3/2 Xi—1/2 Xit+1/2 Xi+3/2 Xit+5/2

FV: g ~ fxxj//: q(x)dx

i

1 Xi+1/2
fii=ay f(a(x, t))dx,
Xj—1/2
K ~K(x, q(x)) = / Sl K,»_1+/ S(a(s), s)ds,
X0 Xj—1
K =K1 + Axw
G,' :ﬁ — K,'.

D. Torlo  Preser ith Global Flu:

ing Moving Equilibria v
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Global Flux in 1D for FV 1st order

9:q + 0xf(q) = S(q, x) = 0eq + 0xG(q,x) =0 e
x 2 i—1 a;
with 6(a, ) = f(a) = K(ax) = () — / S(a(s),s)ds.
X0 Xi—2 Xi-1 Xi o il Xi+2
. e Xiy1/2 Xi—5/2 Xi—3/2 Xi—1/2 Xit+1/2 Xi+3/2 Xit+5/2
FV: g fxi71/2 q(x)dx
Numerical flux depends only on G:
upwind, Roe, NO Rusanov
1 Xi+1/2
fi T Ax g f(q(x, t))dx, Bea + Git12— Gi12 0
i—1/2 y y tqi —AX =V,
Ki =K (xi, q(xi)) = / S(q(s),s)ds ~ Ki—1+/ S(q(s),s)ds, Git1j2 = sign(J)" G; + sign(J)~ Gisa,
X0 Xj—1
Ki=Kio1 + Axw
G,' :f; e K,'.
17/ 25 D. Torlo  Preserving Moving Equilibria with Global Flux




Global Flux in 1D for FV 1st order

0eq + 0xf(q) = S(q,x)

with 6(a.) = 1(a) = K(a.x) = ()~ [ " S(als),s)ds.

S 0rq + 9xG(g,x) =0

X0
C o~ [Kit1/2
FV: g = fxi71/2 q(x)dx
1 Xi+1/2
fii=ay f(a(x, t))dx,
Xj—1/2
K ~K(x, q(x)) = / el )is K,»_1+/ S(a(s), s)ds,
X0 Xi—1
Ki =K1 + Axw
G,' :f; — K,'.

D. Torlo  Preserving Mc

quilibria with Global Flux

qi+1

Xi—5/2 Xi—3/2 Xi—1/2 Xit+1/2 Xi+3/2 Xit+5/2

Numerical flux depends only on G:
upwind, Roe, NO Rusanov

Ci+1/2 - Ci—1/2 _
Ax N
Gi+1/2 = sign(J) " G; + sign(J)~ Gis1,

0rqi + 0,

Equilibrium: @fﬂ/g = C,-_l/g = G for
all i
fi— K= Go
Mind: high order, other equilibria
(LAR), super convergence




Developing GF 1D FV 1st order

| want you to hate me, let’s do the computations in a simple case (upwind)!

Formulae
Grrg/p—Gr
o Orq = — L2 Expand!

o Gi=fi—K;
Si_1+Si
Ki = Ki—1 + Ax>—=— o .
’ LA Gir1/2 — Gi_1)2
e sign(J) = +1 0:qi = ——Ax
® Gi+l/2 = G; _ G = Grn
Ax
. " _ fi—fia | Ki—Kia
Classical Upwind FV =t g,
fi—fie Si— Si
= -1 LI 12+ .
fi—fia X

0rqi = — + S

Ax
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Validation: Subcritical flow and perturbation
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Figure: Subcritical flow: characteristic variables compute by means of the GF-WENOS5 (red continuous line) and
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Validation: Subcritical flow and perturbation

le(M
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107°

1077

10~°

—— WENO3
— M — GF-WENO3 non-WB
—&— GF-WENO3 WB
third order

1073

10°°

—— 'WENO5
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—8— GF-WENO5 WB
fifth order

10°

(xe—xr)

(a) WENO3

Ne

10—0.5

10°

(xe—xr)

Ne

(b) WENO5

Figure: Subcritical flow: convergence tests with WENO3 and WENOS5.
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Validation: Subcritical flow and perturbation

1073 1073 1073
1 \
I I
1 — 1 (] — 1 I —
I i
[L A i i
nhy o
\ | A AP it h
0 0 P vty 0P~ ik
Wi i
‘|H:) 'y
i it
i i
1} A o1 ! A o1 ! .
| | | |
0 10 20 0 10 20 0 10 20
X X X
(a)t=0 (b) t =0.66 (c)t=2

Figure: Perturbation on a subcritical flow: n — n®
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Simulation of vortex: errors

Norm of Divergence

Order 2 Order 3 Order 4
E ‘ ‘ E| \\‘ T \\\\\\‘ _ \\\\‘ \\\\\\‘
N 1 . 1072 = N
RN ] Y
N 1073 [
-3 k .
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£ N \ B
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B E —.-a—- SUPG3
F ] — 5- SUPG-GF3 | —a—- SUPG4
[| —a—- SUPG2 1 order 2 \\ - 9 - SUPG-GF4
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H order 2 ~ 10_ ———— order 4 1078 [ order 5 9 |
T T | ITT —— R [ TTTT T —1 11l
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Figure: Smooth vortex: convergence of L? error of u with respect to the number of elements in x
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Vortex perturbation

Pressure perturbation

* Gaussian centered in x, = (0.4,0.43)

scaling coefficient rp = 0.1

radius p(x) = /|[x — x,|l/r0

B
(Sp()_() — ce 21—pX) ,

final time T = 0.35

23/ 25 D. Torlo



Vortex perturbation

Non Global Flux Global Flux
0.00064 0.00016
0.00056 0.00014
0.00048 0.00012
0.00040 0.00010
0.00032 0.00008
0.00024 0.00006
0.00016 0.00004
0.00008 0.00002
: : : : : : 0.00000 : : : : : : 0.00000
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure: Perturbation(e = 1073) test. Plot of lueqg — up

optimization process. P! with 80 x 80 cells and 6561 dofs.

|, with U, the equilibrium obtained with a cheap

g Equilibri ith Global FI




Vortex perturbation

Non Global Flux Global Flux
0.00056 0.00016
0.00048 0.00014
0.00012
0.00040
0.00010
0.00032
0.00008
0.00024
0.00006
0.00016
0.00004
0.00008 0.00002
: : : : : : 0.00000 : : : : : : 0.00000
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure: Perturbation(e = 1073) test. Plot of lueqg — u,ll, with u,, the equilibrium obtained with a cheap

optimization process. P3 with 13 x 13 cells and 1600 dofs.
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Vortex perturbation

Non Global Flux Global Flux
0.000175 0.00016
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure: Perturbation(e = 1073) test. Plot of lueg — 4,

ol with Ugq the equilibrium obtained with a cheap

optimization process. P3 with 26 cells and 6241 dofs.

ith Global Flu:

quilibria v
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Extensions and Perspectives

Extensions Perspectives

REEE e

Source + divergence: funny systems in 2D
Other methods (FV, CG, DG, FD)

Other stabilizations (FEM + SUPG, FEM +
0SS)

Dedner, A., Rohde, C., Schupp, B., & Wesenberg, M. (2004). C ing and
Visualization in Science, 7(2), 79-96.
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