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Moving equilibria in hyperbolic problems

Hyperbolic Balance Laws in 2D
Shallow Water Equations

0:q + 0xf(q) + 9yg(q) = S(q, x,y, t)
deh 4 Ox(hu) + 8, (hv) = 0

Equilibria for Balance Laws in 2D Oe(hu) + 0. (hu? + &%) + 0, (huv) = —ghdyb

Oe(hv) + Ox (huv) + 8y (hv? + &h°) = —ghd, b
oxf(q) + 0yg(q) = S(q,x,y,t)

/\/_/\ SW equilibria
e Lake atrest: u=v =0, h+ b = 1o constant

h e 1D moving equilibria: hu = qo constant, h

2
such that %}z + h+ b = no constant

/@-’)\/‘- e 2D moving equilibria: dx(hu) + 9, (hv) =0

and balancing of h, e.g. vortices
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Finite Volume Method for Hyperbolic Balance Laws

Gi+2
qgi+1
9:q + 0xf(q) = S(q,x) a
qi-2 qi-1 ——
Finite Volume setting Xi-2 Xi1 X Xi41 Xi+2
L [it1/2 ¢ ¢
q: ~2 fxi—l/z q(X)dX Xi—5/2 Xi—3/2 Xi-1/2 Xit1/2 Xit3/2 Xiy5/2
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Finite Volume Method for Hyperbolic Balance Laws

Giv2
- - qi+
8tq + aXf(q) - S(q, X) gi—2 qm% 1
Finite Vi)lume setting Xi2 X1 x X X2
~ [Xi+1/2 * ¢
qgi ~ injljz q(X)dX Xi_5/2 Xi—3/2 Xi—1/2 Xit1/2 Xi43/2 Xi+5/2
Xijt1/2 Xit1/2
/ 90x, 1) + Buf(q)dx = / S
Xi—1/2 Xi—1/2

?;'+1/2 - ;‘\;'71/2 —s

at qi + AX i

e fiy1/2 numerical flux (function of g;_«, ..., qite1)

o S~ f;’jll//: S(g, x)dx
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Finite Volume Method for Hyperbolic Balance Laws

Gi+2
2 - qgi+1
8 (9 f = S X fii1)2 firiz
tq + 0xf(q) = 5(q,x) i O /RN
Finite Vi)lume setting Xi2 X1 x X X2
.~ i+1/2 e -
q: ~2 in—l/z CI(X)dX Xi—5/2 Xi—3/2 Xi-1/2 Xit1/2 Xit3/2 Xiy5/2

Xit1/2 Xit1/2
/ 90x, 1) + Buf(q)dx = / S

Xi_1/2 Xi_1/2 First order example

Beqi + fivi2 — fic1y2 =S ° |;Jpwind flux with positive wind:
Ax fiv12 = f(qi)
e Rusanov flux:
£ _ fla)+f(git1) _ MQit1—ai)
i+1/2 — 2 >
o A,-H/z numerical flux (function of gi—x, ..., Gitet1) * Source: S; = 5(qi, xi)
e Xi41/2
o S; f)ﬁ_im S(q, x)dx
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Global Flux in 1D for FV 1st order!?3

O:q+0kf(q) =S(q.x) =  9:q+0.G(q,x)=0 L
¥ i1 i
with G(g,x) := f(q) — K(q,x) = f(q) _/ S(q(s), s)ds. I
0 Xi-2 Xi-1 o Xi o Xisl Xit2

X; Xi—5/2 Xi—3/2 Xi-1/2 Xi+1/2 Xi+3/2 Xi+5/2
FV: g~ [7/? g(x)dx

Xi—1/2

1Gascén, L., Corberan, J. J. Comput. Phys. 172(1), 261-297 (2001)
2Cher‘tock, A., Kurganov, A, Liu, X., Liu, Y., & Wu, T. (2022). Journal of Scientific Computing, 90, 1-21.
3Ciallella, M., Torlo, D., & Ricchiuto, M. (2023). Journal of Scientific Computing, 96(2), 53.
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Global Flux in 1D for FV 1st order

8tq+8xf(q) = S(q’X) — atq+axG(q7X) =0 oo gi+2
¥ 2 i—1 9i
with G(q,x) := f(q) — K(q, x) = f(q) _/ S(q(s), s)ds. I
X0 Xi—2 Xi-1 o Xi o Xitl Xit2

Xi—5/2 Xi—3/2 Xi-1/2 Xit1/2 Xit3/2 Xit5/2

FV: q; = fx"“/z q(x)dx

Xi—1/2

1 Xi+1/2
fi T Ax f(q(x, t))dx,
Xj—1/2
K ~K(x, q(x)) = / el )is K,,1+/ S(a(s), s)ds,
X0 Xj—1
Ki :=Ki—1 + AX%
G,' :f; — K,'.
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Global Flux in 1D for FV 1st order

9:q + 0xf(q) = S(q, x) = 0eq + 0xG(q,x) =0 e
x 2 i—1 g
with 6(a, ) = f(a) = K(ax) = () — / S(a(s),s)ds.
X0 Xi—2 Xi-1 Xi o il Xi+2
. e Xiy1/2 Xi—5/2 Xi—3/2 Xi—1/2 Xit1/2 Xi+3/2 Xit+5/2
FV: g fX’;l/z q(x)dx
Numerical flux depends only on G:
upwind, Roe, NO Rusanov
1 Xi+1/2
fi = : f(q(x, t))dx, P Givrjo— Giyp o
i—1/2 y y tqi —AX =V,
Ki ~K(xi, q(xi)) = / S(q(s),s)ds ~ Ki—l+/ S(q(s),s)ds, Gis1/2 :=sign(J)" G +sign(J)~ Gy,
X0 Xi—1
Ki=Kio1 + Axw
G,' :f; — K,'.
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Global Flux in 1D for FV 1st order

9tq + 0xf(q) = S(q,x) = 0Oiq+0:G(q,x) =0 e
x 2 i—1 g
with 6(a, ) = f(a) = K(ax) = () — / S(a(s),s)ds.
X0 Xi—2 Xi-1 Xi o il Xit2
5 G A Xit1/2 Xi—5/2 Xi-3/2 Xi-1/2 Xi+1/2 Xi+3/2 Xit5/2
FV: g~ [/ a(x)dx
Numerical flux depends only on G:
upwind, Roe, NO Rusanov
L[ e
fi = qlx, t X, @ — é‘
Ax Xi—1/2 atqi + M — O’

Xi Xi Ax
Ki ~K(xi, q(xi)) = / S(q(s),s)ds ~ Ki—l+/ S(q(s), s)ds, 6;H-1/2 = sign(J) " G; + sign(J)~ Gita,

X0 Xj—1

Si—1+Si Equilibrium: @,-H/g = C,-_l/g = Go for
2 all 7

Gi :=fi — Ki. fi— Ki= Go

Mind: high order, other equilibria

(LAR), super convergence

K,' Z:K,‘_1 —+ Ax
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Developing GF 1D FV 1st order

Let’s do the computations in a simple case (upwind)!

° Gi=fi—K;
Ki = Ki_1 + Ax =12 R R
) S Gii12 — Gio1y2
e sign(J) = +1 oeqi = ——Ax
° éi+1/2 =G; _ G =G
B Ax
; ; _ fi—fiin | Ki—Kia
Classical Upwind FV =t A
_ fi—fia n Si.1+ S
fi —fi1 N Ax 2 :
8t('li = — Ax + S;
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Validation: Subcritical flow and perturbation

Domain and Bathymetry

Q =[0,25],
b(x) = 0.05sin (x — 12.5) exp (1 — (x — 12.5)*)
g =9.812.

b(x) is chosen C* and such that it has values smaller than
machine precision at the boundaries. b(x)

Subcritical flow test I\

>
X
IC: h(x,0) =2 — b(x), gq(x,0)=0, V

BC: h(25,t) =2, q(0,t) = 4.42,
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Validation: Subcritical flow and perturbation

2.02

1.96

1.94

Figure: Subcritical flow: characteristic variables compute by means of the GF-WENOS5 (red continuous line) and

T T T T
. 4.43 | q WENO-GF 5
———- gWENOS5 ||
hh
il
I
4 4.425 |- :: !
'H:
hh
I’l II::\ I‘\
- A i
4.42 |~= Ty
[T
\‘,"' |;1:
| [}
17 WENO-GF 5 o
———- 3 WENOS 4.415 |- I
b }
I I I
10 20 0 10 20
X X
(a)n (b) q

WENOS5 (black dashed line) schemes with Ne = 100.
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Validation: Subcritical flow and perturbation

T T T T T T T T
-3 |
10 1073 [
= 107°| 1 10-5 |
g 10
]
-7 |
10 1077 [
_ —— WENO3 —— WENO5
— M — GF-WENO3 non-WB — @ — GF-WENOS5 non-WB
- —8— GF-WENO3 WB —8— GF-WENO5 WB
o - — == third order — = = fifth order
10 | T ————— 1079 = t T
10 10° 107°%° 10°
(xe—xr) (xe=xr)
Ne Ne
(a) WENO3 (b) WENOS

Figure: Subcritical flow: convergence tests with WENO3 and WENOS5.
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Validation: Subcritical flow and perturbation

1073 1073 1073
1 1
I I
1 — 1 I — 1 I —
I n
K I,“ﬁ :I|I"
nhy o
H M A AP it h A
0 0 P vty 0P~ iniaa
IR i
‘|H:) 'y
i it
||‘| |:
-1 - -1 - -1 ! =
| | | | | |
0 10 20 0 10 20 0 10 20
X X X
(a)t=0 (b) t =0.66 (c)t=2

Figure: Perturbation on a subcritical flow: n — n®
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FEM-+SUPG GF 2D high order

Acoustics

(9tu + 8Xp = Su
Otv+0yp =S,
Otp+ Oxu+0yv =S,
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FEM-+SUPG GF 2D high order

SUPG FEM for acoustics
/w(aerL@prrSu) + @l 3yp(3ep + dxu+ Byv +Sp) =0

/W(atV—Fayp‘F Sv) -I—aAay(p(atp—i—axu—l— oyv + Sp) =0 deu + Op = S,
Otv+0yp =S,
/W(atp+8xu+8yv+5p) + al Oxp(Oeu + Oxp + Su) Oup+ Beu+ Byv = S,

+ alAdyp(div+0yp+S,)=0
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FEM-+SUPG GF 2D high order

SUPG FEM for acoustics
/@(3rU+3xp+Su) + @l 3yp(3ep + dxu+ Byv +Sp) =0

/ P(Ouv +Byp + S,) Al O, PO+ B+ BV S) =0 Bt dup =S,
Otv+0yp =S,
/w(@tp—kaxu—i—ayv—!—sp) + al Oxp(Oeu + Oxp + Su) Oep+ eu+dy,v =S5,

+ alAdyp(div+0yp+S,)=0

Details on discretization

e Cartesian grid!!
e Gauss-Lobatto points for quadrature and Lagrange basis function

e Explicit arbitrary high order time discretization with Deferred Correction
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FEM-SUPG Q! on an acoustic vortex S =0

0.0

0.2

0.4

exact [|v||, p

06 08 1.0

P le-14+1

D. Torlo
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0.0000

2.509

0.000

-2.498

SUPG ||v|

P

0.3000
0.2667
0.2333
0.2000
0.1667
0.1333
0.1000
0.0667
0.0333
0.0000

P le-5+1

SUPG-GF ||v||, p

P le—

10+1

0.3000
0.2667
0.2333
0.2000
0.1667
0.1333
0.1000
0.0667
0.0333
0.0000

1.00
0.75
0.50
0.25
-0.00
-0.25
-0.50
-0.75

-1.00



Global flux in 2D

Define
Y X y X
ox(x,y) ::/ u(x,s)ds oy(x,y) ::/ v(s,y)ds So(x,y) ::/ / Sp(z, s)dzds,
Yo X0 Yo X0
so that

afp-}- 8)(“ = ayV = atp+ axy(a'x I Oy — p) =0
————

=Z
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Global flux in 2D

Define
Y X y X
ox(x,y) ::/ u(x,s)ds oy(x,y) ::/ v(s,y)ds So(x,y) ::/ / Sp(z, s)dzds,
Yo X0 Yo X0
so that

Orp+ Oxu+ 0yv = 0p + Oy (ox +0, —Sp) =0
—_———

=Z

Global Flux SUPG for acoustics
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Global flux in 2D

Define
Y X y X
ox(x,y) ::/ u(x,s)ds oy(x,y) ::/ v(s,y)ds So(x,y) ::/ / Sp(z, s)dzds,
Yo X0 Yo X0
so that

Orp+ Oxu+ 0yv = 0p + Oy (ox +0, —Sp) =0
—_———

=
/go(atu + Ox(p — Su)) + alx Oxp(Oep + 0.0, 7) =0
/gp(atv +0y(p—8v)) + alydyp(dp + 0+0,7) =0
/gp(@tp + 0.0,.7) + aAx Oxp(0ru + Ox(p — Su)) + aly 0y p(0:v + 0y (p — Syv)) =0
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Global Flux SUPG: changes

Global Flux SUPG for acoustics

ox(x,y) = fy’; u(x, s)ds and o,(x, y) := fxz v(s,y)ds, with o, 0, € VI(Q4).

Discrete equilibrium
Changes in equilibrium 0:0,F (xi, ;) =0

Xj Yj
:>/ / 0yO0xF (x,y)dxdy =0 Vi,j
V.-v=0 x Iy

=00y (ox+0,)=0

:>/ O« F(x,yj)dx — / O F(x,y0)dx =0 Vi, j
<:>0-X+Uy: f(X)+g(y) X0 X0

=Z(xi,y;) — F(x0,¥;) — F(xi, %) + F(x0, 0) =0 Vi, j
:>9(x,-,yj) = f; +gJ
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Global Flux Definition DoF by DoF in FEM

Yja

Definitions of Global Flux Gioja | Givia | Qi | i34
. V’,f(Q) ={v € C(Q): vle € QX(E) = s
s
F (EX) v (EY)’VE < Qh} qi,0j,3 qi,1;j,3 qi,2;j,3 qi3,3
o ¥ :=o0.+0,—S,c VEQ)
o ou(x,y) = fyz u(x, s)ds and Vi
o,(x,y) = fx); v(s,y)ds gi0j2 | Giti2 | Gi22 | 90352
o Sp(x,y) = y{) fxz Sp(z,5)dzds Yia
o 0y,0,,S, € VI Gioj1 | Qi | Gi2g1 | i3t
Yj,0
qi,0;j,0 qi,1;j,0 qi,2;j,0 qi,3;j,0

e e e e e
Xi 2

Xi,0 Xi,1

= Xi—1,4

14/ 50 ] g V ng Equilibria with Global Flu:

Xi,3

qi4:j,4

qi,4;j,3

Qi 4,2

qiaj,1

qi,4;j,0

Xi 4

= Xi+1,0




Global Flux Definition DoF by DoF in FEM

Yj.a
Definitions of Global Flux Gioja | Givja | Gizja | 9izja | Gisja
V’,f(Q) = {; € C() : vle € QX(E) = s
P*(E P*(E,),VE € Q 7
( X)® ( Y)’V € Kh} qdi,0,,3 qgi,1,,3 qi,2;j,3 qdi,3:j,3 qdi,4;,3
F =ox+o,—S, €V, (Q)
ox(x,y) = fy}; u(x, s)ds and Vi
oy(x,y) == [ v(s,y)ds G902 | G2 | Gi2i2 | 932 | Gidy2
X(
o
Sp(x,y) = . fXO Sp(z, s)dzds Y1
0x,0,,Sy € VI Gioj1 | Qi | Qi | 93t | Gial
Ux(Xi_,k“)/j)Z) = fy}j/J: LI(X,"}(,S)dS Yio

gi,04,0 qi,1;j,0 qi,2;,0 qi,3,0 qi,4:4,0
¢ ———o  — @& — &6 —©
Xi,0 Xi,1 Xi,2 Xi,3 Xi 4

= Xi—1,4 = Xi+1,0
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Global Flux Definition DoF by DoF in FEM

Yja

Definitions of Global Flux

VE(Q) = {v e C(Q):vle e QF(E) =

14/ 50

PX(E:) ® PX(E,),VE € Qn}
Fi=0ox+0a,—S, € VE(Q)
ox(x,y) = fy}; u(x, s)ds and
oy(x,y) = fx); v(s,y)ds
Sp(x,y) = y{) fxz Sp(z,5)dzds
0x,0,,Sp € VK

Yj,e

ox(Xik, Yje) = f)/j.o u(xik,s)ds

O'y(X@k,yj,Z) = fXXi: V(svyjal)ds

i,

Vioving Equilibria v

Yi3

Yi2

Yj1

Yj,0

ith Global Flu:

qi,0,j,4 qi1;j,4 qi,2;j.4 qi,3;j,4
gi,04,3 qi,14,3 qi,24,3 qi,34,3
qi,0,j,2 qi,1;j,2 qi,2;j,2 qi3;,2
qi,0,j,1 qi1;j,1 qi2;j,1 qi,3:;j,1
qi,0;j,0 qi,1;j,0 qi,2;j,0 qi,3;j,0

Xi,0
= Xi—1,4

Xi 1

———& — & — 06— 0

Xi 2 Xi,3

qi,4;j,4

9i,4;j,3

Qi 4,2

Qi 44,1

qi,4;j,0

Xi 4

= Xi+1,0




Global Flux Definition DoF by DoF in FEM

Definitions of Global Flux

o Vi(Q) :={v € C() : vle € QX(E) =
PX(Ex) ® PX(E,),VE € 1}

o Fi=o.+o,—S,c VKQ)

° o.(x,y) = fy}; u(x, s)ds and
oy(x,y) = fx); v(s,y)ds

o Sp(x,y) = y{) fxz Sp(z,5)dzds

® 0x,0,,8 € VK

o o (X Yje) = fyfjoé u(xi,s)ds

e oy(x, k’yjal) = f v(s, yj.e)ds

o Sp(Xik, Y fx’ “Sp(z,5)dzds

14/ 50

Yja

Yi3

Yi2

Yj1

Yj,0

qi,0,j,4 qi1j,4 qi,2;j,4 qi,3:j,4 qi4:j,4
qi,04,3 qi,1;j,3 qi,2;j,3 qi,3:j,3 qi,4;j,3
qi,0;j,2 qi,1;j,2 qi,2;j,2 qi,34,2 qi,4;j,2
qi,0,j,1 qi 1,1 qi,2;j,1 qi,3;j,1 qiaj,1
gi,04,0 qi,1;j,0 qi,2;,0 qi,3,0 qi,4:4,0
¢ ———o  — @& — &6 —©
Xi,0 Xi 1 Xi,2 Xi,3 Xi 4
= Xi—1,4 = Xi+1,0




Myth buster

Global Flux is not global!

e In principle ox(x,y) = fyyB u(x, s)ds should be integrated from the beginning (bottom) of the

domain yg!

e In practice we always use 9x0,0«(x, y) integrated in one cell!!!!

a'x(x,y)z/y u(x,s)dSZ/yO u(x7s)ds+/y u(x, s)ds

yB YB Yo
[ —

constant in one cell!

e So,

whatever constant we bring from outside the cell, is canceled out

y Y0 y y
Oyox(x,y) = 8y/ u(x,s)ds = 8y/ u(x,s)ds + By/ u(x,s)ds = By/ u(x, s)ds

YB YB Yo Yo

o At the discrete level we have an integral operator /, and a differential operator D, that together
give a weird averaging operator D, /,
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Analogy with Raviart-Thomas elements

Global Flux velocity space

Recall that u, v € P @ P? continuous across interfaces. Then, we define
y y
/ u(x, s)ds € P? @ P 0x = Mpagpd </ u(x, s)ds) eP! P,
b= d,0. € P! @ dP' 7, v :=0d.0, e P @ dP’.

Now, the equation that we actually discretize is 0;p + O + 0, ¥ = 0 for the pressure p. Here,

(,v) e P! @ dP?~! x dP' ' @ P! = RT?.

Differences with RT

e We evolve anyway u, v in P ® P? and we do not need to evolve i, 7 in RT space

e We use a non-standard projection (defined DoF by DoF with integration)

The SUPG stabilization is still necessary (we run explicit methods)

e We can include sources
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Operator Kernels

Shift of paradigm for kernels
Since we have written the SUPG-GF as

/ (p + alOxpS* + aldypS)(0:q + 0y F) =0 Vo,
Q

we need to study the operators given by

D, ® D :z/cp,-axycpj, D; ® D, ::/8X<p,-8xy<pj, D, ® D; Z:/Oy@iaxy@j-
Q Q Q

17/ 50 D. Torlo  Preserving Moving




One dimensional kernels of D, and DX

Kernel of Dy, 2 basis functions Kernel of D}, 2 basis functions

1.001 9 . ¢
104

0.751

0.50 81

0.254
61

0.004
ol

-0.254

—0.50 1 2

—0.751 *
ol

-1.004

()?0 012 0?4 0?6 OTB 1?0 0?0 0?2 0?4 0?6 OTB 1?()
Operators
e Divergence D, ® D, e Stabilization D} ® D,, Dx ® D}
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One dimensional kernels of D, and DX

Kernel of Dy, 2 basis functions Kernel of D}, 2 basis functions

1.001 —rpf \
0.75 204
0.50 4
15
0.254
0.00
104
-0.254
-0.50 54 0,
~0.75 \
o \
-1.004

0.0 0.2 0.4 0.6 0.8 1.0 0?0 0?2 0?4 OTG OTB lt()

Operators
e Divergence D, ® D, e Stabilization D} ® D,, Dx ® D}
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One dimensional kernels of D, and DX

Kernel of Dy, 2 basis functions Kernel of D}, 2 basis functions

s0] O
1.5 \
107 o—p— 304
0.51
201
0.01
L
104
-0.5 ° \
—— o9 ° — —
~1.01 01 e
0.0 0.2 0.4 0?6 0?8 1?0 0?0 0.2 0.4 OTG OTB lt()
Operators

e Divergence D, ® D,
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e Stabilization D} ® D,, Dx ® D}




Kernels of D,, DX and 2D operators

e ker(D.) =span{l, w} with w with first
derivative discontinuous at each interface
(chainsaw function)

e ker(D}) = span{l, x}
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Kernels of D,, DX and 2D operators

: Corollary
e ker(D.) =span{l, w} with w with first

derivative discontinuous at each interface e w & ker(Dy) = if stable D} should dissipate
(chainsaw function) spurious oscillating modes that are in the
kernel of Dy

e ker(D}) = span{l, x}
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Kernels of D,, DX and 2D operators

: Corollary
e ker(D.) =span{l, w} with w with first

derivative discontinuous at each interface e w & ker(Dy) = if stable D} should dissipate
(chainsaw function) spurious oscillating modes that are in the
kernel of Dy

e ker(D}) = span{l, x}

Kernel of D, ® D,

e ker(Dx ® Dy) =
ker(Dy) @ RWKHL L RMKHL & ker(D,)
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Kernels of D,, DX and 2D operators

: Corollary
e ker(D.) =span{l, w} with w with first

derivative discontinuous at each interface e w & ker(Dy) = if stable D} should dissipate
(chainsaw function) spurious oscillating modes that are in the
kernel of Dy

e ker(D}) = span{l, x}

Kernel of D, ® D,

e ker(Dx ® Dy) =
ker(Dy) @ RWKHL L RMKHL & ker(D,)

* D,®DyF =0<+= F = &, + d, with
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Kernels of D,, DX and 2D operators

) Corollary
e ker(D.) =span{l, w} with w with first

derivative discontinuous at each interface e w & ker(Dy) = if stable D} should dissipate
(chainsaw function) spurious oscillating modes that are in the
kernel of Dy

e ker(D}) = span{l, x}

Two Dimensional Operators
Kernel of D, ® D,

= 1®ga + w®g
e ker(Dx ® Dy) = ~—~— S~——
ker(Dy) @ RWKHL L RMKHL & ker(D,)

Dy ® D,F =0 <= F = &, + o, with
o, € ker(Dy) ® RW**1 and

o &, ¢ RN 1 g ker(D,)

e b, =1®g +w® g with g1, g» € RWKH1
e b, =fi®1+HQw with fi, h € RMKH

Good equilibrium Bad equilibrium
e (D;®D)(1®g)=D1®D,gn=00x=0
e (D«i®D))(1®g)=D1®@Djg1 =00x=0
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Kernels of D,, DX and 2D operators

) Corollary
e ker(D.) =span{l, w} with w with first

derivative discontinuous at each interface e w & ker(Dy) = if stable D} should dissipate
(chainsaw function) spurious oscillating modes that are in the

e ker(D) = span{1,x} kernel of D,

Two Dimensional Operators
Kernel of D, ® D,

o= 1®g + we®g
~—~— S~——

¢ ker(DX - DY) P Good equilibrium Bad equilibrium
ker(Dx) ® RNyK+1 A RNxKJrl ® ker(Dy) D D q;n " qu]_u” IZ) 0 0
D, ® D,F =0 <= Z = b, + b, with * (ieD)(1eg)=DleDea=0@x=

®, € ker(Dy) ® RW<*1 and C Eeliem) = Baen =05 =0

o d, RNXK+1 ® ker(D ) C (DX®D3‘//)(W ® gz) = DXW@D;g? =0®*=0
y Yy X 5 X

O = 1@ g+ w® g with g1, g € R+ o (DX®D,)(w® g) = Diw® D,g» # 0 except

. ¢y:ﬂ®1—|—f2®ww|th ﬂyf'QE]RNxK"'l ° (DX®Dy)(W®1):DXW®Dy1:Oand
o (DF®D,))(w®w)=Diw®D,w=0
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Nonlinear general problem

GF+FEM+SUPG

0rq + O«f(q) + 0yg(q) = S(q) = 0:q + 0x0,.F =0

s [ f o [ 5o

/(go + alOpS + aldyp ) )(0:q + Oy F) =0 Ve
Q

e J¥ and J¥ are the Jacobians of the fluxes f and g.
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Simulation of vortex: errors

Order 2 Order 3 Order 4
E T T = TTT T T T TTTT]
Y |
] = ]
2 [ 1\‘\ 1 10731
1) -3 k 3 |
g 1077 0N ]
- N . =
2 r AN i
a _ N _
o 107*E h 4 1075,
o F E —-—- SUPG3 [
£ = B - 95— SUPG-GF3 | —-m-- SUPG4
= [| —-a-- SUPG2 ) order 2 M - - SUPG-GF4
§ 1072 | - = - SUPGGF2 || —— orers N order 4
H order 2 107" [{ ——— orders S5 1078 [ order 5 o |
T T | 1T I R T TTIT I —1 111l
10'* 102 10%*° 10! 102 10! 102
N N N

Figure: Smooth vortex: convergence of L? error of u with respect to the number of elements in x
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Vortex perturbation

Pressure perturbation

e Gaussian centered in x, = (0.4,0.43)

e scaling coefficient rp = 0.1

e radius p(x) = /|lx — x,|/ro

o

1
Op(x) = ee 2=,

e final time T = 0.35
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Vortex perturbation

Non Global Flux Global Flux
0.00064 0.00016
0.00056 0.00014
0.00048 0.00012
0.00040 0.00010
0.00032 0.00008
0.00024 0.00006
0.00016 0.00004
0.00008 0.00002
: : : : : : 0.00000 : : : : : : 0.00000
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure: Perturbation(e = 1073) test. Plot of lueqg — up

optimization process. P! with 80 x 80 cells and 6561 dofs.

|, with U, the equilibrium obtained with a cheap
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Vortex perturbation

Non Global Flux Global Flux
0.00056 0.00016
0.00048 0.00014
0.00012
0.00040
0.00010
0.00032
0.00008
0.00024
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0.00004
0.00008 0.00002
: : : : : : 0.00000 : : : : : : 0.00000
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure: Perturbation(e = 1073) test. Plot of lueqg — u,ll, with u,, the equilibrium obtained with a cheap

optimization process. P3 with 13 x 13 cells and 1600 dofs.
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Vortex perturbation

Non Global Flux

0.0 0.2 0.4 0.6

Figure: Perturbation(e = 1073) test. Plot of lueg — 4,

1.0

0.000175

0.000150

0.000125

0.000100

0.000075

0.000050

0.000025

0.000000

P

optimization process. P3 with 26 cells and 6241 dofs.
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Euler equations: isentropic steady vortex Mach = 0.7 t+ = 50 Q' N = 15,35 (top,bot)

SUPG-Std SUPG-GFQ Exact

8.01e-01
0.7
0.6
— 0.5
0.4
[ 0.3

0.2

Velocity norm

0.1

1.29e-10
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Euler equations: isentropic steady vortex (superconvergence and low Mach)

Mach = 1072 Mach = 10~* Mach = 107

Steady i ic vortex (M=1077) Steady i ic vortex (M =10"%) Steady i ic vortex (M =10-°)
-
>107! N 10 N
3 3 g
£ £ £
5 §107 5
£102 E £
& & &
Ry = 0~ g
o —— SUPG Q" 107 —— SUPG Q'
1073 —— GFQ O’ —— GFQ Q'
—— HLLC 2% —— HLLC 20
- -
10T 2x107 3x10-4x107 6x10T o 161 2x107 3x10Wx107 6x10T 10 10* X107 3x104x107 6x10T
Mesh size Mesh size Mesh size
Steady it ic vortex (M =10"%) Steady i ic vortex (M=10""%) Steady i ic vortex (M=10"°)

L, Error in pv
Ly Error in pv
Ly Error in pv.

= --- GFQO?

Mesh size Mesh size Mesh size

Figure: Convergence of the relative error on pv for Q1 SUPG-Std and SUPG-GFQ and for FV-HLLC (left) and
Q? and Q3 (right) at time 50 for the steady isentropic vortex test case with Mach numbers M = 10~2 (top),

M = 10~* (center) and M = 10~% (bottom).
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Mach = 1072
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X
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Euler equations: Thermal rising bubble Q! 120 x 120

1000 1000 1000
800 800 800
600+ 600+ 60 ?m%
y y ( y
400+ 400+ S 40
200- 200- 200
P P [ e s s o P e o e P
200 400)(600 800 1000 0 200 400X600 800 1000 0 200 4007(600 800 1000 0 200 400x600 800 1000
60 x 60 120 x 120
Top: GF SUPG-Std SUPG-GFQ SUPG-Std SUPG-GFQ 300.49989
300.45
150x150 1000 . 1000 4
: 300.4 o
8
Bottom 800+ 800+ 300.35 g
left:  GF — 3003 %
60x60 600 600 30025 5
y y 3002 &
Bottom 400+ 400+ | 50015 g
right: 200 200 3001 :
- -
SUPG 300.05
60x60
ol q . o . | . s 299.99926
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Finite Volume Corner-Flux Formulation

Equation
Oeq(t, x,y) + 0x0, F (t,x,y) =0,

Finite Volume Formulation

9N — =
3

aift —aly | FE XYy = FE X Yug) = F(E %00 ) + F (X4

2 =0. (1
At AxAy 1)
Fihia N EF W) 2)
Corner flux definition®
7 (isj) Gli+1,j+1) Z(i+1,)) Z(ij+1)
qurl —qi; N yi+%,j+% + JH%,H% + JH%,H% + Lgi+%,j+% —0 3)
At AxAy ’

lBarsukow, Ciallella, Riucchiuto, Torlo. 2026.

30/ 50




Corner Flux Sketch (Dual Cell SUPG formulation)

Cij+1 Cis1j41

I I
L G Cijt Cis1j11 | T——T
| |

bomeme- - bomeme- »

3 Ci-1j G Cit1j 3 l——l

Gi; Cit1,j

Figure: Cell labeling for the 2D grid: main grid (left), dual grid (right).
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SUPG Corner Flux

e SUPG Corner Fluxes

Zi+)  _ (i,j+1) (i,j+1) FU+Lj+1) _ 27 (i+1,j+1) (i+1,j+1)
hirt = b + D e wigal =T bt TP
3d+3 2413 54 1.+3 5d+3 2413 3:J+5 5d+3
5 = , . (41,4 - +1,j i+1,)
g(l J) =T g J) N D('J L ZU . _J)l Tt 1 nl ; J) . —|—'D§I+1 J) .
I+271 3 Z'J 2 l+2,J+ l+2,J+§ i+5.0+5 2’1 2 ’+§,J+§ i+5,+5
e Central Part 1
ﬂ,—+%,j+% = Z(ﬂ‘;,j + ZFit1j + Fiv1j+1 + Fijr1)
e Diffusion Part
. x y L x y
(hi+1) LA ——J + —J b 1.1 D('+1’J+1) = —aA + - J + — J b 1.1
a4 Ax ' Dy ) adte itz 4\ Ax Ay ) Tadte
'D(i’j) o CYA JX Jy ¢ ’D(prl’j) o OéA JX Jy ¢
o === | P i1l = 2 - i+3.J+3
whirt T e \TAx T Ay ) by wio  a \TAx T Ay ) Prebar

Bxy?H%JJr%dxdy .

. T g .. 4 a . _
¢f+%d+% .—(D(J+ 1J+1) —J,+1,J+1 f,7j+1 Fiv1j+ Fij =
Ci+%,j+%

e When .%;; = oi + ; everything cancels out!

Equilibria with Global Flu:
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Comparison with Rusanov Corner Flux

e SUPG Corner Fluxes

Flij+1) & ij+1) (i,j+1) Fli+1j+1) _ & (i+1,j+1) (i+1,j+1)
H:l j+1 T ‘/H» 5:t5 nHi +1 +DH: +17 i+1 "+l - Jéi+l,j+ln,‘+l,'+l +D;+l"+l ’
5dt35 2 3. 3. 5d+35 247%3 5dt3 5dt35
7 (i.j) _ ( ,J) (w Z(i+1,)) ('+lu) (i+1.j)
ﬁ-;-;*ﬁi#,ﬁ +D Flia ﬁlJr,jJr 1D
i+5,0+5 24732 l+2,J+2 +271+2 l+2,J+2 24+3 i+l 5:dt3 i+5.J+5

e Central Part 1
Firyiry = 7(Fii + Firj + Firj + Fijn)

e Diffusion Part

(ihj+1)  _ _ (i+1,j+1) _ =
D+1 +% - A(ql7j+1 q,+2 J+2) ,-+1 J'+l - O‘A(ql+1d+1 q,’+%,j+%)7
> +1,J) —
D(’ j) = alAla; ’D(' = al . .
i+1,+1 al(qi;— q,+2,J+ 1), i+3 41 = aA(Gi+1,j — q,+%,1+%)a

_ 1
iyt =7 (G0 + Qi + Givrer + i)

e When %;; = o; + ~; the diffusion part might still contribute!
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Euler equations: Kevin-Helmoltz instability

N, = 64, N, = 32
FV-1 FV-2 GF

1.402182
04 04 1.401635

1.401089
02 02

1400542
0.0 0.0 1.399996

1399449
02 02

1398903
0.4 0.4 1398356

1397810

000 025 050 075 100 125 150 175 200 000 025 050 075 100 125 150 175 200
Ny = 128, N, = 64

1.401695
0.4 1.401276
02 1.400858

1.400440
00 1.400021

1399603
02

1399185
04 1398766

1398348

000 025 050 075 100 125 150 175 2.00
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Euler equations: Kevin-Helmoltz instability

N, = 256, N, = 128
FV-1 FV-2 GF

1.401300
04 1.400937
02 1400574
1.400210
00 1399847
1399484

02
1399120
04 1398757
1398394

000 025 050 075 100 125 150 175 2.00 X . X 100 125 150 175 2.0
Ny = 512, N, = 256

1401224
o4 1.400877
02 1.400530
1.400184
0o 1399837
1399490

02
1399144
04 1398797
1.398450

000 025 050 075 100 125 150 175 200
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Shallow water: subcritical flow with bathymetry

h, FV-1 hv, FV-1
T 0 |
o .
i |
21 ‘ 04
. 00 2.0 0.3
h, FV-2 20 hv, FV-2 0.2
T 2|0 T o1
2.0 E
) 0.0
- | - —0.1
19 -
J— - 1.9 Q -02
—03
h, GF 18 hv, GF
—— -0.4
18 R—
-
-
-
-
il
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Shallow water: subcritical flow with bathymetry
h, FV-1 hv, FV-1

2.06 13.10
2.04 12.95
h, FV-2 202 hv, FV-2 12.80
; 2.00
' 12.65
f 1.98
12.50
1.96
1.94 12.35
192 12.20
h, GF 1.90 hv, GF 12.05

#, iy
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Geometric Classifications: How to set ghosts cells?

Collar Point

Boundary I' = {¢ = 0}

Ghost Cell

/

Corner Point

Barycenter x. € Q
— Cell defined inside
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Geometric Classifications: How to set ghosts cells?

Collar Point

Boundary I' = {¢ = 0}

Ghost Cell

Barycenter x. € Q
— Cell defined inside

Corner Point

/

&~

Q! reconstruction
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Extrapolation from the Interior and Collar Points

Least Square Problem (Dirichlet BC)

min Z Z P(Xise, ¥54r) — 4 7+e:}7+r)) XX Yi+r ) subject to

p(x.y) GQI —1r=—1 (4)
p(xc, vi) = u(xg, yi), (xc,yk) €T collar points for k =1,.. NfJr i+
where (xi, ) are the closest N 141 € N collar points to the corner point (x;,. ,yj+%) and

)(()(,-Jre,}/1~-+,)§~2 is the indicator functlon that is 1 if the cell with barycenter (x: ,M,yzr,) is in the
computational domain and 0 otherwise.

Computational Aspects
e Lagrange Multiplier Method e Cheap

e |east Square Matrices are small e Second Order Accurate
e Can be computed at the beginning of the simulation (and inverted)

e Number of collar points chosen to stabilize and make solvable the system
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Extension to Neumann BC and Vector BC

Neumann BC

min s Vi) — g, v X(Xite, ¥5 subject to
xy)te ZZ_:lr_z_:l H—E +r ( i+0 j+r)) ( 40 +r)§2 (5)

Vo(xe, yi) - n(xc, ve) = g(xc, vi)s (xk,yk) €T collar points for k =1, .. N,iz S+

where g is the function that defines the Neumann boundary condition, i.e., Vu-n=g on I.
e First Order Accurate

Wall BC Collar Points Constraints

ev-n=0
° anp:O
® On(v-7)=0

e Larger system, similar blocks

e First Order Accurate

40/ 50 b >reserving Moving Equilibria with Global Flu:




Acoustic vortex in ring

L? velocity error

1072 E

Q={1<+/x2+y? <1384}, 103 i 1

p(x,y) =1, 5

U(X7y):yf(p(X,y))7 :u 10—4 L ;

~ = |

V(X7.y) = —Xf(p(X,y)), 3 E E

rn = 2.5, é’ 107° | @& SUPG - Dirichlet .

o E - E

\/m R I | —®— Rusanov - Dirichlet 1

plx,y) = Y—", > |g-6| |~ SUPG - Wall BC 1

o . % —— Rusanov - Wall BC E

f(p) = (1 + cos(mp))", [ |---Order1 1

L _ _12m/0g8l 1077 F|__ - Order 2 E

= /31512 — 2048 S . T L c=7
i/ e — A 20 40 80 160 320

Grid Size (N)
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Acoustic vortex in ring

GF-SUPG-FV - GPM - Wall BC, Ny = N, =40 GF-Rusanov-FV - GPM - Wall BC, N, = N, = 40

Velocity vector Velocity vector
0.24
0.0896
11 0.22 1 0.0895
0.20 0.0894
> . " > i
° 0 0.0893
0.18 0.0892
—1 —1
0.16 0.0891
: : : : : : 0.0890
-1 1 -1 1
X X
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Acoustic vortex in ring

GF-SUPG-FV - GPM - Wall BC, Ny, = N, =80 GF-Rusanov-FV - GPM - Wall BC, N, = N, =80

Velocity vector Velocity vector
t2 0.24 127 0.1344
1.0 1 ‘ 1.0
0.22 0.1342
0.5 - 0.5 -
0.1340
> 0.0 0.20 5 0.0
0.1338
-0.5 - 0.18 -0.5 4
1o 1o 0.1336
_' 016 7 0.1334
-1.5 —-1.5+ ’
-1 1 -1 0 1
X X
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Potential Flow Around Cylinder

1.5

1.0 4

0.5

0.0 4

—0.5 -

—1.04

—1.5 4
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-1

0

GF-SUPG-FV - GPM - Wall BC, N, = N, =80
P le_5+9.999e_1 norm vel Velocity vector
9.345 151 1.84
8.527 1.0 4 1.64 1 1s
7.708 : 1.44
6.890 0.5 1 124
6.072 > (oA 1.04 > 0 E 1.0
5.253 0.84
4435 031 0.64
3.616  _1q. 0.44 ~1 0.5
2.798 024
* 1.980 —-1.5+ : r 0.04 T T T
1 -1 0 -1 0 1
X X
GF-Rusanov-FV - GPM - Wall BC, Ny, = N, = 80
norm vel Velocity vector
11103 1.5 1.150
1.0829 10 1.025 1.0
1.0556 0.900
10283 95 0775 0.8
1.0009 = g0 0.650 06
0.9736 0.525
00462 03 0.400 0.4
09189  _;, 0.275 o
0.8316 0.150 .
T 0.8642 ~Ll.5 0.025
1 -1 0
D. Torlo

X




Potential Flow Around Flower

1.5+
1.0
0.5 A

~ 0.0
—0.51

-1.0 4

-15+
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GF-SUPG-FV - GPM - Wall BC, N, =

0.9999219
0.9998242
0.9997266
0.9996289
0.9995313
0.9994336
0.9993360
0.9992383
0.9991407
0.9990430

GF-Rusanov-FV - GPM - Wall BC, Ny, = N, =

norm vel

1.2406
1.1827
1.1249
1.0670
1.0092
0.9513
0.8934
0.8356
07777
0.7199

norm vel

1.150
1.025
0.900
0.775
0.650
0.525
0.400
0.275
0.150
0.025

, = 80

Velocity vector

3.0
2.5
2.0
15
1.0

0.5

1.2

1.0

0.8

0.6

0.4

0.2
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Computational costs for reaching equilibria

Perturbation of equilibria

To perturb the equilibrium, we need to know the discrete equilibrium
Different strategies are possible: Optimization, Constrained Integration, etc.

Simpler and most effective for complex cases: Run the FOM until it reaches the discrete
equilibrium and store the solution

Then add the perturbation on the top of that

Computational Costs are pretty high!

Model order reduction

Parametrized PDEs: we have a parameter that changes the equilibrium
We want quickly a new equilibrium for a new parameter value

The idea is to reduce the computational costs by reducing the number of degrees of freedom of the
system (ROM)

Hope: The ROM reaches the equilibria of the FOM with a reduced number of degrees of freedom
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Model Order Reduction for Acoustics in FEM SUPG context?

Classical POD+Galerkin
e FOM FEM SUPG GF:

My0:u+ Dip + aD*0:p + aDiu + aDjv =0,
M,0:v + Dyp + aD?d:p + aDfu+ aD)v =0, (6)
M,0:p + Diu + Dyv + aD*0:u + aDxip + aD”d:v + aDjp =0,

e Compute SVD

o of u, v, p separately and truncate to get reduced basis V,, V,, V.
o of (u,v),p and truncate to get reduced basis V(, ., Vp.

e ROM with Galerkin projection:
V., My V,0cti + V] D Vopp + aV,] D*V,0:p + a V] DX V,ii + aV,] Dy V., 0 = 0,

V)M, \V,0:0 + V] D,V,p + aV,] D" V,8:p + aV,] DLVt + aV,] D)V, 0 = 0,
V. (MpV,0:p + DxViuti + Dy Vi, ¥ + aD*V,0: i + aDE V,pp + aD¥ V,0: ¥ + aDy V,p) = 0,

(7)

2with SUNHYPE group: Maria Kazolea, Ralph Lteif, Giuseppe Orlando, Alexandre Vieira, Michal Zeravy
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Model Order Reduction preliminary results

Results

The ROM is able to capture the dynamics of the FOM with a reduced number of degrees of
freedom.

Explicit ROM: speedup of 10-100x compared to FOM (depends on spatial discretization).

Explicit ROM for divergence-free problems: CFL>> 1 still stable, e.g. CFL=5, in general stable with
same CFL = speedup 150x.

Implicit ROM vs Implicit FOM: speedup 20-1000x.

If the snapshots are collected at equilibrium only, the projection to RB is a way to obtain an
equilibrium (still stable)
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Extensions and Perspectives

e Global Flux to preserve moving equilibria e Other methods: DG seems less trivial
Shifted Boundary methods for FEM

Other Riemann solver for corner problems

e 1D integrate the source and unique flux

e 2D integrate f in y and g in x

Non Cartesian meshes

e Some superconvergence in steady states
e Extra accuracy in vorticity like problems
e Extra accuracy in low Mach problems

e Model Order Reduction for equilibria
computations
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Extensions and Perspectives

e Global Flux to preserve moving equilibria e Other methods: DG seems less trivial

e 1D integrate the source and unique flux e Shifted Boundary methods for FEM

e 2D integrate f in y and g in x Other Riemann solver for corner problems

e Some superconvergence in steady states Non Cartesian meshes
e Extra accuracy in vorticity like problems
e Extra accuracy in low Mach problems

e Model Order Reduction for equilibria
computations

THANKS!!
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